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TROPICAL BASES BY REGULAR PROJECTIONS
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ABSTRACT. We consider the tropical variety 7 (I) of a prime ideal I generated
by the polynomials f1, ..., fr and revisit the regular projection technique intro-
duced by Bieri and Groves from a computational point of view. In particular,
we show that I has a short tropical basis of cardinality at most r 4+ codim I + 1
at the price of increased degrees, and we provide a computational description
of these bases.

1. INTRODUCTION

Given a field K endowed with a non-trivial real valuation ord : K — Ry =
R U {oc}, the valuation extends to any fixed algebraic closure K. The tropical
variety T (I) of an ideal I < K|z1,...,x,] is defined as the topological closure of
the set

(1) ordV(I) = {(ord(z1),...,0ord(z,)) : 2€ V({I)} C R",

where V(I) denotes the zero set of I in (K*)™. Tropical varieties have been the
subject of intensive recent studies ([2, 4} [8, [0} [TT]; see [I0] for a general introduction).

A basis F = {f1,..., fr} of I is called a tropical basis of I if (;_, T(f;) =
T(I). Bogart, Jensen, Speyer, Sturmfels, and Thomas initiated the systematic
computational investigation of tropical bases [2, [§], by providing Grobner-related
techniques for computing tropical bases as well as by providing lower bounds on
the size. They consider the field of Puiseux series K = C{{¢}} with the natural
valuation and concentrate on the “constant coefficient case”, i.e., I QClxy,...,Z,].
As a lower bound, they show that for 1 < d < n there is a d-dimensional linear
ideal I in C[xy,...,x,] such that any tropical basis of linear forms in I has size at
least n+d+1 (M.

In this paper we explain that by dropping the assumption on the degree of the
polynomials there always exists a small tropical basis for a prime ideal I, thus
contrasting that lower bound.

Theorem 1.1. Let I < K[xy,...,x,] be a prime ideal generated by the polynomials
fi,---, fr. Then there exist go,...,gn—dim1 € I with

n—dim I

(2) () = () T(9)
=0
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and thus G :== {f1,.., fry 905+, Gn—dim1} @S a tropical basis for I of cardinality
r+codim ] + 1.

In particular, this also implies the universal (i.e., independent of dim I) bound
of n + 1 polynomials in the representation (2)).

The statement comes as a consequence of the regular projection technique intro-
duced by Bieri and Groves [I]. The purpose of this paper is to revisit this approach
from the computational point of view, with the goal to provide an explicit and
constructive description of the resulting tropical bases. Specifically, we apply trop-
ical elimination on a particular class of ideals; for a general treatment of tropical
elimination see the recent papers of Sturmfels, Tevelev, and Yu [12, [13].

Based on this construction, we characterize the Newton polytopes of the polyno-
mials g; in the tropical bases for the special case of ideals generated by two linear
polynomials. The tradeoff between the cardinality and the degree of tropical bases
in the general case is subject to further study.

We remark that Theorem [[.T]can be seen as a tropical analogue to the Eisenbud-
Evans Theorem from classical algebraic geometry, which states that every algebraic
set in m-space is the intersection of n hypersurfaces [5].

This paper is structured as follows. In Section [2] we introduce the relevant
notation from tropical geometry and their relation to valuations. In Section [3] we
provide the computational treatment of regular projections and prove Theorem [[.11
Section M provides some results on the characterization of the resulting Newton
polytopes of the basis polynomials.

2. TROPICAL GEOMETRY

For a field K, a real valuation is a map ord : K — Ry = R U {oo} with
K\ {0} — R and 0 — oo such that ord(ab) = ord(a) + ord(b) and ord(a + b) >
min{ord(a),ord(b)}. Thus ord = —log]||-|| for a non-Archimedean norm ||-|| on K.
Examples include K = Q with the p-adic valuation or the field K = C{{t}} of
Puiseux series with the natural valuation. We can extend the valuation map to K
(cf. []) and to K" via

ord : K" — R“, (a,...,a,) — (ord(a;),...,ord(ay)).
We always assume that ord is non-trivial, i.e., ord(K*) # {0}. Then the image
ord(K*) is dense in R.

Tropical polynomials are polynomials over the tropical semiring (Ru., min, +).
For any polynomial f = > co,x® € Klx1,...,x,], the tropicalization of f is the
tropical polynomial defined by

trop(f) = main{ord(ca) +oa1xy + o+ apTnt,
and the tropical hypersurface of f is
T(f) = {w € R" : the minimum in trop(f) is attained at least twice in w}.
For an ideal I <1 K[z1,...,x,], the tropical variety of I can be defined either by
() = (7T
fer

or equivalently by (Il); see [4]. Note that we consider tropical varieties from a
set-theoretic point of view; see [I12] for a more refined treatment of the underlying
multiplicities.
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We shortly review the link between tropical geometry and classical valuation
theory. For a prime ideal I, let A := KJx1,...,x,]/I be its coordinate ring. It is
well known (see, e.g., [0]) that each valuation on K can be extended to a valuation
on A. Let A%Y be defined by

AGY = {(w(x1),...,w(x,)) €ER" | w: A — Ry a valuation with w|x = ord}.
This subset of R™ coincides with the tropical variety of I,
AYY = T(I)

(see []). Bieri and Groves [I] showed that A% (and thus 7 (I) as well) is a pure
polyhedral complex of dimension equal to the transcendence degree of A over K
and rationally defined over the value group ord(K*) of ord.

3. PROJECTIONS AND THE MAIN THEOREM

Let I<K|[zy,...,Z,] be an m-dimensional prime ideal. The main geometric idea
is to consider n —m + 1 different (rational) projections 7, ..., Tp_m : R® — R™TL
If these projections are sufficiently generic (as specified below), then we obtain

n—m

() = ' (r(T (D)) = T(D),

i=0
and each of the sets 7; ' (m;(7(I))) is a tropical hypersurface.
First we consider the image of the tropical variety 7 (I) under a single (rational)
projection
T:R* — R™HL

r — Az

with a non-singular rational matrix A whose rows are denoted by aV), ... a(™*h.
Let u™, ..., u®) € Z" with [ := n—(m+1) be a basis of the orthogonal complement
of span{a™, ..., a(m*tD},

Set R = K[z1,...,%n,A1,...,\], and for any polynomial f € K[z1,...,x,] let
. @)
f be the composition of f with the monomial map z; — x; H§:1 )\j“ij , l.e.,

l ) l )
f(xlv"'axn;)\l,"'aAl) = f(xll_[)\]uy),,l'nH)\]u%)) € R.
j=1 7j=1

Define the ideal J < R by
J (feR: felI).

We show the following characterization of #~1(7(7(I))) in terms of elimination.

Theorem 3.1. Let I < K[z1,...,x,] be an m-dimensional prime ideal and 7 :
R™ — R™*L be a rational projection. Then w1 (7(T(I))) is a tropical variety with

(3) 7 N w(T(D) = T(JNK[zy,...,2,]).

In order to prove Theorem B.1] we first consider algebraically reqular projections
(as defined below). At the end of this section we also cover the remaining special
cases.

We start with an auxiliary statement which holds for an arbitrary rational pro-
jection .
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Lemma 3.2. For any w € T(JN K[z1,...,2,)) and u € span{u™® ... u®} we
have w +u € T(JNKlxy,...,z5]).

Proof. Let u = Zé:l uju(j) with pq,...,u € Q. The case of real y; then follows
as well.
Let w € T(J N K[z1,...,2,]). Since T(J N K[z1,...,x,]) is closed, we can

assume without loss of generality that there exists z € V(J N K[z, ..., z,]) with
ord z = w. Define y = (¢/,y") € (K*)"*! by
y = (v,y") = (zltzéfl ”J’“(lj), . 2t i1 nyugl? SR ,t*“’) )

For any f € I, the point y is a zero of the polynomial f in the ring R, and thus
y € V(J). Hence, y € V(J N K|[x1,...,2,]). Moreover,

l 1 l
ordy = (wy +Zuju§]),...,wn +Zujuf{)) = erZ,uju(j) = w+u,
j=1 j=1 j=1
which proves our claim. O
Lemma 3.3. Let I < Klx1,...,2,] be an ideal. Then J N K|[zq,...,z,] C I.

Proof. Let p =73, hifi: be a polynomial in J N K[z1,...,x,] with f; € I. Since p
is independent of Aq,...,\; we have

d

We call a rational projection algebraically regular for I if for each i € {1,...,1}
the elimination ideal J N K[z1,...,Zn, A1,...,A;] has a finite basis F; such that in
every polynomial f € F; the coefficients of the powers of \; (when considering f as
a polynomial in ;) are monomials in z1,...,Zn, A1, .., \i—1.

The following statement shows that the set of algebraically regular projections
is dense in the set of all real projections 7 : R* — R™ 1,

Lemma 3.4. The set of projections which are not algebraically regular is contained
in a finite union of hyperplanes within the space of all projections m : R — R™*1,

Proof. Tt suffices to show that for the choice of u¥), we just have to avoid a lower-
dimensional subset of R \ {0}. For u),... ("1 we can then argue inductively
(however, an explicit description then becomes more involved). Assume that I is
generated by f1,..., fs. Then J = (fj : 1 < j <s).Forany fixed j, the polynomial
fj is of the form
f] = Z Caxa)\lz aiugl) PPN )\lZ aiugl)
OtG.Aj

with A; C Z™ finite. Thus all )\f have monomial coefficients if

Z aul) # Z Bull

for all o, B € A; with « # 3. So we have to choose u® from the subset

m{u eR" : Z aiuz(-l) + Zﬁiugl) for all a, B € A; with o # 5} .
J
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Hence, the algebraically non-regular projections are contained in a finite number of

hyperplanes. O
Theorem 3.5. Let I <\ K[x1,...,2,] be a prime ideal and 7 : R™ — R™"! be an
algebraically reqular projection. Then w='m (7T (I)) is a tropical variety with

(4) 7 in(T(I) = T(JNK[zy,...,2.]).

Proof. Let w € 7= 'm(7T(I)). Since the right-hand set of (@) is closed, we can assume
without loss of generality that there exists 2’ € V(I) and u € span{u(?,... u®}
with ord 2’ = w + u. For any f € I, the point

z = (,1)

is a zero of the polynomial f € R, and thus z € V(J). Hence, 2/ € V(J N
Klzi,...,25]). By LemmaB2 w e T(J N Klx1,...,2,]) as well.
Now let w € T(J N K[z1,...,2,]). Again we can assume that there is a
z € V(J N Klzy,...,1,]) € (K*)® with w = ord(z). The projection is alge-
braically regular, which means that the generators of the elimination ideals J N
Klx1,...,Zn, A1, ..., ;] have only monomials as coefficients with respect to \;. By
the Extension Theorem (see, e.g., [3]), we can extend the root z inductively to a
root Z € V(J) with the same first n entries. The definition of J says that
e S
2= (B B B B
is a root of I. Then

I
ord(z’) = ord(z) + Zord(énﬂ-)u(i),
i=1

which means that ord(z) = w € 7~ 17 (7 (1)). O

This completes the proof of Theorem [B.I] for the case of algebraically regular
projections.
In the following, we consider the notion of geometric regularity.

Definition 1. Let C be a polyhedral complex in R"™. A projection 7 : R™ — R™+!
is called geometrically regular if the following two conditions hold.

(1) For any k-face o of C we have dim(n(0)) =k, 0 <k < dimC.

(2) If (o) Cw(7), then o C 7 for all o,7 € C.

These conditions ensure that we can recover the whole complex C from the
projections.

Corollary 3.6. In the situation of Theorem B, if dimnw(7(I)) = m, then
7~ in(T(I)) is a tropical hypersurface.
In particular, this holds when the projection is geometrically regular.

Proof. dim 77 (7 (1)) = dim7(7 (I))+dimkerm = m+(n—(m+1))=n—-1. O

Let I < Klx1,...,2,] be a prime ideal and m = dim I. Then 7 (I) is a pure m-
dimensional polyhedral complex. Bieri and Groves [1] used the following geometric
technique (which actually was also used to prove that 7 (I) has this polyhedral
property).

There exists a finite family X = {X},..., Xs} of m-dimensional affine subspaces
with 7(I) C J;_, Xs. By the finiteness of X, for a sufficiently generic choice of
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n—m+1 geometrically regular projections m, .. ., T,_m, the set-theoretic intersec-
tion of the inverse projections exactly yields the original polyhedral complex. This
follows from [I, Thm. 4.4] (and its proof) in connection with the pure-dimensionality

of T(I).

Proposition 3.7 (Bieri, Groves [1]). Let I<K][xy,...,2,] be a prime ideal. For any
dense set D of projections there exist codim I + 1 projections mg, ..., Teodim1 € D
such that

codim [

T(I) = () = 'm(T().
=0

By Lemma B.4] the set of algebraically regular projections is dense in the space
of projections. Hence, combining Proposition 3.7 with Theorem yields The-
orem [[LT1 Note that by Lemma [3.3] the generators g; are actually contained in
1.

Using this knowledge about the existence of some tropical basis, we can also
provide the proof of Theorem B.1] for arbitrary rational projections.

Theorem 3.8 (Tropical Extension Theorem). Let I < K[xo,...,x,] be an ideal
and Iy = INKlxy,...,x,] be its first elimination ideal. For any w € T (I1) there
exists a point W = (wo, ..., w,) € R" with w; = w; for 1 <i<n and v € T(I).

Proof. First let w € ord(V(I)), so that there exists z € V(I;) with ord(z) = w. Let
G={q,..-,9s} be a reduced Grobner basis of I with respect to a lexicographical
term order with xo > x;, 1 <i <n, i.e.,

deg,, 9i .
gi = hi(z1,...,zp)zy ° + terms of lower degree in zg .

There are two cases to consider:

Case 1. z ¢ V(hq,...,hs). Then by the classical Extension Theorem there is a root
Z of I which extends z, so ord(Z) =: w extends w.

Case 2. z € V(hy,...,hs). Then w = ord(z) € T (h1,...,hs). Let P ={p1,...,pt}
be a tropical basis of I.

Let p; be any of these polynomials. p; has the form

d .
p; = qj(z1,..., xn)xoegm P74 terms of lower degree in g .
Since G is a lexicographic Grobner basis, we have g;(z1,...,2,) =: ) koz® €
(h1,...,hs). Hence, the minimum

min{ord(ky,) + a1x1 + - - + apzy}

is attained twice at w. We can pick a sufficiently small value w(()j ) € R so that all
terms zj" xnmxglo of p; with mg < deg, p; have a larger value mjw; +--- +
myWy, + mowéj ). But then the minimum of all values of all terms of p; is attained
at least twice; it is

Hgn{ord(ka) + 1wy + -+ apwy } +deg, pj - w(()j) .
So (w(()j),wl, o wy) € T(hy).

By setting wo = min; {w(()])} and W := (wo, - .., wy) € T(I), we obtain the desired
extension of w. This completes case 2.



TROPICAL BASES BY REGULAR PROJECTIONS 2239

Now let w = lim; o w® be in the closure of ord(V(I;)). Then there exist
@™ € T(I) with w](.” = wj(-i) for 1 < j <n. Let P = {p1,...,p¢} be again a tropical
basis of I. Then we can assume w.l.o.g. that the minimum in trop(p), 1 < k <,
for @ is attained at the same terms. This gives us conditions for the wff):

k@ < wéi) <19 (one of them can be £00).

These bounds vary continuously with w(?. So we can choose W, arbitrarily in
[lim £, 1im {)] (only one of the limits can be 400). d

4. THE NEWTON POLYTOPES FOR THE LINEAR CASE

As mentioned earlier, an ideal generated by linear forms may not have a small
tropical basis if we restrict the basis to consist of linear forms. Using our results
from Section Bl we can provide a short basis at the price of increased degrees.
A natural question is to provide a good characterization for the Newton polytopes
of the resulting basis polynomials. Here, we briefly discuss the special case of a
prime ideal I generated by two linear polynomials f = > 1" a;x; + ant1, g =
S bixi +byy1 € Kz, ..., ) and kernel direction v. We assume v € Zi.

In order to characterize the Newton polytope of the additional polynomials in
the tropical basis, we consider the resultant of the polynomials f, §:

[ = a1z A"+ apmp A" Fang,
g = blxlAv1 +-+ bnxn)\vn + bn+1
in K[z1,...,%n, \]. Suppose that the components v; are distinct. Then w.l.o.g. we

can assume vy > Vg >« > Up > Upaq = 0.
In order to apply the results of Gel'fand, Kapranov and Zelevinsky [7] on the
Newton polytope of the resultant, we consider the representation

5 Resy(f,§) = CpgaPblgP T L pPntan
( g D,q 1 n
P,

with p = (p1,. ., Pnt1),q = (q1,- -+, qns1) € Z'1'. Regarding (B) as a polynomial

in ay,...,ap41,01,...,by41, the Newton polytope is contained in the set Q, C
72"+2 of non-negative integer points (p, ¢) with
n+1 n+1
(1) Xpi=2 q = v,
i=1 j=1
n+1 n+1 9
(2) Yo vipi+ X vig; = vi,
i=1 j=1
B X (-u+tovp+ X (G-vtva =i (0<ij<v).
1<k<n 1<i<n
0<vy —vj, <i 0<v] —v;<j

Hence, we can conclude:

Corollary 4.1. The set of integer points in the Newton polytope New(Resy(f, §))
C Z™ is contained in the image of Q, under the mapping
(pla ce s Pn+15941, - - '7qn+1) = (pl + q1y---3DPn + qn) .

Example 4.2. Let f =2x+y—4,g=2+2y+2z—1 and I < K[z,y, 2] be the
ideal generated by f and g. Further let ord(-) be the 2-adic valuation (see Figure [l
for a figure of 7 (I)).
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FIGURE 1. Tropical line 7 (I) in 3-space

Actually, the first projection can be chosen arbitrarily (even geometrically non-
regular). We choose a projection m; whose kernel is generated by (0,0, 1). Then the
tropical hypersurface 7, 'm; (7 (I)) is obviously generated by the first polynomial,
ie. mytm (T(I)) = T(2x + y — 4), and the Newton polytope of that polynomial is
a triangle (so the projection is geometrically non-regular).

We choose 7o as the projection with kernel generated by v = (1,2,0). Since
Resy(f,§) = y- (622 + 6222 + 49y + 14yz + y=2), we obtain 75 ‘7o (T (1)) = T (622 +
6222 + 49y + 14yz + y22). The intersection of m; 7 (T (I)) and 7, 'mo(7 (1)) is
one-dimensional.

For the last projection w3 we choose a projection whose kernel is generated by
(3,2,1). In this case, the resultant is z(822 + 147y + 16223 — T6xyz — 12y22),
and hence 73 'm3(T (1)) = T (822 + 147y% + 1622° — T6xyz — 12y?2%). For m3, all
possible vectors (p1 + q1, p2 + g2, ps + g3) of Corollary 1] are

{(3,0,0),(2,1,1),(2,0,3),(1,3,0), (1,2,2)},

and this set coincides with the support of the resultant.

The Newton polytopes of the last two of the three tropical hypersurfaces are
quadrangles. Adding the three non-linear polynomials to the basis of I yields a
tropical basis.
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