PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 137, Number 8, August 2009, Pages 2709-2718
S 0002-9939(09)09889-X

Article electronically published on March 10, 2009

HYPERCYCLICITY OF WEIGHTED CONVOLUTION
OPERATORS ON HOMOGENEOUS SPACES

C. CHEN AND C-H. CHU

(Communicated by Nigel J. Kalton)

ABSTRACT. Let 1 < p < co. We show that a weighted translation operator
on the LP space of a homogeneous space is hypercyclic under some condition
on the weight. This condition is also necessary in the discrete case and is
equivalent to hereditary hypercyclicity of the operator. The condition can be
strengthened to characterise topologically mixing weighted translation opera-
tors on discrete spaces.

1. INTRODUCTION

Given a continuous linear self-map T on a Fréchet space X, we denote its iterates
by

T =17, ..., T"" ' =T"oT, ... (n=1,2,...).
The operator T is said to be hypercyclic if there is a vector « € X such that the orbit
{z,Tx,...,T"z,...} is dense in X, in which case x is called a hypercyclic vector for

T. A Fréchet space admits a hypercyclic operator if, and only if, it is separable and
infinite-dimensional [I} [6, [ITI]. Hypercyclic operators have been studied by many
authors since the work of Birkhoff [9] and MacLane [24]; we refer to [21], 22] for
recent surveys and [2] [3] [7, 12} [T4] 25| 26] for some recent works.

Let N denote the set of positive integers and Ng = NU {0}. Rolewicz [27] began
the study of hypercyclic operators in classical Banach spaces and showed that a
scalar multiple AB of the backward shift B(xg,x1,...) = (z1,22,...) on £2(Np) is
hypercyclic for any complex number A with |A| > 1 while B itself is not hypercyclic.
Hypercyclicity of generalized backward shifts on Banach spaces has been considered
in [20] and hypercyclic bilateral weighted shifts on ¢?(Z) have been characterised
by Salas [28] in terms of their weights.

Following a recent study of convolution operators on groups and homogeneous
spaces in [13], it is natural to consider the question of hypercyclicity for these
operators. Hypercyclicity of convolution operators on spaces of ultradifferentiable
functions has been studied in [I0]. Although Birkhoff’s seminal result [9] shows
the hypercyclicity of the translation operator on the space of entire functions, in
contrast, a translation operator, or a convolution operator by a measure of unit
mass, on LP spaces of locally compact groups is never hypercyclic. In this paper,
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we give a sufficient condition for a weighted translation operator on the LP space
of a homogeneous space to be hypercyclic. This condition is also necessary in the
discrete case which subsumes the above result of Salas, and further, it is equivalent
to hereditary hypercyclicity of the weighted translation operator. By strengthening
the condition and analogous arguments, we also characterise topologically mixing
weighted translation operators on discrete homogeneous spaces. Hypercyclcity in
weighted LP spaces has also been studied in [16], [I7].

We will make use of the following form of the hypercyclic criterion in [8], derived
from the original one obtained by Kitai [23], and by Gethner and Shapiro [19]
independently.

Lemma 1.1. Let T be a continuous linear self-map on a Fréchet space X. Then
T is hypercyclic if it satisfies the following criteria:
(1) (T™) admits a subsequence (T™*) converging to zero pointwise on a dense
subset of X ;
(i) there is a dense subset Y of X and a sequence of maps Sy, : Y — X such
that (Sy,,) tends to zero pointwise on'Y and (TS, ) tends to the identity
pointwise on Y .

We note that the above criteria are not necessary for hypercyclicity [4}, [15],
although they have been shown in [§] to be equivalent to T'@® T being hypercyclic
and also equivalent to T being hereditarily hypercyclic; that is, there is an increasing
sequence (ng) in N such that every subsequence (77*) of (T™) admits a vector
z € X for which the orbit {77+ 2}72 , is dense in X. If, moreover, the sequence (ny)
in the hypercyclic criterion satisfies the syndetic condition sup,{ng+1 — ni} < oo,
then it has been shown in [I4] that T is topologically mizing; that is, given nonempty
open sets U,V C X, there exists N € N such that T*(U)NV # @ for alln > N. In
fact, an operator satisfies the hypercyclic criterion for a syndetic sequence if and
only if it does so for the full sequence (n) [5, Remark 3.3].

2. WEIGHTED CONVOLUTION OPERATORS

In what follows, let G be a locally compact second countable group with identity
e and a right-invariant Haar measure A which is the counting measure if G is
discrete. Then G is a union of a nested sequence

GicGycCc---CG,C---

of compact sets with G,, contained in the interior of G, ;1. Let G act transitively
on a locally compact Hausdorff space €2 by a continuous right action

(v,9) € QX G vg €Q

so that € is homeomorphic to, and hence identifies with, a right coset space G/H of
G by an isotropy subgroup H. We assume throughout that H is compact, in which
case G/H admits a G-invariant measure v satisfying v = Aoq~! where ¢ : G — G/H
will always denote the quotient map [I8] p.58]. We call Q a homogeneous space of
G and consider convolution operators on €.

Let C.(G/H) be the space of continuous functions on G/H with compact sup-
port. Let 1 < p < oo and let LP(Q2) = LP(G/H) be the complex Lebesgue space
of G/H with respect to v, and write LP(G) for H = {e}. Given a complex Borel
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measure o on G with (finite) total variation ||o|| = |o|(G), we define a convolution
operator T, : LP(G/H) — LP(G/H) by
T,(f)=f+o  (f € LP(G/H)),

where the convolution
fro(Hzx) = /Gf(nyfl)dJ(y)

exists v-almost everywhere and is defined to be 0 otherwise. The operator T, is
bounded with norm ||7,||, < ||o|. Hence T, is not hypercyclic if ||o| < 1.
A continuous function w : G — (0, 00) is called a weight for G/H if it satisfies

(1) w(hz) = w(x) (x € G,h € H)

so that w'(Hzx) := w(x) is a well-defined function on G/H. If such a weight w is
in L*°(G), we can define a weighted convolution operator
Tow: f€LP(G/H) — Ty ,f € LP(G/H),

where

Towf(Hr) =w(x)(f *o)(Hz)  (f € LP(G/H)).
The operator T, ,, is not hypercyclic if ||o]|||w]|cc < 1. One can also consider the
weighted convolution operator Ty, ., : LP(G) — LP(G) with Ty f = w(f * o). It
is a ‘lift’ of Ty 4, in the following commutative diagram:

LP(G) — 7 L2 (G)

JT l@
T(‘I.U!

L?(G/H) ——= LP(G/H)

where the continuous linear maps J : LP(G/H) — LP(G) and @ : L*(G) —
L?(G/H) are injective and surjective respectively, with ||Q]| < 1, and are given by

Jf=foq Qy(Hz)= /H g(Ex)de (f € IP(G/H), g € LP(G))

with d¢ being the normalized Haar measure on the compact group H (cf. [I3]). We
have T, ,Q = QT ., [13, p. 77], which gives the following result.

Lemma 2.1. Let 1 < p < co. If the weighted convolution operator f,,w POSSESSES
hypercyclic vector g € LP(G), then Qg is a hypercyclic vector for T ., on LP(G/H).

For each a € G, we denote by §, the unit mass at a and by J the n-fold con-
volution &, * - - - * §,. We define 60 = . and write T, for the convolution operator
Ts.,-

Given a weight w € L*>(G) for G/H, the weighted convolution operator Ty, .,
is written simply 7, .,, which is a weighted translation operator. If we also have
w~t € L>(G), then the weighted convolution operator Ty-1 w145 _, is the inverse
of Ty We write S, ,, for To-1 w145, , tO simplify notation. Thus, for each
feLP(G/H), we have

1

Towf(Hz) = w(z)f(Hza™"),

Sewf(Hz) = @f(Hma).
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Without the assumption of w™! € L>®(G), we can still define the operator S, .,
from the subspace C.(G/H) to LP(G/H), and we will use the same notation for
this map since no confusion is likely. The same remark applies to T, ,, if w ¢ L (G).
Evidently, the translation operator T, is not hypercyclic. However if one considers
the weighted convolution operator T, ,,, then hypercyclicity can occur for certain
weights. Indeed, we are going to describe these weights for arbitrary homogeneous
spaces 2 = G/H and show, for a discrete group G, that these are the only weights
making Ty, ., hereditarily hypercyclic.

Let p € [1, 00] with conjugate exponent ¢ and let (-,-) : LP(£2) x LI(2) — C be
the duality. A simple computation gives

<To,wfa g> = <f7 T&(wg» (f € LP(Q)ag S Lq(Q)),

where & is the measure do(z) = do(x~"). Therefore the dual map T}, : LY(2) —
L(Q) is given by T; ,(9) = T5(wg) for g € LY(Q). In particular, if ¢ = J4, we
have

T:,w(g) = T5a—1 (wg) = Ta_l,w*5a71 (g) (g S LQ(Q))

and 777, is a weighted convolution operator on L9({2).

a,w

By a null set in G, we mean a Borel set K C G with \(K) = 0.

Proposition 2.2. Let G be a locally compact second countable group with a € G.
Let Q = G/H be a homogeneous space of G. Let w : G — (0,00) be a weight for
G/H satisfying w € L>®(G). Let 1 < p < 0o and Ty, be the weighted convolution
operator on LP(QY) defined above. Then condition (ii) below implies (i).

(1) Ty is hereditarily hypercyclic.
(ii) Both sequences (depending on a)

n n—1 -1
Wy, = Hw*52—1 and W, = Hw*éj
s=1 s=0

admit respectively subsequences (wy,) and (Wy, ) which converge pointwise
to 0 A-a.e. and are uniformly bounded on each non-null compact subset K

of G.

Proof. Let (wn,, ) and (W, ) be subsequences of (w,,) and (w,,) respectively satisfy-
ing (ii). We show that T, ,, satisfies the hypercyclic criterion.

We make use of the sequence of maps Si*%, : C.(G/H) — LP(G/H). Let
[ € C(G/H)\ {0} with compact support supp f. Then we have T7'%, (Si%,f) = f.
We show that [|T;%, f||, — 0 as ny — oo. There exists a compact set K C G
with ¢(K) = supp f (see, for instance, [I8, 2.46]). It follows that ¢~ '(supp f) =
¢ ' (¢(K)) = HK, which is compact and non-null. Let (w,,) be bounded on HK
by M say. Let € > 0 and choose, by Egoroft’s theorem, a Borel set £ C HK such
that \(HK \ E) < e and (wh, ) converges to 0 uniformly on E. There exists
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N € N such that w}, < W on F for n; > N. We have, by change of variables,

1T fly = [ RS i)
G/H
= / |w(a:)w(a:a71) . w(:caf("’“fl))|p\f(Hxa7”’“)\pd1/(Hx)
(Supp f)a”r
= [ @) waa O (e PN )
HKamk
= / jw(za™ )w(za™ 1) - - w(za)[P| f(Hz)[PdA(z)
HK
= [ @R + [l @l )P )
E HK\E
€
< 7 [ £I5 + MP( FIBAHE \ E) < 2
P
for ny > N. Similar arguments using the sequence (w,, ) yield

1
Nk o
IS2 = [

Hence T;'%, satisfies the hypercyclic criterion in Lemma[[Tlsince C.(G/H) is dense
in LP(G/H). Therefore Ty, ,, is hereditarily hypercyclic by [8, Theorem 2.3]. O

|f(Hza™)|PdA\(x) — 0.

Remark 2.3. In condition (ii) above, if the sequence (ny) is syndetic, then Ty, ., is
topologically mixing by a remark after Lemmal[[Tl If we have w=! € L*°(G) instead
of w € L*>®(G), then condition (ii) implies that Sy, is hereditarily hypercyclic on
L?(G/H) by changing the roles of T, ,, and S, ,, in the above proof.

We note that, if a = e, then condition (ii) in Proposition 22 fails and, in fact, we
have w,, = w,,! in this case. Also, a pointwise convergence sequence of continuous
functions need not be uniformly bounded on a compact set. For example, the
sequence wy, () = 2n2ze~™"*" is not uniformly bounded on [0, 1].

There are examples of hypercyclic operators with hypercyclic dual [26] 28]. The
following result shows that T, ., and its dual T}, can both be hypercyclic for certain
weights w.

Corollary 2.4. The dual T;; ,, of a weighted translation operator T, ., : LP(G/H)
— LP(G/H) is hypercyclic if the weight w 6,1 satisfies condition (ii) for a=! in
Proposition 221

Example 2.5. Fix ¢t € (0,1). We define a weight w : R — (0, 00) for R by
t if 1 <ux,
w(x)=4q¢ t* if —1<zx<1,
1 ife<-L
Then w and w™! are bounded and continuous on R, with w satisfying condition

(ii) for a > 0 in Proposition 221 Indeed, let K = [b, ¢] say. Pick ng € N such that
b+ nga > 1. Since w is decreasing, we have

0 wp(z) = w(z + a)w(x + 2a) - - - w(x + na)
w(b+ a)w(b+ 2a) - - - w(b+ na)

w(b+ a)wb+ 2a) - - - w(b+ noa) (x € K, n>nyp).

ININ A
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It follows that (w,,) is uniformly bounded on K by some constant M. For each
x € [b,c], we have w(z + s) =t for all s > nga. This implies, for n > nyg,

wp(z) = wlx+a)w(x+2a)- - wlx+ npa)w(x+ (ng + 1)a) - - - w(z + na)

Mt — 0 as n — oo.

IN

Hence (w,,) converges to 0 uniformly on [b, ¢]. For the sequence (@, ), we have

_ B 1
Wy(z) = w(z)w(x —a) - w(z — (n—1)a)
1
< w(c)w(c_a)...w(c—(n—l)a)
1

wOuwle—a) wle—(m —Day " nzm)

where n; is chosen so that ¢ — (n; — 1)a < —1. Likewise, (@,,) — 0 uniformly on
b, c].

In fact, the above example is a special case of the following lemma.

Lemma 2.6. Let w be a weight for a locally compact second countable group G.
The following conditions are equivalent.
(i) Given € > 0, a compact set D C G and N € N, there exists m > N
satisfying wm (z) < € and Wy, (x) < € for all x € D.
(ii) Both sequences (wy) and (W) admit subsequences (wy, ) and (Wy,, ) which
converge uniformly to 0 on each compact subset K of G.
If G is discrete, then D can be replaced by a singleton.

Proof. We show (i) = (ii). Since G is a union [ J,-; Gy of nested compact sets G,
with G} contained in the interior of Gyy1, it suffices to prove convergence on Gy
for each ¢t € N.

Let ¢ = 1 and D = G;. Then there exists ny such that w,,(z) < % and
Wy, () < % for all x € G;. Inductively, for each k& > 1, there exists ng > ni_1 such
that w,, (z) < 2% and W, (z) < 2% for all z € G,.

Now let € > 0 and choose ko € N with kg > t and =

< &. Then, for all k > ky,

PLY
we have 1
Wy, (z) < of < ok <€ and Wy, () <e
on Gy, D Gt. Hence (wy, ) and (W, ) converge uniformly to 0 on G. |

We now consider discrete groups and derive necessary and sufficient conditions
for a weighted translation operator to be hypercyclic. A torsion element of a group
G is an element of finite order.

Lemma 2.7. Let G be a discrete group and a € G. Then a is not a torsion
element if and only if for any finite subset D C G, there exists N € N such that
DN Da* = forn> N.

Proof. Given that a is not a torsion element, we observe that, for every d € D,
there exists Ny such that da™ ¢ D for n > Ny. Otherwise, there is some d € D
such that da" € D for a strictly increasing sequence (n;) in N. Since D is finite,
we must have da™ = da™ for some n; # n;, which contradicts the fact that a is
not a torsion element. Let N = max{Ny :d € D}. Then DN Da™ = ) for n > N.
The condition D N Da~™ = () can be proved similarly.
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On the other hand, if a € G is a torsion element with order m, then for any
finite subset D C G, there exist infinitely many n’s such that DN Da™ # ). Indeed,
DNDa* =D # ) for n € mZ. O

Theorem 2.8. Let G be a discrete group and H a finite subgroup. Choose a € G
that is not a torsion element. Let w : G — (0,00) be a weight for G/H such that
w € L°(G). Let 1 < p < oo and T, be the weighted convolution operator on
P(G/H) defined by a and w. The following conditions are equivalent.
(1) Ty is hypercyclic.
(i) Tow is hereditarily hypercyclic.
(iii) Both sequences (depending on a)

n n—1 -1
wn:Hw*éc";_l and Wy = Hw*éfl
s=1 s=0

admit subsequences (wy, ) and (Wy, ) which converge to 0 pointwise in G.

In particular, if G is torsion free, then the above conditions are equivalent for all

aeG\ e}

Proof. By Proposition [Z2] (iii) implies (i) and (ii) since a compact subset of a
discrete group is finite. We only need to show (i) implies (iii).

Let T, ., be hypercyclic. Let ¢ > 0 and z € G. Fix N € N. Let x, € #(G/H)
be the characteristic function

1 ifxe Hz,
X:(Hz) = { 0 otherwise.
Choose 0 < § < & Since the set of hypercyclic vectors for T, ,, is dense, there

s
exist a hypercyclic vector f € ¢?(G/H) for T, ,, and some m > N such that

If = xzllp <6 and |50, f = Xzllp <6
By Lemma 7] we may choose m sufficiently large so that Hz N Hza™™ = (). Since
If ==l =Y |f(He) = xz(Ha)|Pv(Hz) = Y |f(Hz) = x(Ha)]P < 67,
HxzeG/H zeG
where v(Hz) = AM(H), we have
|f(Hz) = x:(Hz)| <6 (x€q).
This gives

|f(Hz)]>1-9¢ for x € Hz,
|f(Hz)| < ¢ for x ¢ Hz.

From [|T;", f — x:|lp < &, we also deduce that
2)  |w@)w@a™) - w@a™ ") f(Hza ™) — x.(Hz)| < 6 (x € G).
In particular,
Wy (2) | f(Hza™™)| > 1 —6.
Since Hz N Hza™™ = (), we have

|[f(Hza"™)| g

-5 ~“1-s°°

Wi (z) <
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From (Z), we have
’w(xam)w(xam_l) ccw(za) f(Hz) — XZ(Hxam)’ <46 (x € G)
and hence, as Hz N Hza™ = (), one obtains
wm (2)|f(Hz)| < 6.
It follows that
0 4]
FHA 15

This proves that (w,,) and (w,,) satisfy condition (i) in Lemmal[2.6] for each point z €
G, and hence they admit subsequences (wy,, ) and (@, ) which converge pointwise
to 0 on G. (]

W (2) <

Remark 2.9. The above result implies that if T, , : *(G/H) — (P(G/H) is
hypercyclic for some p € [1,00), then it is so for all p € [1,00). As in Remark 23] if
w™! € £°°(G), then Theorem Z.8 applies to S, ... We also note that torsion freeness
is not required in Theorem 2.8 for the case of /7(G) since Hz reduces to {z} in the
above proof.

Corollary 2.10. Let a € G and w € £°°(QG) be as in Theorem 28] for the homoge-
neous space G/H. Then T, ,, : P(G/H) — (P(G/H) is hypercyclic if and only if
the lift Ty : P(G) — P (Q) is hypercyclic.

Proof. This follows from Lemma 2] and Theorem 2.8 O

Example 2.11. The weighted shift with weight sequence (a,) studied in [28] is
the weighted convolution operator S, ,, on ¢*(Z) with a = —1 € Z and the weight
w(n) = a,'. By Remark 29 and Lemma 26 S, ., is hypercyclic if and only if
given € > 0 and ¢q € N, there exists an arbitrarily large n such that for all |j]| < g,
we have

n n—1

H w(j —s) =w,(j) <e and H w(j +s) =W, (5)"" >

s=1 s=0

which is the condition in [28, Theorem 2.1].

)

M | =

Using similar arguments as in the proof of Theorem 2.8 one can also characterise
topologically mixing weighted translation operators on ¢P(G/H), which extends a
result in [T4) Theorem 1.2] for /%(Z).

Corollary 2.12. Let T, ., be the operator defined in Theorem 28 The following
conditions are equivalent.

(1) Ty is topologically mizing.
(ii) Both sequences (depending on a)

n n—1 -1
wn:Hw*éz,l and W, = Hw*éj
s=1 s=0

converge to 0 pointwise in G.

If G is torsion free, then the above conditions are equivalent for all a € G\ {e}.
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Proof. We see from Remark that condition (ii) implies (i). For the converse,
let € > 0 and fix z € G with the characteristic function x, € ¢P(G/H) as defined
in the proof of Theorem Choose 0 < 6 < 7%= and let U = {f € (*(G/H) :
IIf — x|l < d}. By the topologically mixing assumption, there exists N € N such
that

T, (U)NU#0  (n>N).

We can therefore pick, for each n > N, a function f, € U with 7', f, € U which
gives

an_Xz||p<5 and ”Tc?,wfn_XzH:D<6'

Using this for each f,, and repeating the arguments in the proof of Theorem [Z.8]
we arrive at

wWn(z) <e and wy(z) <e

for all n > N, proving that (w,,) and (w,) converge to 0 pointwise in G. O

We conclude with a remark that the weighted translation operator 7, ,, above
and its dual T, can never be simultaneously topologically mixing since Tj; ,, =
To-1 w45, and for a~! € G the two sequences for the weight w % 6,-1 in condition
(ii) above are given by

n

(w841 )n = [[(w0,-1) 05 =, !
s=1

and (w* 8g-1), = w,; L.
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