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A RECIPROCITY THEOREM
FOR CERTAIN HYPERGEOMETRIC SERIES

BRUCE C. BERNDT AND DIMITRIS KOUKOULOPOULOS

(Communicated by Ken Ono)

ABSTRACT. A reciprocity theorem for certain infinite series of gamma func-
tions found in Chapter 14 of Ramanujan’s second notebook is proved and
generalized.

1. INTRODUCTION

In Entry 2 of Chapter 14 in his second notebook [4], Ramanujan states a beautiful
reciprocity theorem (with no hypotheses or proof) for certain hypergeometric series.
In his notebooks [4], Ramanujan recorded many “reciprocity theorems” or “modular
relations” for infinite series, but we are unaware of any other reciprocity theorem
for hypergeometric series, either in Ramanujan’s notebooks or elsewhere in the
literature, other than the theorem below.

Theorem 1.1. Let x, y, m, and n be complex numbers such that Re(m +n) > 0
and xy # 0. Suppose that T'(1 + xz) and T'(1 + yz), as functions of z, have no
coincident poles, and also suppose that z =1 is not a pole of either function. Let
c- (=1)F'T(1 — ky/=)
Fm—k+1)T(n+1—ky/x)(k)(x+ k)

S(m,n;x,y) =
k=1
Then
I'(z+1D)0(y+1)
Fz+m+DI(y+n+1)
The proof of Theorem [l given by the first author in [2] and [3, pp. 245
246] should have provided readers with more details in the application of Stirling’s
formula [I} p. 21]

(1.2) [(z) ~V2rz5" Y277,

as |z| — oo in {z: |arg z| <7 — §}, where ¢ > 0 is fixed.

The purpose of this paper is to not only provide a more complete proof of The-
orem [[.T] but also establish a considerable generalization of (LI]). Observe that the
left-hand side of ([IT]) may be regarded as a quasi-partial fraction decomposition of

(1.1) S(m,n;z,y) + S(n,m;y,x) =
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the right-hand side, where we regard the right-hand side as a function of two com-
plex variables x and y. After proving our generalization in Section 2, we conclude
our paper with a couple corollaries and remarks in Section [3l

2. A GENERALIZATION OF THEOREM [L.1]

Theorem 2.1. Let zy,...,z, and mq,...,m, be complex numbers such that
Re(my + -4+ m;) > 0 and x1---x, # 0, where r is a positive integer at least
equal to 2. Suppose that T(1+x12), ..., (14 x,2), as functions of z, have no co-

incident poles and also suppose that z =1 is not a pole of any of these r functions.
Let
. (1 —kx,/x;)
Gjp(x,...,zp) = BT
R
KFE]

and
—1)k71Gj’k(iL‘1, ey xr)
m; —k+1DIT(k)(z; + k)

o (
Si(ma,...,mp;21,...,2,) ::ZF(
k=1
Then
- I(z;+1)-- Dz, +1
(2.1) Zsj(mla"-amr;xl,-..7,1;7»): ( 1 ) ( )
j=1

T(z1+my+ 1) Tz, +my + 1)

Proof. Throughout the proof, all implied constants in our upper bound estimates
depend upon z; and m;, 1 < j < r. Define

I'l+x12)---T'(14+ 2,2 1
(2.2) f(z) = (1 2y2)- I ) .

F(mi+1+z12)---T(mp+1+2z,2) 2—1
Let C,,, n > 0, denote a square centered at the origin with vertical sides through
+N,, and horizontal sides through +iN,,. We assume that the sequence {N,},
tending to oo as n — o0, is chosen so that the squares C;, remain at a bounded
distance away from the poles of f(z). We apply the residue theorem to

1 1

(2.3) 5 | fR)dz=— [ (f(z) = f(=2))dz,

2mi Je, 2mi /s,

where v, is that portion of C,, lying in the right half-plane. Let R,, denote the
residue of f(z) at a pole zp.
First, f(z) has a pole at z = 1, which is simple by hypothesis, and it is easy to
see that
F(l4a)---T'(1+x,)
T(mi+1+z)---T(my +1+z,)

(2.4) Ry =

Second, since I'(z) has a simple pole at z = —k with residue (—1)*/k!, for each
nonnegative integer k [1, p. 7], we see that, for 1 < j <r, I'(1 + z;2) has a simple
pole at z = —k/x;, k > 1, with residue

(-1
By a simple calculation with the use of (23], it follows that

(—l)ijJf(ajl, e ,xr)
— 1)'F(mj +1- k)(ﬁj + k)

(2.5)

(26) Rfk/wj = (k
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We next examine f(z) on the contour 7,. If Rez; > 0, we apply Stirling’s
formula (L2) to both I'(1 + z;2) and I'(m; + 1 + x;2). However, if Re z; < 0, we
first apply the reflection formula for the gamma function to each of these gamma
functions before applying Stirling’s formula. To that end,

I'l+az,z) I'(—m; — z;2) sinw(—m; — x;2)

27) L(mj+1+x;z) - I(—z;z) sinm(—x,;z)

Since
sinm(m; + x;2) )
ol S I R, ) ) t 2),
S (2,2) cos(mm;) + sin(mm;) cot(mz;2)
and since, by the choice of our contour Cy, |cot(nz;z)| <., 1, we find that

sinm(m; + x;2)

- < 1
sinm(z;2)
Hence, from ([27) and Stirling’s formula (L2)), we can deduce that
Ir'(1 i
(2.8) M :O(|z|_RC ma‘) ,

I(mj +1+4+x;2)
as |z| — oo on 7,. (In fact, a weaker asymptotic formula than Stirling’s formula
could have been employed in (2.8) and 2I0) [T, p. 29, eqn. (1.4.3)].) If Re z; > 0,
then we also deduce (Z.8]) by direct applications of Stirling’s formula.
The examination of f(—z) on 7, is similar. However, in this case, if Re 2; < 0,

we can apply Stirling’s formula directly to each quotient

ril—u=z;

(2.9) _P-zp)
L(im; +1—x;2)

while if Re x; > 0, we must first use the reflection formula on each of the gamma
functions in (Z9) before applying Stirling’s formula. In either case, we obtain the

upper bound

'l —z,z) _ :
2.1 — = Remjy
(2.10) I'(mj+1—x;2) 0 (|Z| )

Hence, using (Z8) and ZI0), 1 < j < r, as |z| tends to oo on 7, we conclude
that

(2.11) f(z)=0 (|Z|7Re(m1+-~+mvﬂ)71> .
Therefore, since Re(my + - -- +m,) > 0, by [22) and (23,

(2.12) - / F(2)dz = o(1),

as n tends to infinity.
Finally, applying the residue theorem in ([23)), letting n — oo, and using (212)),
24), and ([24), we conclude that

C(1+zy)---T(1+x,) ZZ FGk(@, .. ) 0

Limy+14a1)--T(mp +1+3) (mj +1—=Fk)(x; + k)

from which (ZJ)) is immediate. O



2372 B. C. BERNDT AND D. KOUKOULOPOULOS

3. COROLLARIES AND CONCLUDING REMARKS

Observe that if we let r = 2, 1 = x, x5 = y, m; = m, and my = n in Theo-
rem 2Tl we obtain Ramanujan’s Theorem [Tl If we further suppose in Theorem
[T that m and n are nonnegative integers, then (L)) reduces to the quasi-partial
fraction decomposition (in two variables)

; o
(3.1) Z
— (1= ky/x)n(k—D!(m— k) (x+k)
1)kt 1
N Z Cot |
(L=kz/y)m(k =Dl n =k y+k) (24 1)my+n
where
(a)g :=1, (a)p:=ala+1)---(a+n-—1), n>1.

Of course, a similar result can be derived from Theorem 2.1l when my, ..., m, are

all nonnegative integers. If m = 0, then ([BI]) reduces to the genuine partial fraction
expansion

n )k 1 - 1
Zl k—1)! n—k).(y+k:)_(y+1)n‘

The function 1/(z — 1) in the definition ([222]) of f(z) can be replaced by

where p(z) and ¢(z) are polynomials such that Re(m; + -+ 4+ m,) + deg ¢(z) —
deg p(z) > 1, to obtain a generalization of Theorem 21l In particular, if we set
R(z) =1 and assume that Re(m +n) > 1, then

1 DM (1 - ky/x)
Ezr (m — k+1) (n+1— ky/z)T(k)

1 (=DF T (1 — kz/y)

Y = Fn—k+1DC(m+1—kx/y)L(k)

(3.2) =1

Thus, if we set m = n, z = —z/y, and

CDRID(1 A k2)
Fn—k—l—l L(n+ 14 kz)['(k)’

HM8

then we can deduce from (BZI) that

(3.3) F (1> — P (),

z

provided that Ren > 1 and z ¢ Q N (—00,0]. In particular, (33) holds when
Ren>%andRez>0.
Since the proof of the more general theorem is similar to that of Theorem 2]

we do not give it here.



A RECIPROCITY THEOREM FOR CERTAIN HYPERGEOMETRIC SERIES 2373

REFERENCES

(1] G. E. Andrews, R. A. Askey, and R. Roy, Special Functions, Cambridge University Press,
Cambridge, 1999. MR1688958 (2000g:33001)

[2] B. C. Berndt, Chapter 14 of Ramanujan’s second notebook, Enseign. Math. (2) 26 (1980),
1-65. MR590507 (81k:10037)

(3] B. C. Berndt, Ramanugjan’s Notebooks, Part II, Springer-Verlag, New York, 1989. MR970033
(90b:01039)

[4] S. Ramanujan, Notebooks (2 volumes), Tata Institute of Fundamental Research, Bombay,
1957. MR0099904//(20:6340)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET,
URBANA, ILLINOIS 61801
E-mail address: berndt@illinois.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET,
URBANA, ILLINOIS 61801
E-mail address: dkoukou2@math.uiuc.edu


http://www.ams.org/mathscinet-getitem?mr=1688958
http://www.ams.org/mathscinet-getitem?mr=1688958
http://www.ams.org/mathscinet-getitem?mr=590507
http://www.ams.org/mathscinet-getitem?mr=590507
http://www.ams.org/mathscinet-getitem?mr=970033
http://www.ams.org/mathscinet-getitem?mr=970033
http://www.ams.org/mathscinet-getitem?mr=0099904
http://www.ams.org/mathscinet-getitem?mr=0099904

	1. Introduction
	2. A generalization of Theorem 1.1
	3. Corollaries and concluding remarks
	References

