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ABSTRACT. Let A(n) be the nth normalized Fourier coefficient of a holomor-
phic Hecke eigenform f(z) € Si(I'). In this paper we are interested in the
average behavior of \2 (n) over sparse sequences. By using the properties of
symmetric power L-functions and their Rankin-Selberg L-functions, we are
able to establish that for any € > 0,

2, 4 1—.*227-5-8
ST @) =cjmiz+ 0z GHOTRTT )
n<z

where j = 2,3,4.

1. INTRODUCTION AND MAIN RESULTS

Let Si(T') be the space of holomorphic cusp forms of even integral weight & for
the full modular group I' = SL(2,Z). Suppose that f(z) is an eigenfunction of
all Hecke operators belonging to Sk(I'). Then the Hecke eigenform f(z) has the
following Fourier expansion at the cusp oc:

f(Z) — Za(n)eQﬂ-inz’
n=1

where we normalize f(z) such that a(1) = 1. Instead of a(n), one often considers
the normalized Fourier coefficient

Then A(n) is real and satisfies the multiplicative property

(1.1) AmAm) = S A (%)

d|(m,n)

where m > 1 and n > 1 are any integers. The Fourier coefficients of cusp forms
are interesting objects. In 1974, P. Deligne [2] proved the Ramanujan-Petersson
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conjecture
(1.2) |A(n)| < d(n),

where d(n) is the divisor function. For the sum of normalized Fourier coefficients
over natural numbers, Rankin [14] proved that

S(x) =D Aln) < x5 (logz) ™,

where 0 < ¢ < 0.06.
In 2001, Ivié¢ [B] studied the sum of normalized Fourier coefficients over squares,
ie.

Sa(x) = > A(n?).
n<x
By (1.1), the Rankin-Selberg method, and the zero-free region of the Riemann zeta
function, he successfully gave a nontrivial estimate
Sa(x) < zexp (—A(log x)% (log log a:)_%) ,
where A is a suitable positive constant.
Later Fomenko [3] mentioned that
Sy(z) <5 % (log z)°.
Recently Sankaranarayanan [16] showed that
Sa(z) < i (log z) % loglog =

holds uniformly for any holomorphic cusp form of even integral weight k for the full
modular group satisfying k < z3 (log :C)% In the same paper, Sankaranarayanan
mentioned that it is an open problem to give a nontrivial estimate for the sum of
Fourier coefficients over cubes, i.e.

Ss(z) =Y A(n?).

Recently by using the properties of symmetric power L-functions, Lii [I2] proved
that for any € > 0,

Ss(@) = D AR®) <ot Sy(x) = Y M) <
n<x n<x
On the other hand, Rankin [I3] and Selberg [17] studied the average behavior of
A2(n) over natural numbers and showed that
Z A(n) = cx + Of(a:%).
n<zx

Therefore a natural problem is what is the average behavior of A\?(n) over sparse
sequences. In this paper we are interested in this problem, namely to study the
asymptotic formula of the sum

> %),

n<z

where j = 2,3,4.
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By using the properties of symmetric power L-functions and their Rankin-Selberg
L-functions, which have been established in [4], [8], [9], [10], [I1], and [18], we are
able to establish the following results.

Theorem 1.1. Let f(z) € Sp(T') be a Hecke eigenform of even integral weight k for
the full modular group, and let A(n) denote its nth normalized Fourier coefficients.
Then for any € > 0, we have

Z N (n?) =iz + Of’a(m%“).
n<x

Theorem 1.2. Let f(z) € Si(I") be a Hecke eigenform of even integral weight k for
the full modular group, and let A(n) denote its nth normalized Fourier coefficients.
Then for any € > 0, we have

SN (1P) = eax + Oy (2579,
n<x

Theorem 1.3. Let f(z) € Sk(T") be a Hecke eigenform of even integral weight k for
the full modular group, and let A(n) denote its nth normalized Fourier coefficients.
Then for any € > 0, we have

Z N (nt) = ez + Of,g(:c%“).

n<zx
2. SOME LEMMAS

Lemma 2.1. Let f(z) € Sk(T) be a Hecke eigenform of even integral weight k for
the full modular group, and let A(n) denote its nth normalized Fourier coefficients.
For j =2,3,4, we introduce

(2.1) Li(s) =3 )

nS

n=1
for Re(s) > 1. Let L(sym’f,s) be the jth symmetric power L-function associated
to f, and let L(sym’ f x sym? f, s) be the Rankin-Selberg L-function of sym’ f and
sym’ f.
Then we have that for Re(s) > 1,

(2.2) Lj(s) = L(sym’ f x sym’ f, s)U;(s),

where Uj;(s) converges uniformly and absolutely in the half-plane Re(s) > 1/2+¢
for any e > 0.

Proof. According to Deligne [2], for any prime number p there are a(p) and S(p)
such that

(2.3) A(p) = a(p) + B(p) and |a(p)| = a(p)B(p) = 1.
Then it is easy to show that for j > 1,

a(p)itt — Bpyitt

olp) = Blp) 2 by o)

m=0
In fact for any integer 7 > 2, from the theory of Hecke operators we have the
following recursive relation:

AP) = AP HAP) — AP ).

A(p) =
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By induction, we have

a(p)? — B(p)?!
a(p) — B(p)

Therefore we have

(2.4) N (p?) = (Z a(p)j‘mﬁ(p)m>

m=0

Ap') =

The jth symmetric power L-function attached to f € Si(T') is defined as

J

(2.5) L(sym’ f,s) .= [[ [] @ = a(p)’~"B@)"p~*)""

» m=0

for Re(s) > 1. The Rankin-Selberg L-function associated to sym’ f and sym? f is
defined as

(2:6) Lisym’ f xsym’f,s) := [T [T [T(1 = a)"8(m)"alp)~"Bp)"p~*) "

p m=0u=0

for Re(s) > 1. The product over primes also gives a Dirichlet series representation
for L(sym? f x sym’ f, s): for Re(s) > 1

00
. A Aeor s ie(n
L(symjf « Symjf,s) _ 2 : smefxsngf( ),
n
n=1

where Agymi fxsyms f(7) is a multiplicative function. From (2.3), we have

(27) |>\syrnjf><symjf(n)| < d(j+1)2 (n)7

where dy(n) is the nth coefficient of the Dirichlet series (¥(s). Then we have that
for Re(s) > 1
(2.8)

. . A i ; A . . k
L(syrnjf><syr113f,s)1_[<1+Sym”fxpssy"”f(p)Jr...Jr Sym”f;?sm]f(p ) +>

p

By (2.6) and (2.8), we have

(2'9) )‘symijSyrnjf(p) = Z Z al(p ] mﬂ ( )j—ug(p)u

From (2.4) and (2.9), we find that

(210) >\2 (pj) = Asymjfxsymjf(p)'
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From (1.2), we learn that

o] 2 nj
(2.11) Li(s) =) A(n)

nS

is absolutely convergent in the half-plane Re(s) > 1. On noting that A?(n’) is a
multiplicative function, we have that for Re(s) > 1,

(2.12) Lj(s):i$:H(1+/\2;fj)+/\2I§12?jj)+.,.+>‘21§7§f)+.,,>.

Therefore from (2.8), (2.10) and (2.12), we have that for Re(s) > 1,
Li(s) = L(sym’f x sym’f,s)
« H <1 + >‘2(p2j) - /\symjfxsymjf(pZ) 4. >
p

p2s
= L(sym? f x sym? f, s)U;(s).

From (1.2) and (2.7), it is obvious that U;(s) converges uniformly and absolutely
in the half-plane Re(s) > % + ¢ for any € > 0. This completes the proof of Lemma
2.1. O

Based on the work of Cogdell and Michel [I], Lau and Wu [II] showed that
for j = 2,3,4, L(sym’ f x sym’ f, s) has a meromorphic continuation to the whole
complex plane and satisfies a functional equation.

Lemma 2.2. Let f(z) € Sg(T') be a Hecke eigenform of even integral weight k.
The Rankin-Selberg L-function associated to sym’ f and sym? f is defined as (2.6).
For j = 2,3,4, the Archimedean local factor of L(sym’ f x sym? f, s) is

J
Loo(sym? f x sym’ f, s) = Tp(s)’25 D¢ (s)0/2 026 T Te(s + vk — 1))/,

v=1

where T'r(s) = 775/2T(s/2), Tc(s) = 2(2m) ~°T'(s), g = 1 — dotj, and
J

1
0, otherwise .
Then the complete L-function
A(sym? f x sym? f,s) =: Loo(sym? f x sym? f, s)L(sym’ f x sym’ f, s)

is entire except possibly for simple poles at s = 0,1 and satisfies the functional
equation

A(Symjf X Symjfv S) = 6symjf><symij(Syrnjf X Symjf7 1- S)
with |€symjf><symjf| =1

Proof. This is Proposition 2.1 in Lau and Wu [I1]. O
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Lemma 2.3. Let j =2,3,4. Then for anye >0 and 0 <o <1, we have

L(sym? f x symd f, 0 + it) < g0 (1+[t]) 57 (A=),

Proof. From Lemma 2.2, we can follow standard arguments to establish the con-
vexity bound for L(sym’ f x sym/ f, o + it) in the critical strip 3 < o < 1 (see, for
example, Chapter 5 of [1]). O

Lemma 2.4. Let j = 2,3,4. Then for T > Ty (where Ty is sufficiently large), we
have the estimate

2T
/;

where € is any positive constant.

2
(G+1)?2
dt <5 T2+,

, o1
L (symjf x sym’ f, 3 + it)

Proof. From Lemma 2.2, we observe that the L-function L (sym?f x sym’f,s) is
of degree (j + 1) and is being extended as an entire function except possibly with
simple poles at s = 0 and s = 1. It also satisfies a nice functional equation of the
Riemann zeta type, and thus we can write the functional equation here as

L (symjf x sym’ f, s) = x(s)L (symjf x sym’ f,1 — s),

where

. 2
()] = [t 720729 as [t — o0

in any fixed strip a < 0 < b. Now we follow the arguments of (i) of Theorem 4.1

of the paper by Sankaranarayanan [I5]. The only necessary changes are that we
. 2
need the free parameters Y and Y; therein to be Y =Y, = T — , where c is a

suitable positive constant. This leads to the estimate of this lemma. ([

3. PROOF oF THEOREMS 1.1.-1.3

Recall that for j = 2,3, 4, we define

(3.1) L=y 2

nS

for Re(s) > 1. From Lemma 2.1 and Lemma 2.2, we learn that L;(s) = L(sym’ f x
sym’ f, s)U;(s) can be analytically continued to the half-plane Re(s) > 1/2. In this
region, L;(s) only has a simple pole s = 1.

Now we begin to prove our main results. By (3.1) and Perron’s formula (see
Proposition 5.54 in [7]), we have

(32) S =g [ e s o0 (%)

27TZ T

n<x

where b =1+ ¢ and 1 < T < x is a parameter to be chosen later. Here we have
used (1.2).
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Next we move the integration to the parallel segment with Re(s) = 1 +¢. By

Cauchy’s residue theorem, we have

. 1 3+e+iT b+iT 3+e—iT 28
Z AN (n?) = Ress—1 Lj(s)r + — / —|—/ —|—/ Lj(s)—ds
211 1 lyetiT  Jb—iT $

n<zx +e—iT

(3.3) +0 (”3;6)

1.1—9—6
::Cj_1$+11—|—12—|—]3—|—0< T >

For I, by Lemma 2.1, we have

T
L < x%+8+x%+f/ |L(sym? f x sym? f,1/2 + & +it)U;(1/2 + € +it)| tdt
1

T
(34) <axrte4 x%“/ |L(sym? f x sym? f,1/2 + ¢ + it)| ¢t dt.
1

Then by the Cauchy-Schwarz inequality, Gabriel convexity and Lemma 2.4, we have

I , ,
L < z2te 4 gate log T' max {—/ |L(sym3f x sym’ f,1/2 4+ ¢+ Zt)| dt}
<T Tl Ty /2

2

Ty ) )
/ |L(sym’ f x sym’ f,1/2 + ¢ + z't)\2 dt)

T /2
1
T P .
X / 1dt +ga2te
T /2

. 2
C

1 1
(3.5) <2 logT%%L)% T (

. 2
< pite g ogprtep it o pdter
For the integrals over the horizontal segments, we use Lemma 2.3 to get

b

Iy + I3 <</ 2 | L(sym’ f x sym’ f, o +4T)| T~ " do
1
2

+e

o
G+D2 (g _ T G+1?2
(=olter=l = max <7> T e
T

(3.6) < max x°T 2 :
1 1 G+1D?2
5+te<o<b 5+e<o<b s
1+4¢ . 2
1 G+D=
< R A e

From (3.3), (3.5) and (3.6), we have

. 1+¢ L 2
BT Y X)) =¢ar+O (xT ) +0 (wﬂa:r%—ﬁe) .

n<x

2
On taking 7' = 2 G+D>+2 in (3.7), we have

Z N(n?) =cj1z+0 (xlf GinzTs +E) .

n<zx
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By taking j = 2, 3,4 respectively, we have

and

>N (?) = ez + O(a11F9),

n<zx

3 2(0P) = ey + O(F79),

n<x

S° N(nt) = esz + O(a3+).

n<zx
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