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ABSTRACT. In this article, we classify all the Hermitian metrics on a com-
plex product manifold M = X x Y with nonpositive holomorphic bisectional
curvature. It is a generalization of a result by Zheng.

In this article, using a trick as in Tam-Yu [I], we prove the following generaliza-
tion of the result in Zheng [2].

Theorem 0.1. Let M = X xY with X and Y both compact complex manifolds.
Let ¢1,¢2,-++ , ¢, be a basis of HY°(X) and 11,%s, - ,1s be a basis of H'O(Y).
Then, for any Hermitian metric h on M with nonpositive holomorphic bisectional
curvature,

* * —
Wh = M Why + ToWhy + 0+ P,

where hy and ho are Hermitian metrics on X and Y with nonpositive holomorphic
bisectional curvature respectively, w1 and wo are natural projections from M to X
and from M toY respectively, and

p:\/—_lzzakl¢k N,

k=11=1

where the ayg;’s are complex numbers.
Before the proof of Theorem [0.I] we need the following lemma.

Lemma 0.2. Let X™ and Y™ be two compact complex manifolds. Let ¢1,¢a,- - , Oy
be a basis of HY'°(X) and 1,13, ,1bs be a basis of HYO(Y). Let

p = pij(z,y)dz’ A dy’

be a global holomorphic two form on X x Y, where (z',22,--- ™) is a local holo-

morphic coordinate of X and (y*,y?,---,y") is a local holomorphic coordinate of Y.
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Then

(0.1) pzzzakz@c/\wz,

k=11=1
where the ayg;’s are complex numbers.

Proof. Fix a local holomorphic coordinate (y*,y2,--- ,4y") of Y. It is clear that

0; = pij(x,y)dz
=1

is a global homomorphic 1-form on X x {y}. Then

(0.2) 0; —Zbkg )&k

where the by;’s are local homomorphlc functlons onY.

It is clear that .
Z bij (y)dy’
=1

is a global holomorphic 1-form on Y for each k. So,

(0.3) Zbk] )dy’ —Zakﬂ/m

where the ay;’s are complex numbers Therefore

(0.4) o= Ze A dy —ZZaqubk/\wl O

ko1=1
Proof of Theorem [0l Let (z™*1,---, 2™%™) be a local holomorphic coordinate of
Y at q. Then, it is clear that
(0.5) haa(®,q)

is a positive function on X x {q}, where m +1 < a <m+n.
Let A be the complex Laplacian on X x {¢} and let (z',22,---,2™) be a holo-
morphic coordinate of X such that

with 1 <,j <m. Then
m m m B
(06) aa J) q Z a& = - ZRa&ﬁ + Zhbaaihaga’zha@ Z 07
= i=1 i=1
with1 < a,b<n+m. By the maximum principle, hag(z, ¢) is a constant function.
Hence

(0.7) Oih,; = 0.
Interchanging the roles of X and Y in the above, we get
(0.8) Oah;z = 0.

By (@), we know that
(0~9) 8iha5 =0
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for any m +1 < «,8 < n+m. So, h,z is independent of the 2%’s. Then, hog
is a Hermitian metric on Y. It is clear that h,3 as a Hermitian metric on Y
is of nonpositive holomorphic bisectional curvature since holomorphic bisectional
curvature deceases on complex submanifolds. We denote this metric by hs.

Similarly, by (O0.8]), h;; is a Hermitian metric on X with nonpositive holomorphic
bisectional curvature. We denote it by hy.

By (0.8)) and (@), we have
Oah;g =0 and ;hja = 0.

So, the form h;zdz* A dz® is a holomorphic two form on M; x Ms, where My is the
complex conjugate of Ms. By the lemma above, we know that

q1 42
(0.10) hi@dzi Adz% = Z Z i dr N @l.
E=11=1
Hence, we get the conclusion. O

As in Zheng [2], we have the following consequence of the theorem.
Corollary 0.1.
codimg (H(My) x H(Ms), H(M, x My)) = 2h"0(My) - B0 (My),

where My, My are compact complex manifolds, and suppose that H(M;) # O for
1=1,2.

Proof. For any h € H(M; x Ms), by the theorem, it has a unique decomposition,
Wp = M Why + TowWh, +p+ P,

where p = /=137, > aijoi A; with a;; € C, h; € H(M;). So, we get a map

(0.11) H(My x M) = M(q1 X q2;C), b+ (aij)g,xqs-

It is clear R*-linearly. (Note that H(M; x M) is a convex cone.) So, it induces a
linear map of real vector spaces,

s (H(My x Ma))r — M(q1 x g2;C).
It is clear that
(0.12) ker W = (H(M;) x H(M2))r.
Moreover, let Ey; = (ai;) be such that a;; = §;,0,,. Note that

(0.13)
Trwh, + Tawhy + V—=1(¢k + 1) A (dr + 1)
=[mfwn, + V—=1k A ¢p] + [T wn, + V=10 Ahy] + V=1 A th + V=10 A ¢i.

So, Ej; is in the image of W. Similarly, /—1Fjy; is also in the image of ¥. Therefore,
¥ is surjective. By the dimension theorem in linear algebra, we get the identity. O
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