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EXTREMAL PROBLEMS OF CHEBYSHEV TYPE

FRANZ PEHERSTORFER

(Communicated by Peter A. Clarkson)

ABSTRACT. Let a € C\ [—1,1] be given. We consider the problem of finding
sup |p(a)| among all polynomials p with complex coefficients of degree less than
or equal to n with max_j<,<1 |[p(z)| < 1. We derive an asymptotic expression
for the extremal polynomial and for the extremal value in terms of elementary
functions. The solution is based on the description of Zolotarev polynomials
with respect to square root polynomial weights.

1. INTRODUCTION

We study the following classical problem: Let a € C\ [—1,1] be given. Among
all polynomials p from P¢ (P¢ and P,, denote the set of polynomials of degree less
than or equal to n with complex and real coefficients, respectively) with |[p[|;_11] :=
max_1<z<1|p(z)| < 1, find a polynomial P,(z) for which |P,(a)| is maximal; that
is, determine

(1.1) sup p(a)l.
PP, [Ipll[-1,11<1

It is known that the polynomial P, is unique up to a constant of modulus one.

For a € R\ [-1,1] already Chebyshev has shown (see [3| [4]) that T, (x) =
cosm arccos = solves the problem. For purely imaginary a, i.e., a = —%(t — %), te
(—1,1), Freund and Ruscheweyh [2] discovered that P, (z) = (T}, (x) + 2itT,,—1 (z) —
2T, _o(x))/(1 +t?) is a solution of problem (LI)). The general case a € C\ [~1,1]
was solved by P. Yuditskii [7, Section 6]. He gave the solution in terms of elliptic
functions, where some parameters (more precisely, the point a and harmonic mea-
sures of intervals depending on n) are given implicitly only. Therefore there is still
a demand for a description in terms of elementary functions. To find such a rep-
resentation is in general not obvious, as the simpler case of Zolotarev polynomials
shows. For them an elliptic representation was found in 1868 by Zolotarev, but
only recently [6] has an asymptotic representation in terms of elementary functions
been proved.

To obtain an asymptotic representation of a solution of (L) in elementary
functions, first a description of Zolotarev polynomials (that is, minimal polynomials
with two fixed leading coefficients) with respect to a square root weight function
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is needed, a problem which is of interest for itself and which we call a Markov-
Zolotarev type problem. The case of one fixed leading coefficient is due to Markov
1884; see [1I, [5]. For the history of the above discussed problems, see [4].

Based on a description of the extremal function by a Chebyshev type differential
equation (see (ZI1])), the Markov-Zolotarev type problem is solved in Section 2.
With the help of the solution of this problem and the characterization of the ex-
tremal polynomial of (LIl given in [2], we derive in Section 3 the asymptotic
representation in terms of elementary functions.

2. MARKOV-ZOLOTAREV FUNCTIONS AND POLYNOMIALS

Let p(z) = £ H;n:l(x —b;) be a polynomial which is positive on [—1, 1]. Recall
that by Fejér-Riesz, p(cosp) can be represented uniquely in the form z = e,
¢ € [0,m],

(2.1) p(cos p) H\z—zﬂ /H|2ZJ| j=bj — /b5 — 1,

where we choose that branch of v/ such that |z;| < 1, for j = 1,...,m

In 1884 Markov [I} [5] studied and solved the following problem: Among all monic
polynomials of degree n find that unique monic polynomial ]\an(:c, 1/\/p) == Mn(x)
:= ™ + ... such that

2"+ ap_12" M+ .+ ax+ag M, (z)
p(z) p(z)

We call the normalized function M, (x)/\/p( )/ p(@) /|| M () /p(z)]|

the Markov function (M-function) and M, ( ) the M polynomlal on [—1,1] with
respect to the weight function 1/4/p(z). Surprisingly they can be given explicitly
[T, p. 276]. Indeed, for n € N, n > m/2, x = %(z + %),

(2.2) min max
a;ER ze[—1,1]

= X
ze[—1,1]

2M,( m T — zj 1-%;
(2.3) ny I 4 (%) R
p(x) Jl_[ 1-%;2 H zZ— 2z

has n + 1 alternation points (a-points) z;, -1 < 21 < ... < 2, < 1, on [-1,1],
that is, M, (x;)//p(x;) 1)*ti=i i =1,..,n+ 1, and thus, by the Alternation
Theorem, is the M- functlon

To solve problem (LI)) we need a description of functions of the form v,/\/p,
vp € Pp\P,_1 and p > 0 on R, which have exactly n a-points on [—1,1] and are
not linearly transformed Markov functions, that is, have the points +1 as a-points
but not as critical points. Writing 9, (x) = 2™ — pz" ' + ¢u_2(2),qn_2 € Pp_o,
we get by the alternation property that ¢, _5 is a best approximation from P,,_5 to
2™ — puax™ 1 on [—1, 1] with respect to the weight function 1/,/p. Or in other words,
Oy, is a so-called Zolotarev polynomial on [—1, 1] with respect to the weight 1/,/p.

Notation 2.1. Let v, € P,, \ P,_; and let the polynomial p be positive on R. We
call v, //p, normalized by ||v,/\/pl[[=1,1] = 1, a Markov-Zolotarev function (MZ-
function) with respect to 1/,/p if it has exactly n a-points on [—1, 1], where the
points £1 are a-points but not critical points of v, /,/p.
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Lemma 2.2. An MZ-function v, /\/p on [—1,1] is strictly monotone between two
consecutive a-points from [—1,1] and the inverse image of [—1,1] is given by

(2.4) (vn/v/p) "' ([=1,1]) = [-1,1] U [Bn, Gy,

1< B, <Cy or B, <Cy, < —1, where v,/\/p is strictly monotone on [B,,, Cy].
Proof. Suppose that the MZ-function v, /,/p is not monotone between two consec-
utive a-points z;,z;41 € [~1,1]. Then v,/,/p has a local extremum or a turning
point in (z;,x;41) and it follows, taking a look at the graph, that in the neighbor-

hood of the critical value there exists a constant ¢ € (—1, 1) such that the value ¢ is
taken on at least n4-2 times by v, //p on [—1, +1]. But this contradicts the fact that

{1/+/p(x),....,2™/+/p(x)} is a Chebyshev system on R. Quite similarly the other
statements follow, using the fact that v,, must have another zero in R\ [-1,1]. O

Proposition 2.3. Let p(x) be a polynomial of degree 2m which is positive on R.
Suppose that vy, /\/p is an MZ-function with (v,/\/p)(1) = 1 and the critical point
in (1,00). Then v,(z) has a representation of the form

(2.5) vp(2) = H(z)wy () = p(x),
where the polynomial w,_o is such that it vanishes exactly at the n — 2 a-points of
vn//p from (—1,1) and where

(2.6) H(z) = (2 = 1)(z — B,)(z — Cy), 1< B, <C,,
and at each zero b; of p,
(2.7) n(bj) = wn—2(b;)\/H (b;),

where that branch of the square root function is chosen, such that \/H(x) > 0 for
x> C,. Finally,

(2.8) Un(2) = cosh(/ ult) _ dt ),
p(x) 1 p(t) \/H(t)
and (taking the sign of the leading coefficient of w,—2 as that one of v,)
(2.9) 2@ g / we) _dt
() OO
where u is a polynomial of degree 2m—+1 with leading coefficient n—m which satisfies
c B
mu(z)  dr " u(z)  dx
(2.10) / e — and/ = =0.
B, P@)\/[H ()] 1 plx) \/H(z)
Proof. Put y := v,/,/p. Then by Lemma and the assumption,
(2° — 1) (2 — Bn)(z — Cp)wy ()
p(x)

which proves (Z3). By (23], recall that H(z) < 0 on (—1,1), y has local extrema
at the zeros of w,,_s, so it follows that

(2.11) v —1=

)

np’
2 )
hence u is a polynomial of degree 2m + 1 with leading coefficient n — m. Thus by

m)

(2.12) Y p*? = wwn_y = v p —

w?(y? —1) = (y')*p*H.



2354 FRANZ PEHERSTORFER

Solving the differential equation, representation ([2.8)) follows. Writing (ZIT) in the
form

(2.13) (0n/VP)? — (VHwn-2/\/p)? = 1,

23) follows.

Next let us demonstrate relation (Z7). By (23) we know that

(2.14) ’Un(bj) = in(bj)wn,g(bj).

Denote by A, the critical point of v, from (1, By,). Then (x — A, )w;, 2 and v,, have
strictly interlacing zeros and, by partial fraction expansion,

where \j € R,

(z — Ap)wn—2(2) _ zn: L
0.(2) 2y

in particular,
(2.15) sgn Im{(z — A, )wp,—2(2) /v, (2)} <0 for Im z > 0.

On the other hand, observing that by the chosen branch the boundary values of
1/ V/H from the upper and lower half-plane satisfy

216) L fm {il/i [H ()] on [Bn, Cn),
. +/H(z) Z;e;g H(z) T1/iy/[H(@)| on [~1,1],

where E = [—1,1] U [B,,, C},], we obtain by the Sokhotsky-Plemelj formula

—-A, 1 — A,
(2.17) z _1 |z | dx

Az ) 2—2 JH@|

sgn Im{(z — A,)/+/H(2)} <0 for Im z > 0.

Thus, by (ZI4) and (ZI3), relation (21) is proved.

The second relation from (2I0) follows by (Z8) and y(1) = y(B,) = 1. The
first one now follows by y(B,) = 1 and y(C},,) = —1 and the monotonicity of y on
[Bn, Cy], noting that, by (2.16]), the cosh from (2.8) becomes a cosine there. O

hence

Lemma 2.4. For every n € N, let p,(x) be a polynomial of fixed degree 2m with
0 <1 < pp(xr) <eg on[—1,1] for all n € N. Then the k-th largest zero xy p, k
fized, of the M-function M, (x;1/\/pn) satisfies 1 — xp , = O(#)

Proof. Since p,(x) = const H?:l (x —bjn)>0o0n [—1,1], there is a A € (0,1) such
that for n > no, p, is not zero on the ellipse £y = {z € C: z = (A + §)cosp +
L(A = 1) sing, ¢ € [0,27]}. Note that £, contains [—1,1] and shrinks to [-1,1] as
A — 1. Thus the z;,’s defined in (21, i.e., by

(2.18) Zjm = bjn — /b5, =1, j=1,..,2m, satisty |2;,] <A <1

Next, we observe that it follows by (Z3) that x;, = cosy;, is a zero of
M, (z,1/+/pn(x)) if and only if at z = e'¥in,

2m
Z— 2
2.19 argz?" 2 parg || — 22 = Qv — 1)1, veZ
(2.19) 2 = ey
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Put B, ,(z) = Lf:z With the help of [ZI8) it follows that for all n € N, z = €*#,

1-z

p) 2B, ,(2)
< o(2) = : — >1—
% arg B n(2) Re{ B, (7) |ew — zj n‘2 A >0,

and thus the second summand in (Z19) is increasing. Recalling that the zeros of the
Chebyshev polynomial T;,_,,(x) are given by cos (22(2:11)17;, i.e., when argz
(2v — 1), we obtain by (2I9) that the k-th largest zero of M, (x) is greater than

or equal to cos (22(];7_1723 =1+0(%). U

2n—2m _

Notation 2.5. We say that an MZ-function v,/\/p on [~1,1] is associated with

[=1,1] U [Bn, Cu] if (vn/y/p) T ([=1,1]) = [-1, 1] U [Bn, Ca.

Lemma 2.6. Let p(x) be positive on R. Let (v,,/\/p) be a sequence of MZ-
functions on [—1,1] associated with [—1,1|U[B,,,Cy,]. Then (C,, —1)/2 < B,,, <
Ch, and if (Cy,) is bounded, then C,, = By, + O(55).

Proof. Put n, :=n and p,(z) := p(((Cp + 1)z + (C,, — 1))/2) and let us consider
the M-polynomial on [—1,1] with respect to \/p, transformed to [—1,C,], i.e
My (y(x); v/ pn(y(@))) = My (y(2); /p(x)) = M7 (2), where y(z) = (2z — (Cy, —
1))/(Cy + 1), € [-1,C,]. That is, M!"(z) is the M-polynomial on [—1,C,,] with
respect to the weight 1/y/p(z). Let ys,, be the third largest zero of M}"(x), i.e.
Ysn = % + %ﬁg’n, where x5, is the third largest zero of M, (.;+/pn) on
[ 1 1] We claim that B,, > y3,,. Suppose that B, < ys,. Considering (ML (z) —
x))/+/p(x) on [~1,1] at the a-points of v,/,/p and on [B,, Cy,] at the a-points
of M”’/\/_ 1t follows that M (x) — v, () has at least n + 1 zeros on [—1,C,,];
hence M]" = vy, which is a contradiction, since v, /\/p > 1 on (1, By,). The second
statement follows by Lemma [2.4] O

Theorem 2.7. Let p be a polynomial of degree 2m which is positive on R.

a) Let (vn/\/P)nen be a sequence of MZ-functions on [—1,1] associated with
[—1,1] U [B,, Cy] and suppose that lim,_,o, C, = ¢ and thus lim,_, B, = ¢ with
lef >1. Putt=c—+c2—1 and H(z) = (2% — 1)(z — B,,)(z — C,,). Then on any
compact subset of C\ {c},

(2.20) % = % <1/)n(z) + w%(z)) (1 + O(%))

and the polynomial wy,_y which vanishes at the n—2 a-points from (—1,1) of v, /\/p
is given by

(2.21) A" 2 ] (- 1) (1 00)).

where

nem (1 — T2 Z— 2
Yn(z) =z <z—7’>1j[1 1—2’]]

and the z;’s are given by 2.1)).
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b) For given p € R with p # % Z2m zj, put Ve2—1 = p— %Z?Zbl zj with

sgn ¢ =sgn(u— 1> " 2) and set T = ¢ — /2 — 1. Then
2m
" — n—1 n—2 . 2Z|
nx + ayp_ox +...4+ag Hj,1 | Jj 1
2.22 = o=
(222)  in||® - =Y A or)

and the normalized extremal function is given by the RHS of (220).

Proof. a) First we show that the “monic” integrand from (Z8)) is of the form

we) o1 o V/H(b;)
(2:23) pz) dn 2(n —m) per i b’

where d,, € R and "~ denotes the monic polynomial. Indeed since 4 is a polynomial
of degree 2m + 1, 4 can be represented in the form

(2.24) a(x) = (x — dy)p(x) + t(x), where t € Po,,_1.
By Proposition 223 « has the leading coefficient n — m; hence we obtain by (27)

and (2.12) that

a(b;) = 2(’;(% H(b;), j=1,2,..2m.

By 224) t(b;) = u(bj), j = 1,...,2m, which gives relation (223 by applying
Lagrange’s interpolation formula to .
Furthermore, by the assumption on C),, and Lemma on compact subsets of

C\{d},
11 L Lol
H(zx) C(r—c)va? —1 n2’’

which yields by (2Z23)) and a partial fraction expansion of 1/(x — ¢)(z — b;) that

a(x)l_l_lz\/ll
x)\/H(x)_\/x2—1 2(n —m bj—c x—0bj 22 -1

tle—dut 5t ZV 4+ 0(o5).

b—c —cz2 -1

(2.25)

Now we integrate both sides in (Z28]) counterclockwise around a circle with
center ¢ and fixed radius €, € such that the circle neither contains b;’s nor the point
+1, respectively —1. Since Va2 — 1 is analytic outside C \ [—1, 1],

1 dx 271 1 dx
2.26 = and _—— =0.
( ) fx—C\/xZ—l Ve —1 %ﬂ«"—bj\/xz—l

Furthermore to calculate the integral of the LHS in (2.25]) we shrink the circle to
the interval [B,, C,], recall that the boundary values from the lower and upper
half-plane satisfy ~vH = —*tVH (see (ZI6)), and obtain by the first relation

from (2I0) that
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hence V2 —1 = (n — m)( )+ Z] L ”bf_(i O(-). Therefore by ([2.25)
again and the fact that /H (bj — ¢)4/b3 =1+ O(555) we obtain

/zu(x) dx —(n—m)/z 1 \/—/
1 p(w) \/H(x) 1 Va2 -1 c—x\/;ﬁ
1 & F 1 de 1
b1 o),
2; J 1 bj—I\/q,Q—l (’I’L)
Now the relations [2:20) and (22I)) follow by (Z.8)), (Z9)), the known relation

i O e YV Gt
VY n

t—y«/ Yy—x

and the fact that k =y — /y2 —1and z = v — Va2 — 1,

1—kz  yr—1+4+/(y2—1)(z2—-1)

Z—K Yy —
b) By the Alternation Theorem the function v,/,/p for which the minimum is
attained is an MZ-function on [—1, 1] or an M-function on [a, 8] 2 [—1,1]. First let
us assume that it is an MZ-function. Then, in view of a), it suffices to show that
the boundary points of the associated interval [B,,, Cy,] satisfy lim B,, = lim C,, = ¢,
where, up to its sign, ¢ is given by V¢ —1 = p — )" z;/2, and to calculate finally
the norm of v,,/,/p to prove (Z22]).
By [212) and ([ZI3)) it follows that
(2.27) (wi)? — H((20,p — plvn)/2)? = pu®.

Recalling that by @23) a(z) = 2?™+ — (Z?:ﬁ bj + d,)x®™ + ..., we obtain, by
equating in (Z2Z1) the two leading coefficients of the two polynomials at the LHS
and by observing that the degree of the polynomial at the RHS is much smaller,

that

B, +C,
2.2 - § = (n— (2,
(2.28) w4+ = b =(n )(dn — ( 5 )

A simple estimation of the first integral from (2I0) gives that
C. o~
n—m [ a(x) dx
2.29 \/B,%—lg—/ <VCZ -1,
(2.29) ™ —B,)(x—Cy)

where we used the fact that 4/p > 0 on [B,,, C,], which follows by the first relation
in 2I2). Using [223) and (Z28)) and taking into consideration that the following
integral is the Stieltjes transform at z = b; and thus can be calculated easily,

1 [ 1 d 1
(2.30) = / - = ,

TJB, bj - \/($ - Bn)(x - Cn) \/(bj - Bn)(bj - Cn)
we even get the explicit value of the integral in (2:29), which is (u — >>b;/2) +
\/0F —1/2=p— 3" 2;/2. Hence by Lemma 2.6 and (2:29),

(2.31) lim /B2 —1=1lim/C2 —1=p—» z/2=c>—1L
n n
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Relation ([2:22)) follows since the RHS of ([ZZI)) is of the form (use Ti(x) =
(2F 4+ 27%)/2)
on 2(,n+1 —1 oY1 n __ n—1
A U YT Y o N C R
[137 [22)][27] (2 = 0)v/p(a) Pe)

(2.32)

Finally, suppose that v, /\/p is an M-function on [-1, 3,], B, > 1, denoted by

M, (z;1//p, [—1, Bn])/+/p(x). Since, up to B,, all a-points lie in [~1, 1], it follows
by Lemma 24 that 3, — 1 = O(3%). Now let t(z) = (2z — (8, —1))/(8n + 1) be the
linear map from [—1, 3,,] into [—1, 1], put s(t(x)) = p(x), denote the zeros of j(t)

by l;j and let z; = l;j — \/Bj — 1. Then we may write, x € [—1, 3,],

My (2;1/y/ps [=1,80]) My (t(x);1/v/p,[-1,1])
p(x) p(t(x))
_ Ta(t(x) = B2 Z) T (H(x)) + .
p(x)
where the last equality follows by representation ([2:3)). Thus

My (z;1//p, [<1, Ba]) = 2™ — ((ﬂ"; 1) n+ (ﬂ”: D Z@«) a4
=" — (Z 2j/2 +O(%)) "

Since 9y, (z) = 2™ — pa" "t + ... and p # > 2;/2, this gives a contradiction if n is
sufficiently large. The case when v, /\/p is an M-function on [a,, 1], o, < —1, runs
analogously. O

3. EXTREMAL POLYNOMIAL AND EXTREMAL VALUE

Theorem 3.1. Let a € C\ (RUR) be given, put z1 = a — Va?> -1 and 7 =
2

c—+c%—1, where c = % and where that branch of v/ is chosen such that

Va2 —1>0 as x > 1. Then the polynomial P, (x) which solves problem (L)) and

is normalized by (1 —a@)P,(1) € R has the asymptotic representation

= (o (2 o (22 st

on any compact subset of C\ {c}, where x = 1(z + 1). Moreover,
1

T I — 22
2Rz 1 — 712

- 1
(3.2) SUP e |pll_ 1 <11P(@)| = | #2171+ O(=)).

Proof. By Theorem 3.5 of [2] there is an extremal polynomial P, (z) of problem
(I such that at n+ 1 points 1 =29 > 1 > ... >z, = —1,

(3.3) (|2 —ZI) Pu(z;) = (-1)%,  j=0,..n.

Thus
Re {(z —a)P,(x)}

|z —al

(3.4)

< |P,(z)| <1 for z € [-1,1]
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and equality holds at the z;’s. By 3) Im {(x —@)P,(z)} vanishes at the z;’s and
thus either

(3.5) Im {(z — @) Pu(2)} =0
or by ([B4)

— 2
(3.6) L= |Po(2)]” = B (1 - 2?) (Im {(ﬁ__ﬁf”(% ,

where 3, > 0. If [B3) holds, then by B3) and by (B4) the real function
(x —a)P,(z)/|x — a| is an MZ-function, which implies by Lemma that @ € R,
but @ € R by supposition. Thus (3.6]) holds. Multiplying [3.6) by |z — @|? one gets

|z —a” = (Re {(z — a)Pa(2)})” + (1 = 2°) (1 = 2%) + Bulz — af*)
(3.7) y (Im {(x—a)Pn(x)})Q.

1— 22

Now we distinguish two cases:

Case 1) Re {(x —@)P,(z)} is of degree < n and thus by (3] of degree n. Since
Re {(z —a@)P,(z)}/|x — @| has n 4+ 1 a-points, it follows that Re {(x —@)P,(x)}/
|z —@| is the Markov function, that is, that (1—x2)+ 3,|x —a|? has to be a constant
which is possible only if 3, = 1 and Re a = 0, but a & iR by supposition.

(We mention that Case 1 occurs when a € iR and gives, with the help of [2.3),
the explicit description of the extremal polynomial derived in [2] in a different way.)

Case 2) Re {(x —a@)P,(z)} is of degree n + 1. First let us note that by (B.1)
Re {(z—a)P,(x)}/ |x—a| cannot have a local extremum at the boundary points +1
because (1 — z?) + Bu]z — @|®> cannot vanish at +1.  Thus by (B3),
Re{(z —a)P,(z)}/|x — a| is an MZ-function, which implies by Lemma [22] that,
B, <(C,<—-lorl<B,<CC,,

(1 —22) + Bl —al?
(ﬁn - 1)

First we observe that the point 1 is not an accumulation point of (43,). Indeed if
Bn, — 1, then one zero of (1 — z?) + B,|z —@|? tends to (1 + |a|?)/(2Re a) and

V—00
the other zero to +oo, but this contradicts Lemma Thus (Cy,) and (B,,) are
bounded sequences. Furthermore, equating coefficients in ([B.8) gives that every
accumulation point ¢ of (Cy,) and thus of (B,,), by Lemma 26, satisfies

(3.8) = (z — Bp)(xz — Cp).

1 2 1 2
(3.9) +c _14laf
2c 2Re a

Since (39) has a unique solution in R\ (—1,1) and since |1 £ a| # 0,

lim C,, =lim B, = ¢ with|c| > 1.
n n

By (B.8) this implies that (3,,) is convergent too. Since z = cos ¢, z = ¥,
421 H|z — al* = 2|21 |*(cos 29 — 4Racos ¢ + 2|al* + 1) = |(z — 21)(z — 21)|?,
it follows by equating coefficients that

2(lal® + 1)
2Ra

(Ial*+1).

1
(3 0) 2%21 '

1
—(y+ ), wherey =
Y
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hence by B9) and |¢| > 1,
(3.11) c=(1+|z1]?)/(2Rz1).
By Theorem [27h) it follows that

(312 M- OBD _ (wi+wid)) a+o(2)

|z —a

and

a1y /AR IRy (w6 - e avold)),

332 -1) |x —al z
where H(z) = (22 — 1)(z — B,)(x — Cy), b, = V1Bn — 1], and
_ 1—72 (z —21)(2 — 21)
Hence
(315) 2r-1)Pu(e) = (@it T )0 400,

where, using the fact that
(z—21)(z—z1)(1 — z12)(1 — Z12)

1 —al? =
O(2) = |z —al¥(z)
(3.17) B z”_l(z—zl)(z—él)(l—rz)
N 2|21 | 2—1 "
Now we claim that
(22 -1) , 22 -1
1—ib,—===1+1b,
(3.18) VH(z) 22 —2cz+ 14 0(%)
(-7 +ibo)(z — 21)(2 — 1)
S— (z—7)(1—712)

Concerning the first equality in (3I8]), recall that by LemmaR24 (x — B, )(z—C,,) =
(z — ¢)> + O(-%) and that, by the choice of the branch of the square root of v,

(3.19) sgn/ H(x) =sgn(x—Cp)(x+1) forx e R\ ([-1,1] U [B,, Cyl]);

hence

21 21
(3.20) lim - = ,
n H(z) 2 —2cz+1

uniformly on compact sets of C\ {c}. Next let us prove the convergence statement
from ([BIR). Since z — a and ®(z) is zero at Z;, and since (recall |z1] < 1 and
T#%z € C\R) |®(& —)| — o0 as n — oo, it follows by (B.15) that the expression in

(BI8) vanishes at z; as n — oo; that is, Z; is a zero of the numerator polynomial

(3.21) 2% = 2cz 4 1+ ibso (22 — 1),
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which implies, by the form of the polynomial, that 1/z; is the other zero and the
claim (BI8) is proved, taking into account that ¢ = (7 + 1). For the following we
note that, since z; and 1/z; are the zeros of the polynomial in (3.2I]), we have

. 21
3.22 1+ iboo = =,
(3.22) +i R
where we used [BI1]). Arguing analogously as above we obtain that
21 —7)(1 —ibso) (2 — 21)(2 — =
(3.23) P, @D, CD0Z B m 2GS
H(x) n—oe (z—=7)(1—712)
Dividing B3] by (x —a) = (z — z1)(2 — %)/(2,2) we obtain the assertion finally
by simple straightforward calculation using BI7)—B23)). O
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