PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 137, Number 7, July 2009, Pages 2243-2249
S 0002-9939(09)09787-1

Article electronically published on January 28, 2009

LEVY CONSTANTS OF TRANSCENDENTAL NUMBERS
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(Communicated by Ken Ono)

ABSTRACT. We prove that every v > log LZ‘/E is the Lévy constant of a tran-
scendental number; i.e., there exists a transcendental number a such that v =

lim % log gm (), where gm (a) denotes the denominator of the mth conver-
m— 00

gent of a.

1. INTRODUCTION

An irrational number is said to have a Lévy constant [(a) if the limit
lim,,— o0 % log g () exists and its value is 8(«). Here g, (a) denotes the de-
nominator of the mth convergent of the regular continued fraction expansion of a.
Classic results of A.Ya. Khintchine [I0] and P. Lévy [11] say that almost every real
number has a Lévy constant and its value is 8(a) = 72/(121og 2) for almost all a.

Lévy constants satisfy 3(a) > log((1+ +/5)/2). This follows from [0, 1,...,1] =

m times
Fp—1/Fy, (where F,, denotes the mth Fibonacci number) and therefore
1 /14 +/5\m+l
o) > F,, ~ —( ) as m — oo.
Qm( ) m \/5 D)

H. Jager and P. Liardet [9] proved that every quadratic irrationality has a Lévy
constant. C. Faivre [5] showed that every possible value is attained; i.e., for all
v > log((1 4 v/5)/2) there is an irrational « such that §(a) = . E.P. Golubeva
[6], [7], [8] studied Lévy constants of quadratic irrationalities and their connections
with real quadratic fields and binary quadratic forms. In a recent paper, J. Wu
[16] proved that the Lévy constants of quadratic irrationalities are dense in
[log((1 + v/5)/2),+00). This implies trivially that the set {3(a) | « is algebraic,
o ¢ Q,B(w) exists} is dense in [log((1 + v/5)/2),+00). It is the purpose of the
present paper to prove the following complementary result:

Theorem 1. (i) For every v > log((1++/5)/2) there exist non-denumerably many,
pairwise not equivalent transcendental v such that B(a) = 7.

(ii) For every v > log((1 ++/5)/2) there exist non-denumerably many, pairwise
not equivalent Us-numbers o such that B(a) = 7.
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Remarks. 1) Two numbers aq, ag are called equivalent if their continued fraction ex-
pansions have shapes ay = [bg, by, ..., bk, a1,a9,as,...] and as = [co,c1,...,cp a1,
ag,as,...]. It is easy to see that equivalent numbers have the same Lévy constant
(if one of them has one).

2) Obviously part (ii) of the theorem implies part (i). Nevertheless, we will give
separate proofs of both parts as it is instructive to see how certain parameters have
to be changed when asking for a Us-number instead of a transcendental number.

2. CONTINUED FRACTIONS WITH PRESCRIBED LEVY CONSTANT

An important technical tool in our proof will be continuants. Let aq,...,a, be
positive integers. The continuant K, (ai,...,a,) is defined as the determinant
al 1
-1 a9 1
Ku(a1,...,a,) = -1 a3 1
-1 a,

In addition we set Kp:=1 and K_; :=0.

Lemma 2. (i) K (a1,...,6m) = Kp(am, ..., a1).
(ii) For 0 < m < n we have

Ky(a1,...,an) = Kp(ag, .. am) Kn—m(@mat, -, 0n)

+ Km_l(al, ey am_l)Kn_m_l(am+2, ey an).
(iii) If o = [ag, a1, a9, ...], then ¢u(a) = Kp(a1,...,a,).

Proof. Part (i) is trivial. Proofs of parts (ii) and (iii) can be found, e.g., in
O. Perron’s classic textbook [13]. O

We will drop the index and write K(aq,...,a,) from now on.

Lemma 3. log K(ay,...,an,bm,...,b1) =log K(a1,...,a,) +1og K(b1,...,by) +
O(1) with an absolute implied constant.

Proof. Using Lemma 2 we get
log K(a1,...,an,bm,y...,b1)
- log(K(al, e @)K by, b))+ K (a1, an_ 1)K (b, .. .7bm,1))
=logK(ay,...,an) +1og K(b1,...,bm)

K(al, ey an_l)K(bl, ey bm—l)
log( 1
+ Og( T TR a) Ky b))
which implies the assertion. O
Lemma 4. Ifa =[0,a] =[0,q,a,a,...], then
a++Va2+4

log gm () = mlogfa] + O(1) = mlog +O(1).

2



LEVY CONSTANTS OF TRANSCENDENTAL NUMBERS 2245

Proof. Using induction on m one sees that

_ 1 —1m+1 —1\ym+1
am(@) = < ([ ~ (-l0.3)" )
for all m > —1, which implies the assertion. O

From now on we will use the shorthand notation
_ a++vVa?+4
w, = log[a] = log —

Lemma 5. Let a < b be positive integers and wg, < v < wy. Then there exist non-

denumerably many, pairwise not equivalent o = [0, ay, as, as, .. .] such that B(a) = v
and a; € {a,b} for alli> 1.

Proof. Let x € (0,1) be such that v = (1 — z)w, + zw, and let (ox)r>1 be an
increasing sequence of positive integers satisfying min{oix,01(1—2)} > 1, op < k
as k — oo and klirn o = +00. These conditions imply klim k/(c1+ -+ o) =0.
Set

a= {O’E[(l—x)mJ7E|~$01J7@[(1—1)02J’5Lx‘72J’ B }

)

where the notation @a” means that the partial quotient a is repeated 7 times. Let

k k41
Z(L(l —z)o;| + |wo;]) <m < Z(L(l —z)o;) + [woy]).

Then
(@1, ) = (@07 Fo L glo=am pleowd g g

for some 7,,7, satisfying either 1 < 7, < |(1 — 2)ok41] and 7, = 0 or 7, =
[(1 —z)oks1] and 1 <7, < |20k+1]. Using Lemmata 3 and 4 we get

log gm (@) = logK(EL(l_I)”lj,ELwlj - ,EL(I_I)”’“J,EkaJ,ET",ETb)

k
=" (log K (a97) 4 1og K (57) )
i=1

(1) +log K (a™) —|—logK(l;Tb) + O(k)

I
W

(L(l —x)o;|we + LazoiJwb) + Towq + 1wy + O(k)
—z)(o1+ -+ or)we +x(o1 + -+ + op)wy + O(k).

—~ .
=l

Analogously we have m = o1 + - - - + o} + O(k), which, together with (1), implies
the assertion. 0

3. TRANSCENDENCE CRITERIA

The transcendence criteria we use follow ideas that originated with E. Maillet
[12] and A. Baker [2], [3]. Recent improvements of their work can be found in
papers by J.L. Davison [4] and B. Adamczewski and Y. Bugeaud [I].
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Theorem 6 (W.M. Schmidt, [14]; see also [I5]). Let o € R be algebraic but neither
rational nor a quadratic irrationality and § > 0. Then there exist only finitely many
8 € R which are rational or quadratic irrationalities such  that

o= Bl < H(B)5~°.

Remark. Here H denotes the classic absolute height; i.e., if p(X) = > 1" a; X' €
Z[X]\ {0} with ged(ag,...,am) = 1, p(8) = 0 and degp is minimal with this
property, then H(f) = [max a;].

Corollary 7. Let a € R have a quasiperiodic but not periodic continued fraction
expansion

5y 5y
a=100,a1,...,00,—1,0p;, - Ot k11 s gy - oy Qg kg1 2y -]

Here a,, ... 7a,,+k)‘ indicates that the partial quotients a,,...,a,4+r should be re-
peated X times, i.e., v, = 11 —|—Z?=_11 Aiki. If o is algebraic, then lim q,,,i“_l(]lf’fk‘l1
1—00 * N

< 400 for every § > 0.

Proof. For i > 1 we define the quadratic irrationality

— i

A Nio1
Bi = (0,01, esQuy—1,Tuys o Gyt —1 Yy e vy Qoryr oo Oy k1 —1 ,
Ay s - - 'aal/i-‘rki—l]'

For k < v;11 —1 we have ai(«) = ax(6;) and we may write pg /g for pr(a)/qr(a) =
pi(Bi)/ak(Bi). Now L;32 + M;f3; + N; = 0 with

Li = qu,—2qui+ki—1 — Qu;—1Qu,+k;—2
Mi = qylflpl/f‘rkaz +plji71q1/i+k1i72 - pui72CIw+ki71 - q1/i72pl/i+k?i71
Ni = Pv;,—2Pv;+ki—1 — Pv;—1Pv;+k;—2

and therefore H(3;) < max{|L;|,|M;|, |Ni|} < 2q2 . _,. Theorem 6 implies
0,2, 1> la—=Bi| > Ce, 0)H(B) 0 > C(a, )27 0,02
for a certain C'(a, §) > 0. The corollary follows immediately. O

Lemma 8. Let a < b be positive integers and w, < v < wy. Then there exist non-
denumerably many, pairwise not equivalent transcendental o = [0, a1, a9, as,.. .|
such that B(a) =~ and a; € {a,b} for alli > 1.

Proof. Let x and (o%)r>1 be as in the proof of Lemma 5. Set

M A2
a = [0,al0-mo) BT Glasmos) plered =

Then §(a) = v by Lemma 5. Using the notation of Corollary 7 we have

n—1

(2) kn =[(1-2)0,|+|z0,] and v,—1 = Z Ai(L(1==)o;|+|zo;]) for all n > 1.
i=1

Employing that [@]™ ! < g,,,(«) < [b]™ for all m > 0 we get

n

-1+ ZAl(L(l —x)o;| + anij))wa

i=1

log Qupii—-1 (a) >

/N



LEVY CONSTANTS OF TRANSCENDENTAL NUMBERS 2247

and

n—1
log q;jﬁn_l(a) > _Tw (Z (L1 = 2)oi] + |zoi)) + [(1 — 2)on] + L:mnj)wa.

=1

Because of Corollary 7, a will be transcendental if the sequence (\,,)n>1 is chosen
such that

5 (v T (10 2o o))~ (322~ S A (11 -+
= 4-00.

As the sequence (A,)p>1 can be chosen in non-denumerably many different ways,
the construction yields non-denumerably many, pairwise not equivalent a with

Bla) = 1. O
Lemma 9. Keeping the notation of Corollary 7 we have
0 < |L,a® + Mya+ N,| < 8qfn+kn71q;irl.
Proof. Let f3; denote the conjugate of ;. If |3;| > 1, it follows from L;3? + M;[3; +
N; = 0 that
1Bil? < |LiB7| = |MifBi + Ni| <2, 4,1 (18i] + 1) < 47 1, _11Bil
and therefore |3;] < 4¢2, ;. _;, which remains true even if |3;| < 1. This implies
oo = Bil ST+ 1G] <1+ 4q5 4p, 1 <85, 44,1
and thus
|Lia® + Mia + Ni| = |Li| - |a = Bi] - |a = Bi]
<G 'q;iirl 845 ki1 = 8Q3¢+ki—1q;3171-

O

Lemma 10. Let a < b be positive integers and w, < v < wy. Then there exist
non-denumerably many, pairwise not equivalent Us-numbers o = [0, ay, az,as, . . ]
such that f(a) =~ and a; € {a,b} for all i > 1.

Proof. Let « and (o)k>1 be as in the proof of Lemma 5 and « as in the proof of
Lemma 8. Then f(a) = v by Lemma 5 and (2) holds. We have

H(LnX2 + M, X + Ny,) = max{[Ly|, |M,|, [Nn|} < 2qgw,+kn—1 < Q[E}Q(V"Jrk"il)a
where H denotes the height of a polynomial. Using Lemma 9 we can estimate
0< ‘Lnaz +M7LOZ+Nn| < 8q3n+kn_1qy_n2+1_1 S 8[5}4(1/714‘]@‘71,—1)[a]—Z(Vn+1—2)

_ [E]—(2(yn+1—2)wa—4(Vn+k:n—1)wb—310g2)/wb _ (2[5]2(%%%—1))—%

with
2(Wnt1 — 2)wg — 4(vy + kp — 1)wp — 3log 2
2(vp + kn — Dwy + log 2 ’

Replacing v, and k, by the expressions given in (2) we see that lim ¥, = 400
n—oo

v, =

can be achieved by letting the sequence (A;,),,>1 grow sufficiently fast, which proves
the assertion. (]
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Remark. As (log "1 400) = J2°, (wn, wn12), the assertions of Theorem 1 follow

from Lemma 8 and Lemma 10 respectively, at least for every v > log 1+2\/5. In the

remainder we will briefly indicate how one can take care of the remaining value w; .

Lemma 11. If a = [ag,a1, a9, ...] has a Lévy constant, then
1 m

Bla) = Jim o Z logla, ait1,aita, .. .].
i=1

Proof. Using well-known identities from the theory of regular continued fractions
one gets

m—+1

H [aiv Q41 - - } = |Qma 7pm|71 =d4m - [am+17 Am4-2, - - ] + gm-1

i=1
(where py,, /¢ denotes the mth convergent), which implies

m—+1

Z logla;, aiy1,...] =loggm + log<[am+1, Aty -]+ qz_l)
=1 m
= 1Og dm + log([am+1a Am+4-2; - - } + [07 Ay - - - 7al]>
= log ¢m + log[am+1, @mi2,-..] + O(1).
[l
Lemma 12. Let o = [ag,a1,0a9,...], & = [by,b1,ba,...] and let t(m) denote the

number of i € {1,...,m} with a; # b;. If & has a Lévy constant, b; = a; + O(1) as
i — 00 and t(m) = o(m) as m — oo, then B(ca’) = B(a).

Proof. We have

m

Z IOg[bZ, bi+1, .. ] = Z log[ai, ai+17 . ] + Z(log[bz, bi+1, . ] — log[ai, a/iJrl’ .. D
=1 i=1 i=1

= Z log[ai7 Qit1s-- ] + O(t(m)) = Z log[ai7 Qit1s-- ] + O(m)a
i=1 i=1
which together with Lemma 11 yields the assertion. ([

.Y A
Lemma 13. Let a < b be positive integers and o = [O,Eh,b 2ats bt L. ]

(i) If :
- Wp o
Jg&(h + A — §w—a(/\1 +-+ )\n—l)) = +00,
then a is transcendental.

(ii) If lim A,/(\1 4+ + A1) = +00, then a is a Uy-number.
Proof. This can be proved along the same lines as Lemmata 8 and 10. O

Lemma 14. Let a be a positive integer.

(i) There exist non-denumerably many pairwise not equivalent transcendental o
such that B(a) = w.

(ii) There exist non-denumerably many pairwise not equivalent Us-numbers o
such that B(a) = wy.
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Proof. Set a = [O,E’\l ca+1,a a+1,a",.. ] By letting the sequence (A2y+1)n>0

gr

ow fast enough we can guarantee that the assumptions of both Lemma 12 and

Lemma 13 are satisfied. O

10.

11.

12.

13.

14.

15.

16.

W
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