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ABSTRACT. We study precise conditions for mutual absolute continuity and
mutual singularity of two random p-adic Riesz products, defined respectively
by two sequences of coefficients ag, by. Our conditions and assertions are spe-
cific to the p-adic case. We also calculate explicitly the Hausdorff dimension,

and in case the defining coefficients are constant, we have an integral repre-

sentation of the dimension formula with a rapid convergence rate p~F.

1. INTRODUCTION AND MAIN RESULTS

Let p > 2 be a prime number and let @, be the field of p-adic numbers (see
[10, 14} [15], [16] for more information about p-adic numbers and p-adic analysis).
The absolute value on Q,, denoted by |- |, is non-Archimedean. The unit ball
Zy, = {x € Qp : |z|p < 1} is a local ring, called the ring of p-adic integers. The
Q, and Z, are very important non-Archimedean structures in mathematics and
mathematical physics. The purpose of this paper is to study some fundamental
properties of random Riesz products defined on the additive group (Z,,+) (in the
following context, the 4+ denotes both the real addition and the p-adic addition for
notational convenience). Let (€2, <7, P) be a probability space, and wy, k > 1, be a
sequence of i.i.d. random variables defined on 2, with the normalized Haar measure,
denoted by dz, on Z,, as common probability law. The random p-adic Riesz product
(measure) on Z, denoted by pg. (here, w € Q indicates the randomness) is a
random measure formally expressed as

oo

daw = [ [ (1 + Rearyi(z + wi))dz,
k=1
where a := {ar} is a sequence of complex numbers with |ax| < 1 and 74 is a

sequence of characters of Z,, taken to be y;(t) = exp(2mi{p~*t}). See Section 2 for
the definitions.

In this work, we will study precise conditions for the mutual absolute continuity
and the mutual singularity of such two Riesz products fiq ., thpw on Zp, and also
calculate explicitly the Hausdorff dimension of such p,,,. The study of mutual
absolute continuity and mutual singularity of infinite product measures has a long
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history since the seminal work of Kakutani ([8]). We mention that such a study for
both deterministic and random Riesz products on the circle has been investigated
intensively by various authors ([II, @, 12} [13]), and Fan ([3]) has extended it in the
framework of influential Kahane’s T-martingale Theory. Fan ([4]) also calculated
the Hausdorff dimension of Riesz products. We are also motivated by the deter-
ministic Riesz products on Z,, for which Fan and Zhang ([6]) have done a fairly
complete study from the viewpoints of harmonic analysis and dynamical systems.

Now we state our main results as follows. Firstly, let ~ and L denote respectively
the mutually absolute continuity and mutual singularity. To state Theorem 1.1, let

ag + by

1 1
Sk = — arg(ak - bk), ty = — arg(ak + bk), Uy = ——,
2 2w 2

and jj be the unique index such that
Jk 1 . J 1
L - C = Lot —Z
pr 5| os?supr’l—Jp’“ gl

in which the absolute value denotes the distance to the nearest integer. We note
that the above value is < 2#. Now, set

1
5
Theorem 1.1. Suppose that |ax| < 1,|bg| <1 for allk > 1. Then pgw ~ Wpw 6.5

if
oo
1 cos? 27 (s — th, +
E |ay, — be|® =T (s — £ + 2 < 00;
Pt 1= Jug|cos Jr  pF(1 — |ug| cos 2mqy)

and g L iy a.s. if

Jk
qr =3+t —
p

o0

52 2 (s — t
Z‘ak—bk|2 <1+COb (s k+qk)> =00

P pF(1 — |ug| cos 2mqy)

Remark. Since both |agx| < 1 and |bg| < 1, we have |ug| < 1 and |ug| = 1 only when
ay = by, with |ag| = 1, while in this case the corresponding summand in the above
two series vanishes automatically.

Under an additional assumption that the decay rate of (2 — |as + by|)? does not
exceed p~*, we have the following dichotomy. However, at this stage, we are not
able to see whether this assumption is an optimal one to guarantee the dichotomy.

Theorem 1.2. Suppose that |ag| < 1, |bg| <1 for all k > 1, and suppose that there
exists some ¢ > 0 such that p*(2 — |as, + bx|)? > ¢ for all large k with ay, # by.
Then fiq. ~ o 6.5. if

[e.e] 2
2 —t
E lar — bk|2 1+ S08 ST\ Sk k) (s K < o0,
k=1 V2 = ak + by
and po. L pyo a.s. otherwise.

Remark. The remark below Theorem 1.1 still applies.
Secondly, let dimy ¢ denote the Hausdorff dimension of a measure on Z, with
respect to the p-adic norm |- |,.
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Theorem 1.3. We have, a.s.,

1 1<
dlmH Ha,w = 1— @ . llgsolip ﬁ ]; Ok (ak),

where

pF-1 . .
orlar) =p " Z (1+ Reage”™ 7 ) log(1 + Reage™™ 7).
=0

Assume further that ar, = a with |a| < 1 for all k > 1. Then,

7(a)

~logp’

dimpy g0 =1 a.s.,

where
1
T(a) = / (1+ Reae*™ ) log(1 + Reae’™*)dx,
0
and in this case the convergence rate is dominated by

Cp.a
pr

lox(a) = ax-1(a)| <
where Cp o s a constant.

Remark. In Theorem 1.3, we may relax the condition on the coefficients aj to
assume both that sup |aj| < 1 and that lim 13" |a, —a| =0, and we may still
n—oo

get the same integral representation on the Hausdorff dimension. However, we may
then only get a poor convergence rate such as

1
lok(ar) — ok—1(ar—1)| < Cp,a(ﬁ + |ar — ak—1|).

To mention the significance, we remark that the conditions and the assertions
in our theorems are specific to the p-adic case, which do not appear in previous
literatures on the circle case, to our knowledge. Therefore, our theorems may
compare significantly to the well-known circle case. We should remark that the
work of Fan ([3]), which is based on T-martingale theory, is applied to any compact
Abelian group, yet his general conditions may take different forms on different
groups, and thus it is worthwhile to work out precise conditions for the particularly
meaningful p-adic case (we thank A.H. Fan for bringing this to our attention).

In Section 2, we provide some preliminaries of random Riesz products and prove
Theorems 1.1 and 1.2 via a proposition which may be of intrinsic interest. In
Section 3, we provide some notions of Hausdorff dimension and prove Theorem 1.3.

A remark on Z,: It is intriguing to ask whether the work in this paper should
be carried out for a larger class of “adic” groups rather than merely for prime p-
adic. Though we may modify most parts of the work to hold for the structure Z,, of
general positive integer n > 2, we are leaning towards regarding the Riesz product
as an object defined for a “simple” group Z, (inherited from the local field Q,).
In the case of, say, Zg, we may instead develop our results on the product group
Z2 @ Zs, which could be potentially interesting, and some deterministic theory is
also sketched in the last section of Peyriere [I3]. We thank the referee for bringing
this observation to our attention.
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2. PRELIMINARIES, MUTUALLY ABSOLUTE CONTINUITY
AND MUTUAL SINGULARITY

We use the notation in Section 1 and define, for each n =1,2,3,---,
Qa,n(x) = Qa,n(xaw) = H(l + Reak*yk(x + wk))v
k=1

where a := {a}, k > 1, is a sequence of complex numbers with |ax| < 1 and - is a
sequence of characters of the additive group Z, which we take, in this paper, to be
Yk (t) = exp(2mi{p~*t}). We remark that {4 : k£ > 1} is only a subset of the dual
group 2,,; see [I5] [16]. We recall that each number z € Q, has a unique expansion
in the following form:

(oo}
T = Z xjpj , ij{O,l,---,p—l}, m € Z.
j=—m
1

Then, we use {z} to denote the rational number >>._  x;p/ associated with z,
and we define that |z|, := p™ whenever z_,, # 0.

We denote by dz the normalized Haar measure on Z,. By the Kahane’s
T-martingale theory ([7]), it is known that the random probability measures
Qan(x)dz, for a.s. w, converge weakly to a non-degenerate random measure on
Zy, denoted by pq,.,, which is called a random p-adic Riesz product (measure). We
write formally

o0
dpig,w = H(l + Reapyi(z + wy))dz.
k=1

The measure fi,, is, for almost sure w, a measure of total mass one. This can be
obtained by the T-martingale theory (see, for example, [3]) or by the dissociation
of characters. The essential methods and results in this paper are probabilistic,
though we believe that the analytic approach could be used to obtain the parallel
results by the methodology of the dissociation of characters (we thank the referee
for pointing out the dissociation to us).

Let pq,., and pp, be the random p-adic Riesz products defined by coefficients
a := {ap} and b := {by} respectively. In this section, we will discuss mutual
absolute continuity and mutual singularity of 4, and pp,, which will lead to the
proofs of Theorems 1.1 and 1.2.

Notice: In the following context, we only concern ourselves with those k’s for
which ap # by (see the remark below Theorem 1.1 in Section 1) and thus all
ug := (ag + bx)/2 are of |ug| < 1 in the following context.

We state a dichotomy criterion for random Riesz products as follows, in which
there is no decay assumption imposed on a and b. The proposition can be traced
back to the seminal [§]. Let

K .
Pl cos? 2m(Jr + sk)

1
Li(ak, be) = =

p

par il |ug| cos 27r(p% + 1)’

where sy, tg, ug are those quantities defined in Section 1. We have
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Proposition 2.1. Suppose that |ag| < 1,|bg| <1 for all k > 1. Then pgw ~ fbw
a.s. if

o0
Z Lk(ak., bk)|ak — bk‘Q < 00,
k=1

and fiq L iy a.s. otherwise.

Proof. Write

Ik(ak,bk):/z T T Rearye (@)1 Reborn(@))da.

By Theorem 2.1 in Fan [3] (which is adapted from those in [8 [@]), stochastic inde-
pendence of the wy’s and translation-invariance of the Haar measure, we have

(21) Haw ~ Mbw QA.S. < H Ik(akabk) > 07
k=1

(2.2) faw L e as. = [ Iular, br) = 0.
k=1

To estimate the above products, we note that Z, can be expressed as a collection
of p* disjoint balls with the same size. Namely,

pF-1

Zy = Ijl By, (j).-

Moreover, v (z) takes a constant ¢*™ % on each ball By (j). Hence

pF-1

1 i i
I (ag, by) = Z? Z \/(1 + Reake2 (1 + Rebke2 »F).

Denote by Iy(ay, bk, j) the general term in the last sum. Write

Ii(ak, br, j) = \/(1 + &g+ M) (L+ kg — Mk j)

2
_ _ N
= (14 &gy 1 (1+§Jk,j> ’

where _
ag ‘2|'bk e27riﬁ’ s — Re% — by, 2T

Let s; and t; be the two argument numbers associated with a and b, as defined in
Section 1, and

gk,j = Re

Pl cos? 27r(1% + k)

1
Li(ak,br) = — : )
p* ; 1+ [(ak + be)/2| cos 2m (s + tx)

Now, using the inequalities 1 —2 < /1 —2 <1 — § for all x € [0,1] and the fact
k
that Z?:Bl &k,j =0, we get

1 1
(2.3) 1-— Z'ak — bk|2Lk(ak,bk) < Ik(ak,bk) <1- §|ak — bk|2Lk(ak,bk)-
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Hence by [2I) and the left side of (23], we obtain the first assertion on the
mutual absolute continuity (note that Iy is symmetric in ag, b). At the same time,
the mutual singularity is a direct consequence of (2.2)) and the right side of [2.3]).
This completes the proof of Proposition 2.1. O

The apparent drawback of Proposition 2.1 is that Lg(ag,bg) is not readily ex-
pressed. We proceed with some proper reshaping, which will lead to the proofs of
Theorems 1.1 and 1.2.

Proof of Theorem 1.1. We divide Ly, into two parts. Let
cos? 27 (S + sk) cos? 2%(% + sk)

> - (= A
Pk 1+|uk\cos2qr(k+tk.)’ FUPE 1+ fug] cos2m(L + 1)

J# Ik

Hence

1 cos? 277 -+ Sk) 1 Pl cos? 27r et se) 1

_k Z - S—— pr )

J# Ik J=0

1 b 1.1
2.4 - s
ey =2y
for all £ > 2,p > 2. On the other hand,

cos? 27T =+ sk) cos? 27r —I—Sk)
kz 1—|uk\cos— kz 1—|uk|cos
J#Jk p*
1
(2.5) = —.
2(1 — |uk| cos %)
Now we consider L} and recall that g, = “ +t — =. Then
(2:6) pp - L costomlon it X
D 1 — |ug| cos2mqy

Hence the assertions of Theorem 1.1 are a consequence of [24), [21), [26) and
Proposition 2.1. [l

Proof of Theorem 1.2. We observe that Ly (ax,by) can be rewritten as

il cos? 27r(p% + sg)

(ak,br) - dx
b br) Z/L 1+ fug| cos 2m (5 + ty)

Let

1 2 pF-1 2
cos® 27 (x + si) cos” 2w (x + s
Hk(ambk):/ ( &) Z/ ( )
0

1+ |ug| cos2m(z + tk 1+ |ug| cos 2w (z + tg) *

x)

It is easy to obtain that

cos? 27r(i + Sk) cos? 2m(z + s1)
L+ |ug|cos2m( e +tp) 1+ |uk| cos 27 (x + ty)

c
PE(L = |u])?
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for all € | pj 411 where C'is an absolute constant. Hence, under our additional

assumption on ag, b, we have |Ly(ag, bg) — Hy(ag, bi)| < 2C/c, whence

ZLk(ak,bk)\ak — bk|2 < 00 < ZHk(ak,bkﬂak — bk|2 < 00,
k=1 k=1

since, if 3~ |ax — bx|? = 0o, then both series diverge. We then apply a direct formula
for Hy(ag,bx) (see [9)):

cos? 27 (sp — t1) sin? 2 (sy, — )

VI—uelZ+1—|ugl2 /I —|up2+1°

Hy(ak,by) =

We observe that

22 —t
cos” 27 (sg — tr) +1 §4\/§Hk(ak,bk)~

V1= |ug
Therefore the assertions of Theorem 1.2 follow from the corresponding results in
Hk (ak, bk) |:|

Hy(ag, br) <

3. HAUSDORFF DIMENSION

Recall that, since Z, is equipped with the p-adic norm |-|,, the Hausdorff dimen-
sion of a set is well defined (see [2, 1I]). The Hausdorff dimension of p, ., denoted
by dimpy fiq., is defined to be the infimum of the dim E’s such that p, ., (E) =1
(see [Bl 1] for more details).

Before calculating the Hausdorff dimension of p4 ., we need to introduce a new
measure called the Peyriére measure ([7]), which may also be regarded as a kind of
Palm distribution. This is the unique probability measure q on the o-field generated
by the B x A (B: Borel set in Z,,, A: event in ) which satisfies

Eof = | | JEeiatee) = Ep / S

for all positive measurable functions f(z,w). Then we have the following lemma
which is a consequence of the Kolmogorov Three-Series Theorem (see Theorem 1.5
in [4]).

Lemma 3.1. Suppose that fi, k > 1, is a sequence of functions in L?(dx). Then
almost surely the series

Z fe(z +wi) — Eqfi(z +wi))
k=1

converges for [iq ,-a.e. x if and only if the series

o

> (Mg —m7)

k=1

COnverges, where

Mk:/z f2(z)(1 + Reapyi(x))d; mk:/z fe(2)(1 + Reagvyi())dz.
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Now we apply Lemma [31] to calculate the Hausdorff dimension of y, .,. Recall
that the Hausdorff dimension of a measure p is defined by dimyg g = inf{dimy E :
E a Borel set and p(E€) = 0} (see [5]). Let By(z) ={y € Zp : [z —y|, < p~"}.
Then the dimension dimyg p is equal to the essential supremum of the lower local
density

. log pu(Bn(x))
D =1 f——r
Dl ) = hminf 5 1B, @)
where |B,,(z)| denotes the Haar measure of B, (x) (see [A]).
From the definition of yq,, for a.s. w, for any given n and z,

Ma,w(Bn(x)) = hm Qa,N(y)dy = p_nQa,n(x)-
N —o0 B ()

The reason for the equality in the above display is that y — Qu n(z+Yy)/Qan(2)
is a finite Riesz product on the subgroup B,(0), and thus its integral is equal to
1 for the normalized Haar measure and to p~™ for the induced measure (here, we
thank the referee for pointing out an error and providing the correct argument for
this equality).

Hence

1 1 &
D(paw,x) =1——— limsup — log(1 + Rearyi(x + wg)).
(o) =1= o limsup 13 log @+ )

Now take

i) = 1 og(1 + Rearon (z)

in Lemma B.1] and let

or(ag) = /Z (1 4+ Reagvyi(x))log(1l 4+ Reagyi(x))dx.

P

Then Eqf(z + wi) = fox(ar). By Lemma Bl and Kronecker’s lemma, almost

surely
n

% Z[log(l + Reapyi( + wi)) — ox(ay)]
k=1

converges to zero for ji, -a.e. . Thus, almost surely
Dlfaara) =1~ - lisup - Y ()
,x)=1——— - limsup — or(a -a.e. .
24 ,LLa,w logp n~>oop n £ k\QL ), ,ufa,w
By the definition of Hausdorff dimension of a measure, we have, a.s.,

1 1o
dimy ptg 0 =1 — —— - limsup — Zok(ak).
’ logp nooo N —

Now we explore the integral o (ax). By the same argument as has been done
for Iy(ak,by), we obtain

pF-1 . .
orlay) =p~ " Z (1+ Reage™™ 7 ) log(1 + Reage™™ 7).
=0
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Under the assumption that ax, = a with |a| < 1 for all k£ > 1, the above is a Riemann
sum, and thus

1
lim oy(a) = / (1 + Reae*™ ) log(1 + Reae’™*)dx := 7(a).
k—o0 0

It follows that, almost surely,

7(a)

dimH Ha,w = 1—

logp’
As for the convergence rate in this case, we calculate that
C
|ok(a) — ox—1(a)| < ;,;a,

where C), , is a constant specified below, as follows. We identify Z/pZ as {0,-- -,
p — 1} and the integration over Z/pZ as the summation over j € {0,--- ,p — 1}
divided by p. Then we rewrite oy (a) formally as a multiple integral:

2ﬂiwo+w1p+w+2k_1pk71
or(a) = / 1+ Reae oF
(z/pz)*

.xotx1pt TP
g k

k—1
-log <1 + Reae’" P ) drodxy - - -dx_1

k—2
27mi 9 27ri11+12p+m+zk'_1p
:/ dxo/ 1+ Reae™ rFe pF—1
Z/pL (Z/pZ)+=1

@y tzopttag_1pFT

271 EQ 27 — :
-log | 14+ Reae™ r*e pk=1 dridrs -+ -drg_1.

Using the above formal integration, we may proceed with a certain change of vari-
ables to obtain that

or(a) = / dt/ (1+ Reae%iﬁ'yk_l(a:)) log(1 + Reae%iﬁ'yk_l(a:))dm.
Z/pL I,
Note that o;_1(a) can also be written in the integral form as
mis(o) = [t [ (14 Rewrys(0)) log(1 + Reane1(2)ds
Z/pl Iy

We observe that the absolute value of the difference of the two integrands in the
above two integral displays is uniformly dominated by p=*(p — 1)(2 — log(1 — |a])).
Therefore, the assertion on the convergence rate in Theorem 1.3 follows from the
above estimate.
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