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MIYAOKA-YAU INEQUALITY
FOR MINIMAL PROJECTIVE MANIFOLDS
OF GENERAL TYPE
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(Communicated by Jon G. Wolfson)

ABSTRACT. In this short paper, we prove the Miyaoka-Yau inequality for min-
imal projective n-manifolds of general type by using Kéhler-Ricci flow.

1. INTRODUCTION

If M is a projective n-manifold with ample canonical bundle Kp;, there exists a
Kahler-Einstein metric w with negative scalar curvature by Yau’s theorem on the
Calabi conjecture ([14]), which was obtained by Aubin independently ([I]). As a
consequence, there is an inequality for Chern numbers, the Miyaoka-Yau inequality,

(1.1) (wc

where ¢1 (M) and co(M) are the first and the second Chern classes of M (cf. [13]).
Furthermore, if the equality in (II]) holds, the Kéhler-Einstein metric w is a com-
plex hyperbolic metric; i.e. the holomorphic sectional curvature of w is a negative
constant. If n = 2, (1) even holds for algebraic surfaces of general type (cf. [4],
[8], [@]), which may not admit any Kéhler-Einstein metric. In [12], the inequality
(1) is proved for any dimensional minimal projective manifold of general type by
using conic Kahler-Einstein metrics. In this short paper, we give a different proof
of () for minimal projective n-manifolds of general type by using Kahler-Ricci
flow and study the extremal case of ([I]).

Let M be a minimal projective manifold of general type with dim¢ M =n > 2.
The canonical bundle s of M is big, and semi-ample, i.e. K}, > 0, and, for
a positive integer m > 1, the linear system |m/Cys| is base point free (as quoted
in [II]). For m > 1, the complete linear system |m/Cys| defines a holomorphic
map ®: M — cpV , which is birational onto its image M;.qn. Mcqp is called the
canonical model of M, and @ is called the contraction map. Note that M may not
admit any Ké&hler-Einstein metric. The Kéahler-Ricci flow is an evolution equation
of a family of Kéhler metrics wy, t € [0,T), on M,

(12) 8twt = —Ric(wt) — W,

2(M) = c}(M)) - (=e1(M))" 7% > 0,
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where Ric(w) is the Ricci form of wy. By [I1], [I0], [3], and [15], for any Kahler
metric as initial metric, the solution w; of the Kéhler-Ricci flow equation exists for
all time ¢ € [0,00), and the scalar curvature of w; is uniformly bounded. Thus we
can prove ([[LI) by using the technique developed in [6], where a Hitchin-Thorpe
type inequality was proved for 4-manifolds which admit a long time solution to a
normalized Ricci flow equation with bounded scalar curvature. Before proving the
Miyaoka-Yau inequality, we show that the L2-norm of the Einstein tensor tends to
zero along a subsequence of a solution of the Kéhler-Ricci flow equation (L2)).

Theorem 1.1. Let M be a minimal projective manifold of general type with dimc M
=n>2, andletwy, t € [0,00), be a solution of the Kdihler-Ricci flow equation (L2).
Then there exists a sequence of times tp, — oo, when k — oo, such that

lim / |ptk|2w?k:0,
k—o0 Jps

, R o
where py, = Ricy, — —%wy, denotes the Einstein tensor of wy, and Ry, denotes the
scalar curvature of wy, .

As a corollary of this theorem, we obtain the Miyaoka-Yau inequality for minimal
projective manifolds of general type.

Corollary 1.2. If M is a minimal projective manifold of general type with dim¢c M
=n > 2, then

2(n+1)

——c2(M) — i(M)) - (—er(M))" 72 > 0.

(

Furthermore, if the equality holds, there is a complex hyperbolic metric on the
smooth part My of the canonical model My, of M.

2. PROOF OF THEOREM 1.1

Let M be a minimal projective manifold of general type with dim¢ M =n > 2,
M4y be the canonical model of M, and ® : M — M_,, be the contraction map.
Consider the Kéhler-Ricci flow equation on M,

(21) (9twt = —Ric(wt) — W,

with initial metric wg. In [7], the short time existence of the solution of (1)) is
proved. Then, in [I1], [10], and [3], it is proved that the solution w; of (1)) exists
for all time, i.e. ¢t € [0,+00), and there exists a unique semi-positive current we
on M which satisfies that:
(1) weo represents —2mweq (M).
(2) weo is a smooth Kéhler-Einstein metric with negative scalar curvature on
®~1(My), where My is the smooth part of M.
(3) On any compact subset K C ®~ (M), w; C*-converges to ws, when
t — 0o0.

In [15], it is shown that there is a constant C' > 0 depending only on wy such that
(2.2) |R:| < C,

where R; is the scalar curvature of wy.
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First, we need evolution equations for volume forms and scalar curvatures as
follows:

(2.3) Owwy = —(Rt + n)wy
and
(24) ath = Ath + |R’iCt|2 + Rt = Ath + |Rict°|2 — (Rt + TL),

where Ric;® = Ric; +w; and |Ric°|> = |Ric|?> + 2Ry +n (cf. Lemma 2.38 in [5]).

Lemma 2.1. There are two constants to > 0 and ¢ > 0 independent of t such that,
fort > toy,

o . _ n
R, Zzlél]f\;[Rt(l‘) <-n+efc< 5 < 0.

Proof. If we define a; = [w;] € HV1(M,R), from 21) we have
Oy = —2mey (M) — oy

and

(2.5) ap = —2mey (M) + e F(2mer (M) + ap).
Thus

(2.6) [Woo] = Qoo = tliémOo ar = —2mer (M).
Since

Rt/ wi < / Riwy = n/ Rici Awp™! = n2me (M) - af ™,
M M M

we obtain

n—1 n—1
B, < n27T01(M) o 2?01(M) oy :
of =21 (M) - a7 + e t2mer (M) + ag) - o~
o
o 1 + e*tAf
where A; = — @rer(M)tao)of ™! Nt that (—c1(M))™ > 0. Thus there is a t; > 0

27mcy (M)-af 1
n—1
such that if t > t;, 4; < \m\ + 1= A, and we obtain that

n
Yoo

v n —t
Rtgm<—n+€ C,

where ¢ = fn(ﬁ). By taking to > ¢ such that e""¢c < %, we obtain the

conclusion. O

oo
/ / |R; + njwpdt < .
o Jm

Proof. By (Z4) and the maximal principle, ,R; > — (R, +n), and so

Lemma 2.2.

(2.7) n+ Ry >Ce™,



2752 YUGUANG ZHANG

for a constant C' independent of t. Note that by Lemma 2.1, [27) and (23], when

t > to,
[ Rt < [ o= Rour+ [k Rujor
M M M
/(Rt+n)wf—|—2/ In + Rylw?
M M

< / (Re +n)wi + Cae™"
M

= n(2rc;-af 4 al) + Cae™?
ne ' (2mer + ag) - af Tt 4 Cze !
< 046775

for two constants C3 and Cy independent of ¢t. Thus
[e%e) to [e'e]
/ / |Rt + n|wy'dt = / / |Rt+n\w?dt—|—/ / |R: + n|wydt < oo.
0o JM 0o JMm to JM
O

Proof of Theorem 1.1. From (2.4)), (IZ{I) 23), 22), and Lemma 2.2, we obtain

/ / | Ric®|Pw]dt / / Rt dt—i—/ /(Rt+n)wt dt
o JMm
0 8t
no/;o—/ Rowg—FC’/ / | Ry + njwidt
M o JM
00.

If p, = Ricy — %wt is the Einstein tensor of wy, then |p;|> = |Ric®|* — (R +n)?,
and from the above estimation,

(o) (o)
/ / |pe|Pwirdt < / / |Ric®; [Pwirdt < oo.
0o Jum o Jm

Thus there is a sequence t;, — oo such that
li 2 n =0
im /M |pu["wt,

Proof of Corollary 1.2. Note that the Kéhler curvature tensor has a decomposition

IN

IN

<

O

R; 1 1
22wt®wt+ —w @ pt + Pt®wt+Bt

(cf. (2.63) and (2.38) in [2]). By Chern-Weil theory7
A o) - o) - f? = S22 [ (2t

(cf. (2.82a) and (2.67) in [2]), where By, = B, — yjéliflld is the tensor given by
(2.64) in [2] corresponding to wy. By Theorem 1.1, there is a sequence t;, — oo

such that
. 2 o
khmoo/M|ptk| wy, =0

Rmt

n2—2
- %\Ptﬁ)w?
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Hence

201 (M) — (M) - (~2mer (M)

2 1
(n+1)
n

(

2 (M) = c}(M)) - [we]"
2(n + 1)0

=(

2(M) = c}(M)) - [w,]" 2

lim (

k— 00

. n —2)! n+1 "
tim 72 JE
M n

k—oo 4m2n)!
> 0.

If the equality holds, on any compact subset K C ®~(Mj),

/|Boyw|2w§o§ lim / |Bo,t, |*wy. =0,
K k—o0 J g

by the smooth convergence of w; to woe. Thus By o = 0. Since wy, is a Kahler-
Einstein metric with negative scalar curvature on ®~!(Mj), the holomorphic sec-
tional curvature is a negative constant by Section 2.66 in [2]; i.e. wo, is a complex
hyperbolic metric. (Il
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