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ABSTRACT. For any relatively minimal hyperelliptic fibration f with slope
four, there exists the inequality with respect to the relative Euler-Poincaré
characteristic x(f) of f and the genus g(f) of a fiber of f. This inequality
restricts the extent of pairs (g(f), x(f)) for relatively minimal hyperelliptic
fibrations f with slope four which exist. Hence, for given suitable integers g
and z, we consider the existence of a relatively minimal hyperelliptic fibration
f with g(f) = g, x(f) = z and slope four. The main purpose in this paper,
for any positive integer g, is to prove that there exists a relatively minimal
hyperelliptic fibration f with g(f) = g, x(f) > z(g) and slope four, where
z(X) is a certain polynomial of degree two.

INTRODUCTION

In this article, all varieties are defined over the complex number field. Let
f: X — C be a fibration from an algebraic surface X of general type onto a
smooth algebraic curve C' with genus g(C'). Denote the genus of a general fiber of
f by g(f) and put A = (g(f) —1)(9(C) —1).

If f is locally trivial, then we see the following numerical properties:
x(0g) = A, K% =8A, e(X) =4A,

where K,, x(O,) and e(e) denote a canonical divisor, the Euler-Poincaré charac-
teristic and the topological Euler number of e.

Let Kx/c be the relative canonical divisor of f. We call x(f) = deg f.Kx/c
the relative Fuler-Poincaré characteristic of f. Then discrepancies between invari-
ants of f and those of a locally trivial fibration can be computed by the following
equations:

x(f) = x(0x) — A,
K% o = K% -84,
e(X) —4A,
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where ey is computed as Y poo{e(f 71 (P)) +29(f) —2}. In fact, this sum is taken
over all points P such that f~!(P) are singular fibers. (If f~!(P) is nonsingular,
then e(f 1 (P)) = 2 — 2g(f))

We assume that f is relatively minimal and not locally trivial. In this case,
we have x(f) # 0 ([2, III,Theorem 17.3]). We define the slope A(f) of f to be
Af) = Kff/c/x(f). Note that K% = A(f)x(Ox)+ (8 —A(f))A. Then, we have the
slope inequality 4(g(f) — 1)/g(f) < A(f), which is proved by Xiao [0, Theorem 2].
(Horikawa [4l V, Theorem 2.1] and Persson [8, Proposition 2.12] proved the slope
inequality for hyperelliptic fibrations.) If we assume that A(f) < 4, then we have
g(f) <4/(4 = X(f)); i.e., there exists the upper bound of g(f) for any fibrations f
with A\(f) < 4.

Furthermore, by Konno [0, Theorem 4.3], if almost all fibers of f are non-
hyperelliptic curves and f.Kx/c is semi-stable, then A(f) > (5g9(f) — 6)/g(f)-
In particular, there exists the upper bound of g(f) for any fibrations f satisfying
A(f) < 5 and the above assumptions. A fibration f: X — C is called a hyperel-
liptic fibration if and only if almost all fibers of f are hyperelliptic curves. From
these slope inequalities, for any hyperelliptic fibrations f with 4 < A(f) < 5, the
genus ¢(f) may not be restricted. In order to show that there exists no restriction
for g(f), the author has studied hyperelliptic fibrations with slope four in [5] and
proved the following:

Theorem 0.1 ([5, Theorem 0.1]). Let g be an integer greater than three. We set

g if g is even,
Alg)=1 2

g—3 ifgis odd.

Then any relatively minimal hyperelliptic fibration f: X — C with g(f) = ¢
and A(f) = 4 satisfies x(f) > A(g). Moreover, there exists a relatively minimal
hyperelliptic fibration f of genus g with A(f) =4 and x(f) = A(g).

From the above theorem, we see that there exists a restriction for x(f). Our
interest is the following problem: for any pair (g, z) of suitable integers, does there
exist a relatively minimal hyperelliptic fibration f with A(f) = 4, ¢(f) = ¢ and
X(f) = 2? If we only consider fibrations f with constant slope A, then X satisfies
the numerical property K% = Ax(Ox)+ (8 —X)A. In particular, in our assumption,
we have K% = 4x(Ox) + 4A. Hence surfaces with such fibrations correspond to
points (x(Ox), K%) with K% = 4x(Ox) + 4A on the ordinary surface geography.

From [B Corollary 2.9] and [8, Section 3], we obtained the following:

Corollary 0.2 (cf. [5 Corollary 2.9]). For any positive integer z, there exists a
relatively minimal hyperelliptic fibration [ with \(f) = 4, x(f) = z and g(f) =
2,3, 4.

Corollary gives an answer to the above problem in the case that g(f) =
2, 3, 4. Hence we consider the case that g(f) > 5. The main purpose of this paper
is to prove the following:

Theorem 0.3. For any integers g and z satisfying one of the following conditions
(i) and (ii), there exists a relatively minimal hyperelliptic fibration f with A(f) =

4, g(f) = g and x(f) = 2.
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(i) g is an even integer which is greater than four and z > g> + % -2,

(ii) g is an odd integer which is greater than three and z > g — 1.

By the above theorem, we see that there exists a relatively minimal hyperelliptic
fibration f with g(f) = g, x(f) > 0 and A(f) = 4 for any positive integer g.
This gives an answer to our problem in the case of a fibration with high relative
Euler-Poincaré characteristic.

If f is a hyperelliptic fibration, then the relative canonical map of f is a gener-
ically two-to-one map and its proper image is a birationally ruled surface over C.
Hence, we see that X is birationally equivalent to a double covering of a ruled
surface over C (cf. [Il Theorem IIT 4], [5, Lemma 1.1]).

In order to prove Theorem [0.3] we find required fibrations whose structures
are double coverings of Hirzebruch surfaces. In Section 1, we recall the theory of
double coverings of surfaces (cf. [3], [7], [5]). By using this theory, for any positive
integers m and a sufficiently large integer g, we can prove that there exists no
relatively minimal hyperelliptic fibration with g(f) = g, x(f) = gm and \(f) = 4.
In consequence of this fact, we see the following: let z(X) be a polynomial in
a variable X. If there exists a relatively minimal hyperelliptic fibration f with
9(f) = g, x(f) > z(g) and slope four for any positive integer g, then the degree of
z(X) is greater than one. It follows that Theorem is best with respect to the
degree of the right side of the inequality.

In Section 2, we give a certain effective divisor which is a branch divisor of a
double covering on the d-th Hirzebruch surface 4. We call a point P in a divisor
D a 2-fold j-ple point if an infinitely near point of P is an ordinary j-ple point
of the strict transform of D by blowing up at P. By applying a method similar
to that used in [7} Proposition 3.1] for the purpose of constructing fibrations of
genus two, we find sets of suitable effective divisors By (k = 1,2,...,9+ 1) on
Y4 such that B = Ziii By, has I 2-fold j-ple points for (I1, l2, ..., lg41) € Zg;gl
satisfying 2(9;;11 jl; = 2d(g + 1). Considering a double covering branched along B,
we obtain a hyperelliptic fibration over the projective line. From the theory of a
double covering in Section 1, we give the numerical condition of ({1, la, ..., lg41)
that the slope of this fibration is equal to four.

In Sections 3, 4 and 5, to conclude the proof Theorem [I.3] we give elements of
Zizl satisfying this numerical condition and compute the Euler-Poincaré charac-
teristic.

1. RESOLUTION OF DOUBLE COVER AND ITS INVARIANTS

In this section, we recall the terminology and results on double coverings (cf. [3],
[7). Let m = mp: X — Y be a double cover between a normal surface X = X
and a smooth algebraic surface Y = Y. Let B = By be the branch divisor of .
Denote the rational function field of X by K (X).

Let ¢(: Y1 — Y, be the blowup at a singular point pg of B and 71: X1 — Y}
the K (X)-normalization of ¥;. Then we obtain the natural birational morphism
wo: X1 — Xo. Denote the branch divisor of m; by B;. Continuing this process
until the branch divisor B,, of 7, has no singular points, we obtain the sequence of
birational morphisms g, ¢1, ..., pn—1 and the following diagram:
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oy
X1 1 X P2 Pn—2 Xn—1 % Xp=X

=R TR

Y=Y, / Y: / Yo ; / Yn_l(—/Yn:Y/.
Yo P1 Yo Pn—2 Prn—1
Since B, has no singular points, X’ is smooth; i.e., the composition p: X' — X
of morphisms ¢q, 1, ..., Yn_1 is a resolution of singularities of X.

We call such a ¢ the canonical resolution of w. Denote the multiplicity of By
at py by mult,, (Bj) and let Ej be the exceptional curve of ¢}.. The exceptional
curve Ej, is contained in the branch divisor of w41 if and only if mult,, (By) is
even. Hence, Byy1 = ¢}, B — 2 [mult,, (Bx)/2] Ex, where [a] is the greatest integer
not exceeding a real number a. From [3, Lemma 6] and [7, Corollary 2.2], we can
compute x(Ox) and K%,.

Lemma 1.1 (Horikawa [3, Lemma 6], Persson [7, Corollary 2.2]). Under the same
notation as above, denote [mult,, (By)/2] by my. Then X' has the following nu-
merical properties:

n—1
1 1 1
Ox/) =2x(0 —B*+—Ky-B-)» — -1
X(Oxr) = 2x( Y)+8 +4 % ’;Jka(mk )
1 n—1
Kg(/ = 2K)2/ + 532 + 2Ky -B— Z 2(mk — 1)2.
k=0
Proof. See [5, Lemma 1.3, Lemma 1.4]. O

Note that some (—1)-curves may appear on X'. If these images by m o ¢ are
points of Y, then ¢ is not the minimal resolution of X. For example, if the branch
divisor B has a 2-fold triple point, then a (—1)-curve occurs on X'.

By using Lemma [[.T] we see the following:

Proposition 1.2. For any positive integer m and a sufficiently large integer g,
there exists no relatively minimal hyperelliptic fibration f from a surface of general
type onto a smooth algebraic curve with g(f) = g, x(f) = gm/2 and A\(f) = 4.

Proof. Suppose that there exists a relatively minimal hyperelliptic fibration f from
a surface X of general type onto a smooth algebraic curve C with g(f) = g, x(f) =
gm/2 and A(f) = 4 for a sufficiently large integer g. Then we may assume that f is
the relatively minimal model of the canonical resolution of a double cover m: X —
Y, where Y is a ruled surface over C (cf. [I, Theorem IITI 4], [, Lemma 1.1]).

Let p: Y — C be a projection and ¢: X’ — X the canonical resolution of
7 described as before. Note that f: X — Cisa relatively minimal model of
pomop: X' — C. More precisely, X coincides with the surface obtained by
contacting all (—1)-curves contained in fibers of pomwop. Let H be the tautological
divisor of Y and F' a certain fiber of p. We assume that the branch divisor B of w
is linearly equivalent to 2(g+ 1)H +2nF. Since we have x(pomoy) = x(Ox/) — A
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and K;,/C = K%, — 8A, we obtain

n—1

_ _glg+1) 1
X(f) =x(pomop)==—H +gn—;5mk(mk—l)7
n—1
K% = K}jo+e=2g"— DH? +4(g—1)n -2 (mx — 1)* +¢,
k=0

where € is the number of (—1)-curves contained in fibers of p o 7o .
From [, V, p. 746], we may assume that my < [(g +2)/2] < (g + 3)/2 for all k.
Denote the integer (g + 1)H? + 2n by a. From the above equations, we obtain
n—1
> mi(my —1) = g(a = m),
k=0
n—1
Z(mk —1)?>(g—1)a—gm.
k=0
By the assumption that my < (g + 3)/2, we have (my —1)/m, < (g+1)/(g + 3).
Hence we obtain
n—1

n—1
+1
(9-Da—gm <> (mp—1)?< L2205 mymy — 1)
k=0 g+3 k=0

_ 9g+D(a—m)
(g+3)

ie., o <2gm/(g—3). Since « is an integer, this shows that o < 2m for a sufficiently
large integer g. Moreover, we have

S i — 1) = S {malme — 1) — (me — 1)2)
k=0 k=0

<gla—m)—(g—1a+gm=q;

ie, mp < a+1 for all k. By a similar argument as above, we have g(a — m) <
afa + 1). Hence we obtain gl — m) < 2m(2m + 1). By our assumption that
g > 0, we have « = m and my = 1 for all k; i.e., X has at worst rational double
points. Then it is easy to see that there exist no (—1)-curves contained in a fiber

of pomop. Hence we have x(f) = gm/2 and K)%/C = 2(g — 1)m. This contradicts

Af) =4 O

Let z(X) be a polynomial in one variable X satisfying the following property:

(x) There exists a relatively minimal hyperelliptic fibration f with g(f) =
g, X(f) = z and A(f) = 4 for any positive integers g and z such that
2> 2(g).

If the degree of z(X) is one, then there exists an integer m such that mg/2 > z(g)
for a sufficiently large integer g. Therefore, from Proposition [[L2] the degree of
z(X) satisfying the property (x) is greater than one. On the other hand, from
Theorem [I.3] the polynomial X2 + X/2 — 1 satisfies the property (x). Therefore,
we see that the lower bound of the degree of the polynomial with the property (x)
is two.
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2. DOUBLE COVERING OF HIRZEBRUCH SURFACE
In this section, we construct hyperelliptic fibrations which are double coverings
of Hirzebruch surfaces for the proof of Theorem [03 Let py: X4 = Ppi(Opr @
Op1(d)) — P! be the d-th Hirzebruch surface with d > 1. Set H(d) Pp1 (Op1) C

Sy and HY = = Pp1(Op1(d)) C 4. First, for constructing the branch divisor, we
show the existence of the following sets of curves and consider the sum of these
curves.

Lemma 2.1. Let (I3, la, ..., lg+1) be an element OfZgJrl with Zgﬂ Jl; = 2d(g+1).
Then there exists a set {Ck}kz1 of curves on Xoq satisfying the following conditions:

(i) Ck s linearly equivalent to H(()2d) and s a transversal to H(Zd)

(ii) The divisor Z C’k has 1; ordinary j-ple points on H(zd) i.e.,
g+1
lj=t1 {p c H(()Qd) P is an ordinary j-ple point of ZC"} G=1,2,...,9+1).
k=1

(i(ii))The divisor EZE Cy has at worst double points except for singular points on
2d

Hy™.

Proof. For integers i and j with 1 <4 <[; and 1 < j < g+1, we set distinct points

P; ; on H(gzd). In order to obtain the required curves, we give curves Cj, satisfying
the following conditions:

o (. is linearly equivalent to HéQd).
° Ck;|H(2d) is reduced.

0
o j=#{C; | Ck passes through P; ;}.
Note that we have Zk 1 Ck|H(2d) = Zgﬂ Zi;l jP; ; for these curves.
Since the multiplicities of ZgH Zi:l jP; ; at P; ; are less than or equal to g+1,

we can choose the reduced divisor Dy (k: =12 ...,9+1) on H(gzd) such that
deg D), = 2d and EQH Dy = Zq+l ZZ 1JPi ;. Let L, be a sublinear system

consisting of divisors @ € \HéQd | such that the intersection points of ) and HéQd)

coincide with the support of Dy. From the Riemann-Roch Theorem, we have
dim £ = 1; i.e., there exist curves C}, satisfying C’k\H(zd) = Dy. From ZQH D, =

ZQH Zi:l JP; ;, we obtain
j = t#{Dx | Dy, contains P; ;} = #{Cy | C) passes through P; ;}.

Hence, it follows that there exist curves C} satisfying the above conditions.
Moreover, by (H(gzd))2 = 2d, we see that there exists no base point of L except
for points contained in Dy. Therefore, we can choose curves Cy, € Ly, satisfying that
C} is a transversal to another Cy/ on H (24) and that Zi; C has at worst double
points except for singular points on H (Zd) . Therefore, we obtain the required curves

C. O

Let fi: ¥q — Yo4 be the double cover branched along HéQd) —i—Hc(x,d) Note that
2H(d f;H(zd) For any element (I1, la, ..., lg+1) € Zg;gl satisfying the condition
Zg+1jl] = 2d(g + 1), we choose a set {C}}?7] of curves as in Lemma 2l The
effective divisor B = f} Zi} C, is linearly equivalent to 2(g + 1)H(gd). By the
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conditions (ii) and (iii) in Lemma 2.1, B has I; 2-fold j-ple points of B on Héd) and
at worst double points except for H(gd). Moreover, analytic branches of singular
points of B on Héd) are tangent to a fiber of py.

Since B is 2-divisible, we can consider the double cover m: X — ¥, branched
along B. Let ¢: X’ — X be the canonical resolution of 7 given by the following
diagram (cf. Section 1):

_ Y/
X o X 1 X2 P2 Prn—2 Xn—1 Pn—1 Xn =X
J/TF_T(O lﬂ'l J/ﬂ'g J/Trnl J/ﬂ—nzﬂ—/
Zd , Yl P )/2 , : P Ynfl , Yn
®o P1 ®o Prn—2 Prn—1

Let h: X — P! be the relatively minimal model of pg o w o . Then h is
a hyperelliptic fibration of genus g. In the following, we call this hyperelliptic
fibration h a fibration associated to (l1, la, ..., lg41). By using Lemma [[I] we
have the following:

Lemma 2.2. Let (I3, la, ..., lg+1) be an element ong;gl with Zg:i Jl; = 2d(g+1).

Under the same notation as above, the fibration h: X — P! has the following
numerical properties:

g+1

d 1 . . 1
x(h) = 5g(g+1) -+ > G -2)l - 1 >
j=3 7>3, j:odd
g+1
K?}/pl = 2d(g2 - 1) - Z(] - 2)2l]
j=3

Proof. With the notation concerning the canonical resolution of 7 as in Section 1,
we first compute x(Ox/) and Kx:,. Let P be a 2-fold j-ple point of B. Then
{gpi}?gol contains blowups at P and an infinitely near point of P. For simplicity,
we assume that ¢ is a blowup at P and that ¢} is a blowup at an infinitely near
point of P. Let Ey and F; be strict transforms of exceptional curves of ¢y and ¢f,
respectively.

We argue the canonical resolution ¢ of 7 by using Figures[Mland 2l To illustrate
the canonical resolution of 7, thin curves are used to represent components of the
branch divisor of ¢’ and broken curves are used to represent curves not contained
in the branch divisor. Thick curves are used to represent strict transforms of curves
in X’. The self-intersection number is written near the curves.

| | |
2-fold
X) j-ple point E g Ey -7 + + 'I' —E -2 -2
| - | - | -
| ©h | ordinary @ | a or
| | j+1-ple point |
4 1

fiber of pay Eo -2 -2 -1

FIGURE 1. In the case that j is odd.
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2-fold
]polopomt |‘}‘+%<|‘[ —E

-

oo T
| j-ple point

fiber of pagy En —2-2 —2-2

FIGURE 2. In the case that j is even.

By Figures [ and 2 we see that

j—1 +1

o= (G odq) % (j : odd)
moy = . ) mi = .

S (j : even) EA (j : even)

2 2

The branch divisor B has [; 2-fold j-ple points on H(gd) and has at worst double
points on X4\ Héd). Hence, by Lemma [[T] we have

B? BKgd 13—2 (j—1)?°
M(Ox) = 2(0s,) + —+—2 = 3 b= D
j>3, j:even j=>3, jrodd
2 2 B2
K% =2K3, + — +2B-Ks,— Y (-2 - > {(-2*+1}1;
j=>3, jieven j=>3, j:odd

Since x(Os,) =1, K%, =8, B> = 4(g+1)’d and B-K5, = —2(9+1)d—4(g+1),
we obtain

2 g+l ... '
X(OX/)_1_9+(Q+1)d_(9+1)d_jz:j(] 2, 5 ZZJ

2 2 =3 4 j>3, jrodd

g+1
K3 =8(1—g)+2(g+ 1) d—4(g+1)d=> (-2 — > ;.
7j=3 j>3, j:odd

Denote the morphism pg o 7o ¢ by h'. Since h is the relatively minimal model
of h', for computing x(h) and K)Q(/Pl, we count the number of (—1)-curves in fibers
of h'.

Since B does not contain fibers of pg, (—1)-curves in fibers of k' coincide with
certain exceptional curves of . There exists a (—1)-curve contained in the inverse
image of a 2-fold j-ple point by mo¢p for an odd integer j. (See Figure[ll) Moreover,
we see that there exist no (—1)-curves in the exceptional set of ¢ except for these
(—1)-curves. (See Figure 21) Hence, the number of (—1)-curves in fibers of A’ is
equal t0 > ss jodalis 1€, X(Ox) = x(Ox) and K% = K%, + > i>3. jodd bi-
Furthermore, we have x(Ox) = x(h) + 1 — g and K% = K)Q(/Pl +8(1 —g). We
conclude from these equations that

x(my =2 g“ 92“‘2 L= > /4,

j>3, j:odd

g+1

K2 o = 2d(g% —1) = 3 (G — 2);. 0
j=3
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By Lemma [22] the slope of a fibration h associated to (I1, l2, ..., lg41) is equal
to four if and only if the following equation holds:
g+1
(2.1) 2d(g+1)=> 2 -+ D 1
j=3 §>3, jiodd
For any (I3, la, ..., lg41) € Z‘q;)l satisfying the condition (2I), since we have
gié (2] =Dl + 253 jodali = Z?S jlj, we can choose non-negative integers
l; and 5 satisfying Zjii jl; = 2d(g +1). In order to give a hyperelliptic fibration
with slope four, it suffices to give an element (I3, ls, ..., lg41) € Zg;)l satisfying
the condition (2I)). Thus, for simplicity of the notation, we call the above fibration
h a fibration associated to (I3, la, ..., lg41).
For (I3, la, ..., lg41) € Z“C;gl satisfying the condition (21I), a fibration h associ-
ated to (I3, la, ..., lg41) has the following numerical properties:

g(h) =g, A(h) =4,

dlg>~1) _ Z (=24

(22) x(h) = S -

Jj=3
3. IN THE CASE THAT THE GENUS IS EVEN

In this section, we prove the existence of fibrations as in Theorem [0:3] (i). Giving
an element (I3, la, ..., lg41) € Zigl satisfying the condition (21I), we first construct
hyperelliptic fibrations of even genus with slope four.

Proposition 3.1. Let g be an even integer which is greater than four, N a non-
negative integer which is less than or equal to g/2 — 2 and d a positive integer.

For any (ko, ..., kny1) € Zg&ﬂ satisfying Zfﬁol k; = d, there exists a relatively
minimal hyperelliptic fibration h which has the following invariants:
d 1 N
g(h) =g, Ah)=4, x(h)= 5{92 —g-NWN+1} =< > ili+ Dk
i=0
Proof. We set integers I3, ly, ..., lg41 as follows:
lN+37i:lN+4+i:ki (NZ2,’L:O, 1, 2,...,N—2),

lanyz3 =kn—1, lanya=kny (N 2>1),
l2N+5=k‘N+1, ;=0 (i22N+6),

Iy = d+ ky, z4=d(%—N—2)+kN,1,

where we set k_; = kg. By the assumption that Ef\]:—gl k; = d, we have

g+1 N-2
D@ -+ =) {2(N+3—i)—4+2(N +4+14) -4+ 1}k
j=3 §>3, jiodd i=0

+{202N +3) — 4+ 1}kn_y +4{d<% —N—z) +lcN,1}

+{2(2N +4) —4}kn +3(d+ kn) + {22N +5) — 4+ 1}knt1
N+1

=Y (AN + T)k; +2d(g — 2N — 4) + 3d = 2d(g + 1).
=0
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Hence, (I3, la, ..., l4+1) satisfies the condition (ZTJ).

Let h be a fibration associated to (I3, lu, ..., lg41). Since it is clear that g(h) = ¢
and A\(h) =4, it is enough to compute the relative Euler-Poincaré characteristic of
h. From the equation ([222]) and the assumption that Zf\fol k; = d, we have

AP 1) RS (NF1-P 4+ (N+249)%), (N +1)?
X(h) - 2 - Zz:; 4 k'z - 74 kal
_(2N+2)° (2N +3)° (9 o) _d+ky
4 ko 4 fn+r—d ( g N 2) kn-1 4
_ d(2¢° — 29+ 4N +5) _Nif 2N? +6N +5+2i(i+1) |,
B 4 P 4 v
dlg> —g—N*-N) 13
= (g 92 )—521(1—&-1)/@. O
=0

For integers a and b, we denote the intersection of the interval [a, b] (resp. [a, 00))
and Z by [a, blz (resp. [a, 00)z). The positive integer denoted by (i +1)/2 (i €
Z~o) is called a triangular number. Before we prove Theorem [03] (i), we show
the following lemma from the well-known fact on the representation of a positive
integer by a sum of three triangular numbers.

Lemma 3.2. For an integer d which is greater than or equal to three and a positive
integer N, set

Y1
Ana = {Z 51(2 + 1)k;

i=0

N
kiGZZm Zkz—d} .

=0
Then An.q contains [0, dN(N +1)/2 — N?]y.

Proof. Let z be an integer which is less than (N +1)(N+2)/2. It is well-known that
any positive integer is represented by a sum of at most three triangular numbers.
Therefore, z is represented by a sum of at most three triangular numbers which are
less than (N + 1)(N +2)/2, i.e., z € Ay 3.

Let m and 2’ be integers such that 3 <m < d and (m — 1)N(N +1)/2 — N2 <
2 <mN(N +1)/2 - N? + 1. The integer 2’ — (m — 3)N(N 4+ 1)/2 is positive and
less than (V + 1)(N + 2)/2. Hence, we have 2’ — (m —3)N(N +1)/2 € An s, i.e.,
2" € ANm C An.q. Thus, we obtain [0, dN(N +1)/2 — N2|z C An 4. O

Next we show that the fibration required in Theorem [I3] (i) coincides with one
of the fibrations constructed in Proposition Bl by using the previous lemma. For
aset I CZ and x € Z, we denote the set {r —z€Z|z€ 1} asxz—1I.

Proposition 3.3. For an even integer g > 6 and an integer z > g + g/2 — 2,
there exists a relatively minimal hyperelliptic fibration h with A(h) = 4, g(h) = ¢
and x(h) = z.

Proof. By Proposition B}, it suffices to prove that an integer z > g2 + g/2 — 2 is
represented by the form

1N-‘,—l
5Zki(gz—g—N(N—i-l)—i(i—i-l)),
=0
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where the k;’s are non-negative integers and N is an integer such that 0 < N <
g/2 — 2. Denote SN 1 k; by d and set

d
Rg,d,N = 5(92 —g— N(N + 1)) — ANJrLd.

Hence it is enough to show that (J,-, UJ%;OQ Rgan D [9* +9/2 -2, 0)z.

By Lemma B2 if d is greater than two, then Ay 4 contains [0, d(N + 1)(N +
2)/2 — (N + 1)2]z. Moreover, it is easy to see that Aq 4 D [0, 3d — 2]z. Hence, we
have

Rgan D [dg* =g —2(N +1)*)/2+ (N +1)*, d(g° — g = N(N + 1)) /2]z,
R6,d,1 ) [11d+ 2, 14d]z

Denote d(g? — g — 2(N + 1)?)/2+ (N + 1)? by agan, d(g> — g — N(N +1))/2

g
by B¢,4,n- Now we consider the set UK,:OQ Ry 4, n. In the case that d > 3, since we
have N > 0, we have

d d
Bgd,N+1 — QgaN + 1= <5 — 1) N? + <5 — 2) N > 0;
i.e., we obtain agqn — 1 € [agan+1, Bg,a,n+1]z for d > 3. Hence, it follows that

4 9
URZo Ry.an O [0g,4,2 -2, By.aolz and Uy_g Re,an O [11d +2, Bo.a0]z-
If we assume that d > 4 and g > 8, then we have

(9—2)?° 39 (9—2)(g—8)
ﬁg,dfl,O_ag,d,%—2+1 = 1 d— g2 > > 0.

If we assume that d > 4 and g = 6, then we have
Be,d-10 — (11d+2) +1=4d — 16 > 0.

9 _
Therefore, we have J >, Ulf‘[:()z Rgan D lags g2 o, 00)z. Since we have a3 a4
= g% + g/2 — 2, the assertion follows from it. O

4. IN THE CASE THAT THE GENUS IS ODD AND GREATER THAN FIVE

We need several propositions to prove the existence of fibrations as in Theo-
rem [0.3] (ii) in the case that the genus is odd and greater than five. These propo-
sitions are proved by the same calculations as in Proposition Bl In the proof of
these, we give only integers I3, lu, ..., ly+1 satisfying the condition (ZI]) and do
not repeat the same argument concerning invariants of the fibration associated to
(I3, lay ooy Lgg1)-

Proposition 4.1. Let g be an odd integer which is greater than three, N a non-
negative integer which is less than or equal to (g — 5)/2 and d an integer which
is greater than two. For any (ko, ..., kny1) € ZN {2 satisfying d = ZN+1 k

> i=0 M
there exists a relatively minimal hyperelliptic fibration h which has the following

numerical properties:

o/ 1\d N+1
oW =g, D) =4, x(W)= TP -g-NN+D} - L3 i,
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Proof. The following integers I3, l4, ..., l441 satisfy the condition (ZTI):
ZN+37i:lN+4+i:ki (N227/L:O> 17 27"'7N_2)>
lonys =kn-1, lonta=kn (N >1),
lonss = knst, Li=0 (i>2N+6),

Is=d—{1—(-1D)% +ky, lu=d <T4 - N> + ko + %(1 —(=1)%),

where we set k_1 = kg. O

Proposition 4.2. Let g be an odd integer which is greater than five, N a non-
negative integer which is less than or equal to (9 — 7)/2 and d an integer greater

than three. For any (ko, ..., kny1) € ZgJQ satisfying d = Zf\sgl k;, there ex-
ists a relatively minimal hyperelliptic fibration h which has the following numerical

properties:

N+1
d .
g(h) =g, Ah)=4, x(h)= 5{92 —g+2-NN+1)} -5 > i+ 1)k
i=0
Proof. The following integers I3, la, ..., lg+1 satisfy the condition (2.1I):
lN+37i:lN+4+i:ki (NZ2,’L:O, 1, 2,...,N—2),
lants =kn-1, lanya=kn (N >1),
lonts = knt1, 1i=0 (i >2N +6),
7
ls=3d+ky, lLi=d (gT —N) + ko1,
where we set k_1 = ko. [l

Proposition 4.3. Let g be cm odd integer whzch is greater than five. For any

element (ko, .. kgT3) n Z>% satisfying ZZ o ki = 4, there exists a relatively
minitmal hyperelliptic fibration h which has the following numerical properties:
2-3
3 7 1 i
g(h) =g, Ah)=4, x(h)= 592 —5 "3 ZZ(Z + k.
i=0

Proof. The following integers I3, l4, ..., l441 satisty the condition (2.1I):

=g =k (i=0, 1,2,...,%),
lg:k%;s, lg+1:k97;37 l3:k%, l4:kgT—5+1. (I

Proposition 4.4. Let g be an odd integer whzch is greater than five. For any

element (ko, ..., kg—3) in Z>0 satisfying ZZ o ki = 3, there exists a relatively
2
minimal hyperelliptic fibration h which has the following numerical properties:

o) =g, M) =4 x(h)=3¢*— o — 3 D ili+ Dk
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Proof. The following integers I3, l4, ..., l441 satisfy the condition (ZTI):
. qg—T
lgTH_i:lgTM_,’_i:ki (i=0,1,2,..., T),
lg:kg2;5, lg+1:kg_;37 ngk%-i-l, l4=kg74. (I

The fibration required in Theorem (ii) coincides with one of the fibrations
constructed in Propositions @II44. We prove the following proposition by an
argument similar to the proof of Proposition [3.3]

Proposition 4.5. For an odd integer g > 7 and an integer z > g*> — 1, there exists
a relatively minimal hyperelliptic fibration h with A\(h) = 4, g(h) = g and x(h) = z.

Proof. We set

d 1—(-1)¢ -5
S.md,N:5{g2—g—N(N+1)}—#—AN+1,d (OSNSQT)

2 )
d ., g—17
TgvdJV:?{g —g+2-N(N+1)}—-Ant1a (0SSN 5 ),
3 7
Up=39" =5~ B
9 17
{/g:§g2—?—1—A%)3.

From Propositions [IH4.4] it suffices to show that a positive integer z satisfying
z > g% — 1 is contained in one of the sets Sy a.n, Ty.a.n, Uy and V. In other words,
we show that Jys, (UN_"% Sy.an UUNZT? Tyan) UU, UV, D [g% — 1, 00)z.

Denote d(g*> —g)/2 — (d—1)(N +1)? and d(g?> — g — N(N +1))/2 by a4,y and
Bg.4,n, respectively. From Lemma [32 if d is greater than two, then we have

[ 1—(=1)4 1—(-1)¢
Sgd.N D |oganN — #a Bg.d,N — =7 ;
] 2 2 z
Ty.an Dlagan +d, Bgan +d,,
[ 5g% +2g — 11 392—7}
z

U,
92| 4 T2

992—17]
Z

%392_17 9

If we assume that d > 3, then

d d N(N -1
59,d,N+1—0¢g,d,N+1=(5—1> N2+(5—2>N2%.

Hence, we obtain

g—>5
2

957 d
1—(-1

U T7d7ND |:O/,g7d7 a=5 —%,ﬂ%d’o—Fd] (d23)

N=0 Z

S d,N U
N=0

Moreover, since we have Ay 4 D [0, 3d — 2|z for d > 3, we obtain <U}V=O S77d7N) U
T7,d,1 D) [17d+ 2, 22d]z
If we assume that d > 5, then we have

—4)(g—T7
(ﬂg,d_170+d71)7ag’d’g775+12 %20
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Therefore, we obtain

g9—>5 9—7

P P
U U S d,N U U T, AN | 2 [’Vga OO)z;

d>4 \ N=0 N=0

where 74 is equal to ar 4 -5 if g > 9 and is equal to 70 if g = 7.
94,45
Since we have

2 _10g+ 17
362 7 T L 20 g2,
T _'}/g-|—]_ —
1 ifg=1,
5g% + 2g — 11 28 27
(5%3704—3)— g +4g —|—1:g f+ >0,
9g% — 17 g% — 129+ 35
T—(OL‘9737QT—5—1)+1:T20,
it follows that
g—5 g—7
2 2
U U Sg,d,N U U Tygan | WU, UV, D [92 -1, OO)Z' (]
d>3 \N=0 N=0

5. IN THE CASE THAT THE GENUS IS FIVE

In this section, we prove the existence of fibrations as in Theorem [0.3] (ii) in the
case that the genus is five by an argument similar to Proposition We prepare
the following:

Proposition 5.1. Let d be a positive integer. For any (ko, ki1, k2) € ZQZO satisfying

Z?:o k; = d, there exists a relatively minimal hyperelliptic fibration h which has
the following numerical properties:

g(h) =5, A(h) =4, x(h) = 11d - 2 ) _ik;.
=0

Proof. The following integers I, l4, ..., l441 satisty the condition (21I):
l3 =4ky, Iy =3k1+ky, l5=0, Ilg=ko.
Then the fibrations associated to (I3, l4, ..., lg41) satisfy the requirements. O

Proposition 5.2. For an integer z > 20, there exists a relatively minimal hyperel-
liptic fibration h with A(h) =4, g(h) =5 and x(h) = z.

Proof. We use the same notation as in the proof of Proposition and set
Wy={z€7d,11d]z | z=d mod 2}.
From Propositions 4] and 5.1, for any positive integer z € (U 1 Wd) U Vs, there

exists a relatively minimal hyperelliptic fibration h with g(h) = 5, A(h) = 4 and
Xx(h) = z. Hence, we show that (Ud21 Wd) U Vs D [20, c0)z.
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By an easy calculation, we have

U Wy ={z€[21, 00)z | z is odd},
d>3:0dd

U Wy ={z€[28, c0)z | z is even}.

d>3:even

Now we have (J;53 Wa = [27, 00)z. We obtained V5 D [24, 26]z in the proof of
Proposition [l Moreover, we have 20, 22 € W5 and 21, 23 € W3, and we see that

(Ud21 Wd) U Vs D [20, co)z. This completes the proof of the proposition. O
From Propositions L5 and 52 we have Theorem (ii).
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