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EMBEDDING PROBLEMS AND OPEN SUBGROUPS

DAVID HARBATER AND KATHERINE STEVENSON

(Communicated by Ted Chinburg)

Abstract. We study the properties of the fundamental group of an affine
curve over an algebraically closed field of characteristic p from the point of
view of embedding problems. In characteristic zero the fundamental group is
free, but in characteristic p it is not even ω-free. In this paper we show that
it is “almost ω-free” in the sense that each finite embedding problem has a
proper solution when restricted to some open subgroup. We also prove that
embedding problems can always be properly solved over the given curve if

suitably many additional branch points are allowed in locations that can be
specified arbitrarily; this strengthens a result of the first author.

1. Introduction

This paper studies the structure of the étale fundamental group of an affine curve
over an algebraically closed field of characteristic p and shows that in a certain sense
it is “not too far from being free.”

Consider an affine curve C over an algebraically closed field k. Thus C = X−Σ,
where X is a smooth projective curve of genus g ≥ 0 and |Σ| = r > 0. If k has
characteristic zero, then π1(C) is a free profinite group on 2g + r − 1 generators
[SGA1, XIII, Cor. 2.12]. In contrast, if k has characteristic p > 0, then π1(C)
is infinitely generated as a profinite group, since by Artin-Schreier theory there
are infinitely many linearly disjoint Z/pZ-Galois étale covers of C. Moreover it
cannot be free profinite (of infinite rank), since a prime-to-p group is a quotient of
π1(C) if and only if it has at most 2g + r − 1 generators [SGA1, XIII, Cor. 2.12]).
For this same reason, π1(C) is not even ω-free; i.e. it is not the case that every
finite embedding problem for π1(C) has a proper solution [FJ, p. 652]. (Infinitely
generated free profinite groups are ω-free [FJ, Lemma 25.1.2]; the converse holds
for countably generated groups [Iw, p. 167], but not in general [Ja, Example 3.1].)

The main result of this paper (Theorem 6) is to show that Π = π1(C) has
the weaker property of being almost ω-free: for every finite embedding problem
E = (α : Π → G, f : Γ → G) there is an open subgroup H ⊂ Π such that
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α|H : H → G is surjective and the induced embedding problem EH = (α|H , f) has
a proper solution.

This result can be interpreted geometrically as follows. We are given a G-Galois
cover φ : Y → X ramified at most over Σ. A proper solution to the original
embedding problem is a Γ-Galois cover Z → X that dominates φ : Y → X and
is unramified away from Σ. The almost ω-free property asserts that there exists
a cover ψ : X ′ → X ramified at most over Σ such that the normalized pullback
φ′ : Y ′ → X ′ of φ via ψ is a G-Galois cover and moreover there exists a Γ-Galois
cover Z ′ → X ′ that dominates Y ′ → X ′ and is branched only at points of X ′

lying over Σ ⊂ X. Here the cover ψ corresponds to the restriction α|H , where
H ⊂ π1(X − Σ) is the open subgroup π1(X

′ − ψ−1(Σ)).
This paper is motivated by the fact that the absolute Galois group Gk(X) of the

function field of a smooth projective k-curve X is free, for k an algebraically closed
field of arbitrary characteristic ([Ha95], [Po]). In characteristic zero this is natural
since each π1(C) is free, and in that case the freeness of Gk(X) was proven earlier
by viewing this group as the inverse limit of the free groups π1(C) for dense affine
open subsets C ⊂ X [Do]. But in non-zero characteristic, the freeness of Gk(X) is
a bit mysterious, since the groups π1(C) are not free. Still, this suggests that the
groups π1(C) should satisfy some kind of freeness property, and this role is played
here by the property of being almost ω-free. (The word almost is being used in the
sense of “up to a finite discrepancy”; here the open subgroup H is necessarily of
finite index.)

In the process of proving our main theorem, we also obtain a result (Theorem 5)
that strengthens the main theorem of [Ha99]. That theorem, which provided a more
precise form of a key result in [Ha95] and [Po], had asserted that an embedding
problem for an affine curve over an algebraically closed field can be solved if a
specific number of additional points are permitted. Our result here shows that the
positions of the additional points can be chosen arbitrarily.

We also note the papers [Ku08] and [Ku09], which discuss another way in which
π1(C) is “close to being free”. Namely, those papers show that if k is an algebraically
closed field of characteristic p, then the commutator subgroup of π1(C) is free. For
other papers on related themes, see also [Bo], [GS], [Os], [Pr], [Ta].

The structure of the current manuscript is as follows: In Section 2 we prove
Proposition 2, which asserts that G-Galois branched covers have pullbacks that
remain G-Galois but become unramified at sufficiently many points lying over the
original branch locus. Section 3 proves results leading up to Theorem 5 on the
solution to embedding problems with prescribed additional branch points. These
are combined in Section 4 to obtain our main result, Theorem 6, that the funda-
mental group is almost ω-free. That section also discusses almost ω-freeness in the
characteristic zero case, where the fundamental group is finitely generated.

Terminology and Notation: If G is a finite group and p is a prime number, let
p(G) denote the subgroup of G generated by its p-subgroups. This is a characteristic
subgroup of G, and G/p(G) is the maximal prime-to-p quotient of G. A finite group
G is called quasi-p if G = p(G). A finite embedding problem E for a group Π is a
pair of surjections (α : Π → G, f : Γ → G), where Γ and G are finite groups. A
weak solution to E is a homomorphism γ : Π → Γ such that f ◦ γ = α. We call γ
a proper solution to E if in addition it is surjective. If H is a subgroup of Π and
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α|H is a surjection onto G, then E ′ = (α|H : H → G, f : Γ → G) is the induced
embedding problem for H.

In this paper we consider curves over an algebraically closed field k. A cover
of k-curves is a morphism φ : V → U of smooth connected k-curves that is finite
and generically separable. If φ : V → U is a cover, its Galois group Gal(V/U)
is the group of k-automorphisms σ of V satisfying φ ◦ σ = φ. If G is a finite
group, then a G-Galois cover is a cover φ : V → U together with an inclusion
ρ : G ↪→ Gal(V/U) such that G acts simply transitively on a generic geometric
fibre of φ : V → U . If we fix a base point of U , then the pointed G-Galois étale
covers of U correspond bijectively to the surjections α : π1(U) → G, where π1(U)
is the algebraic fundamental group of U . The proper solutions to an embedding
problem E = (α : π1(U) → G, f : Γ → G) for π1(U) then are in bijection to
the pointed Γ-Galois covers W → U that dominate the pointed G-Galois cover
φ : V → U corresponding to α.

2. Removing branch points by pulling back

Fix an algebraically closed field k of characteristic p > 0. The goal of this
section is to prove Proposition 2 below, which says that for any branched cover of
k-curves, there is a finite morphism to the base such that the inverse image of the
original branch locus contains (many) points that are unramified in the normalized
pullback of the given cover. This will be used in conjunction with the key result of
the next section in order to prove our main theorem. The point is that since affine
curves are not ω-free, not all embedding problems can be properly solved; but by
proceeding to a pullback via Proposition 2, we may enlarge the branch locus and
thereby obtain a solution to the induced embedding problem.

Lemma 1. Let X be a smooth connected projective k-curve and let Δ ⊂ X be a
non-empty subset of X. Given an integer t > 1 and a G-Galois cover φ : Y → X
étale away from Δ, there is a Galois cover π : X0 → X of degree at least t that is
linearly disjoint from Y → X, is branched only over Δ, and such that |π−1(Δ)| ≥ t.

Proof. Fix a point σ ∈ Δ, and choose an integer n ≥ max(5, p) such that An is
not a quotient of G and the largest prime-to-p factor m of |An| is at least t. The
group An is simple, so every An-Galois cover of X is linearly disjoint from Y over
X having no common subcovers.

Since An is simple of order divisible by p, it is a quasi-p-group. So by Abhyankar’s
Conjecture [Ha94, Theorem 6.2] (or by [Ra, Corollaire 2.2.2], in the case of the affine
line), there is an An-Galois cover π : X0 → X that is branched only at σ ∈ X.
Moreover, this cover may be chosen so that the inertia groups over σ are the Sylow
p-subgroups of An by [Po, Theorem B] (see also [Ha03a, Corollary 4.2]). The
number of ramification points over σ is the index of such a Sylow p-subgroup Q.
Since the index m of Q in An is greater than or equal to t, the set π−1(σ) contains
at least t points, and hence so does π−1(Δ), which contains it. �

Proposition 2. Let X be a smooth connected projective k-curve, let Σ ⊂ X be a
non-empty subset of X, and fix a point τ in Σ. Let G be a finite group and let
φ : Y → X be a G-Galois cover that is étale away from Σ. Then for every positive
integer s there is a cover ψs : Xs → X that is étale away from Σ and is linearly
disjoint from φ : Y → X such that the normalized pullback φs : Ys → Xs of φ via
ψs is a G-Galois cover with at least s unbranched points in ψ−1

s (τ ) ⊂ Xs.
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Proof. Applying Lemma 1 to the cover φ : Y → X with t = 2 and Δ = Σ, there is
a Galois cover π : X0 → X of degree d ≥ 2 that is linearly disjoint from φ : Y → X,
is étale away from Σ and such that |π−1(Σ)| ≥ 2. By linear disjointness, the
normalized pullback Y0 → X0 of Y → X is connected, and so it is a G-Galois
cover. Replacing Y → X by Y0 → X0 and Σ by π−1(Σ), we may assume that
|Σ| ≥ 2.

Next we reduce to the case that s = 1. Suppose that there exists a cover
ψ1 : X1 → X étale away from Σ and linearly disjoint from φ : Y → X such that
the normalized pullback φ1 : Y1 → X1 of φ via ψ1 contains at least one point τ1 in
ψ−1
1 (τ ) that is unbranched in φ1. Necessarily Y1 is connected by linear disjointness.

Let Δ = ψ−1
1 (Σ) − {τ1}. This is non-empty by the assumption that |Σ| ≥ 2.

Applying Lemma 1 again, but this time to the cover φ1 with t = s, there is a
cover πs : Xs → X1 such that its degree is at least s; it is linearly disjoint from
φ1 : Y1 → X1, it is étale away from Δ, and |π−1

s (Δ)| ≥ s. Consider the normalized
pullback φs : Ys → Xs of φ1 via πs; this is a connected G-Galois cover because
Xs and Y1 are linearly disjoint over X1. Moreover, as τ1 �∈ Δ, the morphism πs is
unramified over τ1. But πs has degree at least s, and so π−1

s (τ1) contains at least s
points. Each point in Xs lying over τ1 is unbranched in φs, since τ1 is unbranched
in φ1. Let ψs := ψ1 ◦ πs : Xs → X. Thus φs : Ys → Xs is the normalized pullback
of φ : Y → X via ψs, and Xs is linearly independent of Y over X by connectivity
of Ys. Finally, since τ1 lies over τ in X1, we have that Xs contains at least s points
in ψ−1

s (τ ) ⊃ π−1
s (τ1) that are unbranched in φs. Thus the cover ψs : Xs → X has

the desired properties.
It now remains to prove the result for s = 1. We consider three cases.

Case 1. The inertia groups of Y → X over τ are non-trivial p-groups, and there is
a point σ ∈ Σ−{τ} such that the inertia groups of φ : Y → X over σ are the same
as those over τ .

Pick a point η ∈ Y over τ and let P ⊂ G be its inertia group. According to
Proposition 2.7 of [Ha80], there is a P -Galois cover W → X that is unramified

away from τ , totally ramified at τ , and such that the P -Galois extensions ÔW,ω

and ÔY,η of ÔX,τ are isomorphic, where ω is the unique point of W over τ . (In
fact, according to the result cited, the number of such covers W → X is equal to
the order of H1(X,P ), though we do not need this here.)

Since Y → X has the same sets of inertia groups over τ and σ, whereasW → X is
totally ramified over τ and unramified over σ, it follows that these two Galois covers
are linearly disjoint (having no common subcovers). So the normalized pullback
φW : YW → W of Y → X via W → X is an irreducible G-Galois cover. This cover
is unramified at ω, since it is trivial over the fraction field of ÔW,ω (by the above
isomorphism). Let X1 = W , Y1 = YW , and φ1 be the cover φW . Now, ω ∈ W = X1

lies over τ ∈ X. Thus ψ1 : X1 → X is étale away from Σ and is linearly disjoint
from φ : Y → X, and the normalized pullback φ1 : Y1 → X1 contains at least one
point in ψ−1

1 (τ ) that is unbranched in φ1.

Case 2. There are distinct points σ1, σ2 ∈ Σ− {τ} such that the inertia groups of
φ : Y → X over each σi are the same as those over τ .

Pick a point over τ and let I be its inertia group. Then I is a semi-direct product
of a p-group P and a cyclic prime-to-p group C = 〈γ〉. The other inertia groups
over τ (and hence over σ1 and σ2) are conjugate to I. Let g be the genus of X.
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By [SGA1, XIII, Cor. 2.12], the prime-to-p fundamental group π′
1 of X − {τ, σ1}

has generators ai, bi, cj with 1 ≤ i ≤ g and j = 0, 1, subject to the single relation
(
∏

i[ai, bi])c0c1 = 1.
Take the surjection π′

1 → C given by sending each ai and bi to 1, sending c0
to γ, and sending c1 to γ−1. The corresponding C-Galois cover ψT : T → X is
branched just at τ and σ1, where it is totally ramified. Each non-trivial subcover
T ′ → X of T → X will also be totally ramified at τ and σ1 and unramified at σ2.
On the other hand, each non-trivial subcover of Y → X will be branched at σ2 if
it is branched at τ and σ1, because those three points have the same sets of inertia
groups. So T is linearly disjoint from Y over X. Hence the normalized pullback
φT : YT → T of Y → X via T → X is an irreducible G-Galois cover. Moreover at
the unique points τ ′, σ′

1 ∈ T over τ, σ1 ∈ X, the inertia groups of YT → T have no
tame part, by Abhyankar’s Lemma. Also, the Galois group C of T → X has order
prime to p, whereas P is a p-group. Hence the inertia groups of YT → T over τ ′, σ′

1

are isomorphic to P , and this cover is totally ramified over those two points.
If P is trivial, then the cover φT : YT → T is unbranched over the unique point

τ ′ ∈ T lying over τ ∈ X. Taking ψs : Xs → X to be ψT : T → X, the normalized
pullback φT : YT → T then plays the role of φs : Ys → Xs, and the result is shown
in this case.

On the other hand, if P is non-trivial, we apply Case 1 to φT : YT → T with Σ
replaced by ψ−1

T (Σ), τ replaced by τ ′, and σ replaced by σ′
1. Doing so we obtain a

cover ψ : X1 → T that is étale away from φ−1
T (Σ), linearly disjoint from φT : YT →

T , and such that the normalized pullback φ1 : Y1 → X1 of φT via ψ contains at
least one point τ1 in ψ−1(τ ′) that is unbranched in φ1. The cover φ1 : Y1 → X1 is
the normalized pullback of φ : Y → X via ψ1 = ψT ◦ψ because φT is the normalized
pullback of φ via ψT and φ1 is the normalized pullback of φT via ψ. Similarly, X1

is linearly disjoint from Y over X. Since ψ1(τ1) = ψT ◦ ψ(τ1) = ψT (τ
′) = τ , the

cover ψ1 has the asserted properties.

Case 3. The general case when s = 1.

Applying Lemma 1 to the cover φ : Y → X with t = 3 and Δ = {τ}, there exists
a cover π : Z → X of degree at least 3 that is linearly disjoint from φ : Y → X, is
étale away from Δ, and such that |π−1(Δ)| ≥ 3. Let YZ be the normalization of
Y ×X Z; this is irreducible because of linear disjointness. Hence the induced map
φZ : YZ → Z is G-Galois. Moreover, for any two points τ1, τ2 ∈ π−1(τ ), the sets of
inertia groups of φZ over τ1 and over τ2 are the same since π is Galois. The result
follows by applying Case 2 to the cover YZ → Z, with Σ replaced by π−1(Σ) and
τ, σ1, and σ2 replaced by any three points in π−1(τ ). �

3. Solving embedding problems with restricted branch locus

The goal of this section is to prove Theorem 5, which is a strengthening of the
main theorem of [Ha99] (Theorem 5.4 of that manuscript) concerning embedding
problems for branched covers over an algebraically closed field. That result gave a
bound on the number of additional branch points that are needed in order to solve
a given embedding problem. In the version we prove below, we also show that the
positions of the additional branch points can be specified in advance (unlike [Ha99,
Theorem 5.4], which allowed only one of these additional points to be specified).
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In order to prove this strengthening, we will build upon the assertion of Theo-
rem 5.4 of [Ha99], proceeding in two steps. First, we allow the additional branch
points to move, obtaining a family of solutions to the given embedding problem
each with the same number of additional branch points. Second, we show that the
additional branch points can be specialized to the desired locations, while preserv-
ing the irreducibility and separability of the cover. The assertions needed to carry
out these two steps appear in the next two propositions.

As before, k is an algebraically closed field of characteristic p > 0.

Proposition 3. Let G be a finite group, let X be a smooth connected projective
k-curve, and let f : Y → X be a G-Galois cover with branch locus B. Write B as a
disjoint union B0 ∪B1, where B0 = {ξ1, . . . , ξr} is a set of r > 0 distinct k-points.

(a) Then there is an integral affine k-variety T , a dominating morphism π =

(π1, . . . , πr) : T → Xr, and a G-Galois cover f̃ : Ỹ → X ×T , such that the
fibre over each τ ∈ T is a G-Galois cover of X with branch locus Bτ ∪B1,
where Bτ := {π1(τ ), . . . , πr(τ )} is disjoint from B1, and such that for some
τ0 ∈ π−1(ξ1, . . . , ξr), the fibre over τ0 is isomorphic to the given G-Galois
branched cover Y → X.

(b) Moreover, if H is a quotient of G and Y → X dominates an H-Galois cover

g : Z → X that is unramified over B0, then the family f̃ : Ỹ → X × T may
be chosen to dominate the trivial family g̃ := g × id : Z × T → X × T .

Proof. At each point ξi of X, choose a uniformizing parameter ui ∈ OX,ξi . Embed
the tensor square of OX,ξi over k into the local ring of X × X at (ξi, ξi). For
short, we write xi, ti ∈ OX×X,(ξi,ξi) for the elements identified with ui ⊗ 1, 1 ⊗ ui

respectively, and we also identify these elements with their images in the complete
local ring ÔX×X,(ξi,ξi). Consider the inclusion of complete local rings ιi : ÔX,ξi ↪→
ÔX×X,(ξi,ξi) given by ui �→ xi − ti. With respect to ιi, for each point η ∈ Y lying

over ξi we may form the tensor product Aη := ÔY,η ⊗ÔX,ξi
ÔX×X,(ξi,ξi); here we

regard ÔY,η as an ÔX,ξi -algebra via f . Then Ai :=
∏

f(η)=ξi
Aη is a G-Galois

algebra over ÔX×X,(ξi,ξi) which is ramified precisely over the prime ideal (xi − ti)

of ÔX×X,(ξi,ξi). Moreover the fibre of its spectrum mod ti is isomorphic to the

pullback of Y → X over ÔX,ξi as a G-Galois cover. (Here Ai is the induced algebra

IndGGη
Aη, where Gη is the inertia group at η.)

Let R∗ = k[[t1, . . . , tr]], which we identify with the complete local ring of Xr

at the point ξ := (ξ1, . . . , ξr) ∈ Xr and whose fraction field will be denoted by

F ∗. For each i write R∗
i = ÔX×Xr,(ξi,ξ) and let A∗

i = Ai ⊗ÔX×X,(ξi,ξi)
R∗

i ; here

we regard R∗
i as a module over ÔX×X,(ξi,ξi) via the map X × Xr → X × X

that projects Xr onto its i-th factor. Since r > 0, the curve U = X − B0 is
affine and may be written as U = SpecRU . Since the morphism f is finite, it is
affine, and hence f−1(U) ⊂ Y is affine. Let AU be its ring of functions, and let
A∗

U = AU ⊗RU
R∗

U , where R
∗
U = RU [[t1, . . . , tr]]. The mod (t1, . . . , tr)-reductions of

A∗
U and A∗

i can be identified with AU and Ai/tiAi, and so we obtain isomorphisms

between the G-Galois algebras that these reductions induce over K̂X,ξi , the fraction

field of ÔX,ξi . Writing K̂∗
X,ξi

= K̂X,ξi [[t1, . . . , tr]], we thus obtain an identification

A∗
U ⊗R∗

U
K̂∗

X,ξi
= A∗

i ⊗R∗
i
K̂∗

X,ξi
of G-Galois étale algebras for each i.
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We now apply the patching result Theorem 3.2.8 of [Ha03b] in the context of
the category of G-Galois covers (see also General Principle 2.2.4 of that paper).
As a consequence, we obtain a G-Galois branched cover Y ∗ → X∗ := X ×k R∗

whose restrictions to SpecR∗
U and to SpecR∗

i respectively agree with SpecA∗
U and

SpecA∗
i , and whose closed fibre is isomorphic to Y → X. The cover is branched

at the points of B∗
1 := B1 ×k R∗ and at r distinct R∗-points ξ∗1 , . . . , ξ

∗
r . Here ξ∗i

is the pullback to X∗ = X ×k OXr,ξ of the Xr-point ξΔi of X × Xr, where ξΔi is

the Xr-point at which the first coordinate (in X) is equal to the ith entry of the
second coordinate. More formally, if pri : X

r → X is the ith projection, then ξΔi is
the inverse image of the diagonal Δ ⊂ X ×X under idX × pri : X ×Xr → X ×X.

We claim that Y ∗ is smooth over R∗. Namely, Y ∗ is projective over R∗ since X∗

is. Hence if the singular locus of Y ∗ is a (necessarily closed) non-empty subset, its
image in Spec(R∗) contains the closed point. But then this point is in the image of
the singular locus of Y over k, contradicting the smoothness of Y and proving the
claim.

Note that in the situation of part (b), Y ∗ → X∗ dominates the H-Galois cover

g∗ = g × idSpecR∗ : Z∗ := Z ×k R∗ → X∗, since it does over R∗
U , R

∗
i , and K̂∗

X,ξi
,

compatibly, and since the patching assertion of [Ha03b, Theorem 3.2.8] is an equiv-
alence of categories.

Let X ′ = SpecS be an affine open neighborhood of {ξ1, . . . , ξr} in X. We may
regard S⊗r as a subring of the local ring of Xr at ξ and hence as a subring of
R∗. The G-Galois cover Y ∗ → X∗ is defined by equations involving only finitely
many elements of R∗. The S⊗r-subalgebra R̃ ⊂ R∗ generated by these elements is
of finite type, and the G-Galois cover Y ∗ → X∗ is induced by the G-Galois cover
Ỹ → X × T , where T = Spec(R̃). Here R̃ is a domain and T is integral. The

inclusion S⊗r ↪→ R̃ corresponds to a morphism T → X ′r; composing this with the
embedding X ′r ↪→ Xr yields a morphism π : T → Xr.

Possibly after enlarging the choice of R̃ by adjoining finitely many elements of
R∗ (which are inverses of elements of R̃), we may assume that the above properties

of Y ∗ → X∗ descend to Ỹ → X × T . Specifically, since Y ∗ is smooth over R∗, we
may choose Ỹ so as to be smooth over T . Similarly, we may choose Ỹ → X × T so
that its fibre over X × {τ0} is isomorphic to Y → X, where τ0 ∈ T is the image of
the closed point of SpecR∗ (i.e. τ0 corresponds to the contraction of the maximal

ideal of R∗ under the inclusion R̃ ↪→ R∗). Moreover we may choose Ỹ → X × T so

that its branch locus consists of B̃1 := B1 × T together with r distinct T -points ξ̃i,
where ξ̃i : T → X × T is the pullback to X × T , via π : T → Xr, of the Xr-point
ξΔi of X × Xr defined above. (Thus the image of ξ̃i, which is a closed subset of

X × T isomorphic to T , is a component of the branch locus of Ỹ → X × T .) In

addition we may assume that the loci ξ̃i are pairwise disjoint and are disjoint from
B̃1. Finally, in part (b), we may assume that Ỹ → X × T dominates the H-Galois
cover g̃ = g × idT : Z × T → X × T .

The morphism π is dominating since S⊗r ↪→ R̃ is an inclusion. Write πi = pri◦π :
T → X, so π = (π1, . . . , πr) : T → Xr. Let p : X×Xr → X denote projection onto

the first factor X. Then p ◦ ξΔi = pri : X
r → X. Also ξΔi ◦π = (idX ×π) ◦ ξ̃i : T →

X×Xr, since ξ̃i is the pullback of ξΔi . Thus πi = pri◦π = p◦(idX×π)◦ ξ̃i : T → X.
Also, Δ ◦ pri = (idX × pri) ◦ ξΔi : Xr → X × X, where Δ : X → X × X is the
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diagonal map. So ξ̃i = (πi, idT ), and hence the restriction of ξ̃i to the fiber over τ
is πi|τ : τ → X if we identify X × τ with X.

τ ��

��

X × τ

��

Ỹτ
��

��

T
ξ̃i ��

π

��
πi

��

X × T��

idX×π

��

Ỹ��

Xr
ξΔi ��

pri

��

X ×Xr��

idX×pri
��

X
Δ �� X ×X

So for each τ ∈ T , the corresponding fibre of Ỹ → X × T is branched at B1 and at
the r points πi(τ ) of X which are respectively the restrictions of the T -points ξ̃i of

X × T . Since ξ̃i pulls back to ξ∗i under SpecR∗ → T and since ξ∗i restricts to ξi on
the closed fibre of X∗ = X ×k R∗, we have that πi(τ0) = ξi. Finally, the fibres of

Ỹ → X × T → T are connected by Zariski’s Connectedness Theorem (see [Ht, III,
Exercise 11.4] or [EGA III.1, Théorème 4.3.1]), since the morphism is projective
and the fibre over τ0 is the connected curve Y . �

Proposition 4. In the situation of Proposition 3(b), assume that N := ker(G →
H) has order prime to p. Let B′ = {ξ′1, . . . , ξ′r} be a set of r distinct k-points of
X that is disjoint from B1. Then there is a G-Galois cover f ′ : Y ′ → X that has
branch locus B′ ∪B1 and dominates g : Z → X.

Proof. Let f̃ : Ỹ → X × T be as in the conclusion of Proposition 3(b). If ξ′ :=
(ξ′1, . . . , ξ

′
r) is in the image of the dominating morphism π : T → Xr, then the

conclusion follows from the properties of f̃ and its fibres. More generally, we proceed
as follows:

Since T is an affine k-variety, we may regard T as a closed subset of some A
n
k .

The graph Γ ⊂ T ×Xr ⊂ A
n
k ×Xr of π is isomorphic to T by the first projection

map, so replacing T by Γ we may assume that T ⊂ A
n
k × Xr and that π is the

second projection. Let T̄ be the closure of T in P
n
k × Xr and let π̄ : T̄ → Xr be

the second projection map. Since the projective morphism π̄ extends π : T → Xr,
it is dominating and hence surjective. Let τ1 ∈ T̄ be a point that lies over ξ′ ∈ Xr.

Since T is integral, there is an integral curve C̄0 in T̄ that passes through τ0 and
τ1. Let C0 = C̄0 ∩ T . Thus C̄0, being integral and closed in T̄ , is the closure of C0

in T̄ .
The normalization of X × T̄ in the function field of Ỹ is a G-Galois branched

cover ỸT̄ → Z × T̄ → X × T̄ whose restriction to X × T is Ỹ → Z × T → X × T .
The pullback of this cover via X × C̄0 → X × T̄ is a G-Galois branched cover
ỸC̄0

→ Z× C̄0 → X× C̄0 whose restriction to X×C0 is branched only over B1×C0

and at the C0-points ξi,C0
:= (πi, idC0

) : C0 → X × C0 for i = 1, . . . , r (where, as
before, πi : T → X is the composition of π : T → Xr with the ith projection).

Let C̄ be the normalization of the curve C̄0, and let ỸC̄ → Z × C̄ → X × C̄ be

the normalized pullback of ỸC̄0
→ Z × C̄0 → X × C̄0 via X × C̄ → X × C̄0. So

ỸC̄ → X × C̄ is unramified away from B1 × C̄, the C̄-points ξi,C̄ := (π̄i, idC̄), and
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X×S, where S ⊂ C̄ is the finite set of points whose image in C̄0 does not lie in C0.
(Here π̄i : C̄ → X denotes the composition of the normalization map C̄ → C̄0 with

the map pri ◦ π̄ : C̄0 → X.) Hence the N -Galois cover ỸC̄ → Z × C̄ is unramified
away from g−1(B1) × C̄, the pullbacks (g × idC̄)

∗(ξi,C̄) to Z × C̄ for i = 1, . . . , r,
and Z × S.

ỸC̄
��

��

ỸC̄0
��

��

ỸT̄

��

ỸC0

���������
��

��

Ỹ

���������

��

Z × C̄ ��

��

Z × C̄0
��

��

Z × T̄

��

Z × C0

�������
��

��

Z × T

�������

��

X × C̄ �� X × C̄0
�� X × T̄

X × C0

�������
�� X × T

�������

Let m be the least common multiple of the ramification indices of ỸC̄ → Z × C̄
over the generic points of Z × S. Thus m is prime to p, since the order of N is
prime to p. Choose a rational function f on C̄ that has a simple pole at each
point of S, and possibly other poles. Adjoining an m-th root of f and normalizing
yields a cyclic branched cover C̄ ′ → C̄ of degree m that is totally ramified at the
points of S (and possibly elsewhere). Then by Abhyankar’s Lemma, the normalized

pullback ỸC̄′ → Z× C̄ ′ of ỸC̄ → Z× C̄ is unramified at the generic points of Z×S′,
where S′ ⊂ C̄ ′ is the inverse image of S ⊂ C̄. So by Purity of Branch Locus ([Za,

Proposition 2] or [Na, 41.1]), ỸC̄′ → Z × C̄ ′ is branched only over g−1(B1) × C̄ ′

and at the pullbacks (g × idC̄′)∗(ξi,C̄′) to Z × C̄ ′ for i = 1, . . . , r, where ξi,C̄′ is the

pullback of ξi,C̄ under C̄ ′ → C̄.

Let τ ′ ∈ C̄ ′ be a point mapping to τ1 ∈ C̄0 via C̄ ′ → C̄ → C̄0. The components
of B1 × C̄ ′ and the C̄ ′-points ξi,C̄′ are each smooth over C̄ ′, as are their inverse

images under Z × C̄ ′ → X × C̄ ′. In the fibre of X × C̄ ′ over τ ′, these loci specialize
to distinct points of X (viz. to the points of B1 and B′ respectively); hence their
inverse images in Z × C̄ ′ are also disjoint over τ ′. So the union of these inverse
images is smooth over τ ′, and there is an affine neighborhood C ′ ⊂ C̄ ′ of τ ′ such
that the (tame) branch locus of the restriction ỸC′ → Z × C ′ of ỸC̄′ → Z × C̄ ′

is smooth over C̄ ′. By Abhyankar’s Lemma (in the form [GM, Theorem 2.3.2] or

[SGA1, Proposition 5.5]), the cover ỸC′ → Z ×C ′ is a Kummer cover étale locally,
with smooth branch locus, hence is smooth over C ′. So the fibre over τ ′ is smooth
over k.

The intersection of C ′ with the inverse image of C0 under C̄
′ → C̄0 is a dense open

subset of C ′. For each point τ in this dense open subset, the fibre of the projective
morphism ỸC′ → C ′ over τ is connected by the conclusion of Proposition 3. By
Zariski’s Connectedness Theorem [Ht, III, Exercise 11.4], it follows that each fibre

of ỸC′ → C ′ is connected, in particular the fibre over τ ′. So the fibre of the G-
Galois cover ỸC′ → X × C ′ over the point τ ′ ∈ C ′ is a G-Galois cover of X with
the desired properties. �
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We recall the definition of relative rank of a subgroup of a finite group (see
Section 2 of [Ha99]). Let H be any finite group and let E be a subgroup of H. A
subset S ⊂ E will be called a relative generating set for E in H if for every subset
T ⊂ H such that E ∪T generates H, the subset S ∪T also generates H. We define
the relative rank of E in H to be the smallest non-negative integer s := rkH(E)
such that there is a relative generating set for E in H consisting of s elements. Thus
every generating set for E is a relative generating set, and so 0 ≤ rkH(E) ≤ rk(E).
Also, rkH(E) = rk(E) if E is trivial or E = H, while rkH(E) = 0 if and only if E
is contained in the Frattini subgroup Φ(H) of H [Ha99, p. 122]. Also recall that
p(G) denotes the subgroup generated by the p-subgroups of a group G.

Theorem 5. Let N be a normal subgroup of a finite group G, and let H = G/N .
Let N̄ = N/p(N) and Ḡ = G/p(N), and let r = rkḠ(N̄). Let V → U be an
H-Galois étale cover of affine k-curves and let ξ1, . . . , ξr ∈ U be distinct points.
Then there is a G-Galois cover W → U branched only at ξ1, . . . , ξr ∈ U such that
W/N → U is isomorphic to V → U as an H-Galois cover.

Proof. We may identify Ḡ/N̄ with H. Let X be the smooth completion of U , i.e.,
the unique smooth proper k-curve that contains U as an affine dense open subset.
Let Z be the normalization of X in the function field of V . Thus the inclusion
U ↪→ X lifts to an inclusion V ↪→ Z. Also let B1 = X − U , let B0 = {ξ1, . . . , ξr},
and let B = B0 ∪ B1. We claim that there is a Ḡ-Galois cover Ȳ → X that
dominates Z → X and is branched only at B or, equivalently, a Ḡ-Galois cover
W̄ → U that dominates V → U and is branched only at B0.

First suppose r = 0. For some subgroup Ḡ0 ⊂ Ḡ, the cover H-Galois cover
V → U is dominated by a Ḡ0-Galois étale cover W̄ → U , because the fundamental
group of the affine k-curve U has cohomological dimension 1 [Se90, Proposition 1]
and hence is projective (by [Se73, I, §3.4, Prop. 16 and §5.9, Prop. 45]). Thus
Ḡ/N̄ = H = Ḡ0/(Ḡ0 ∩ N̄) = Ḡ0N̄/N̄ , and so Ḡ is generated by Ḡ0 and N̄ . But
N̄ is contained in the Frattini subgroup of Ḡ because r = 0. Hence Ḡ0 = Ḡ, and
W̄ → U is as desired. (Cf. also [FJ, Proposition 22.5.9(a)].)

On the other hand, if r ≥ 1, then by [Ha99, Theorem 5.4] there is a smooth
connected Ḡ-Galois cover W̄0 → U branched at a set B′ of r points such that
W̄0/N̄ → U is isomorphic to V → U as an H-Galois cover. Let Ȳ0 be the normal-
ization of X in W̄0. So Z = Ȳ0/N̄ , Z → X is unramified outside of B1 := X − U ,
and Ȳ0 → X is unramified outside of B1∪B′. Since N̄ has order prime to p, Propo-
sition 4 above asserts that there is a smooth connected Ḡ-Galois branched cover
Ȳ → X that is branched only at B and that dominates Z → X. This completes
the proof of the claim.

Since p(N) is a quasi-p-group and B is non-empty, Theorem 4.4 of [Ha03a] asserts
that the Ḡ-Galois cover Ȳ → X is dominated by some smooth connected G-Galois
branched cover Y → X that is also branched only over B. Since Ȳ → X dominates
the H-Galois cover Z → X, so does Y → X, and hence the restriction W → U of
Y → X over U has the desired properties. �

4. Main theorem

Using the results of the previous sections, we prove our main theorem that the
fundamental group of any affine curve in characteristic p > 0 is almost ω-free. To
do so we combine the “newly unbranched” points in the covers obtained in Section 2
with the main result of Section 3 to solve the induced embedding problem.
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Theorem 6. Let k be an algebraically closed field of characteristic p, let X be a
smooth connected projective curve, let Σ ⊂ X be a non-empty set of closed points
in X, and let C = X − Σ. Then π1(C) is almost ω-free.

Proof. Explicitly, we wish to show the following: Let E = (α : π1(C) → G, f :
Γ → G) be an embedding problem for π1(C). Then there exists an open subgroup
H ⊂ π1(C) such that αH := α|H is surjective and such that the induced embedding
problem EH = (αH , f) has a proper solution.

Let N = ker(f), and write N̄ = N/p(N) and Γ̄ = Γ/p(N). Let τ ∈ Σ and
let s = rkΓ̄(N̄) (see the definition of relative rank just before Theorem 5). Let
φ : Y → X be the pointed G-Galois cover corresponding to α. By Proposition 2
there exists a cover ψs : Xs → X that is étale away from Σ, contains at least s points
{τ1, τ2, ..., τs} ⊂ Xs over τ ∈ X, and whose normalized pullback φs : Ys → Xs of
φ over ψs is a G-Galois cover étale away from Δ := ψ−1

s (Σ) − {τ1, τ2, ..., τs}. Let
Σs = ψ−1

s (Σ). Applying Theorem 5 to the étale loci of φs : Ys → Xs, there exists a
smooth connected Γ-Galois cover Zs → Xs that is étale away from Δ∪{τ1, ..., τs} =
Σs, such that Zs/N is isomorphic to Ys asG-Galois covers ofXs. Now, ψs : Xs → X
is ramified at most over Σ, and the pullback φs : Ys → Xs of φ via ψs is a G-Galois
cover. Moreover, the Γ-Galois cover Zs → Xs dominates Ys → Xs. After some
choice of base point, ψs : Xs → X corresponds to a subgroup H ⊂ π1(X − Σ)
and a surjection αH : H → G. We then find that α|H = αH and that the induced
embedding problem EH = (αH , f) has a proper solution. �

The situation in characteristic zero is somewhat different, because fundamental
groups of curves in characteristic zero are finitely generated. Specifically, there is
the following result:

Proposition 7. Let X be a smooth connected projective curve of genus g defined
over an algebraically closed field k of characteristic 0 and let Σ be a non-empty
finite collection of points on X. The group π1(X − Σ) is almost ω-free if and only
if X − Σ is not isomorphic to the once or twice punctured projective line.

Proof. Suppose first that X − Σ is not isomorphic to the once or twice punctured
projective line. Thus g ≥ 0, r := |Σ| ≥ 1, and either g ≥ 1 or r ≥ 3; hence
2g + r ≥ 3. Let E = (α : Π → G, f : Γ → G) be a finite embedding problem for
π1(X − Σ). Choose a prime number d that is greater than the order of Γ. The
surjection α : π1(X − Σ) → G determines a G-Galois cover Y → X that is étale
away from Σ. Pick τ ∈ Σ and set Σ′ = Σ− {τ}. Thus X − Σ′ is isomorphic either
to the projective line with at least two points deleted or else to a dense open subset
of a curve of genus at least one. Hence π1(X − Σ′) has a quotient that is cyclic of
order d, corresponding to a d-cyclic cover φd : Zd → X that is étale away from Σ′.
The unramified fibre φ−1

d (τ ) contains at least d points, and Σd := φ−1
d (Σ) contains

at least r− 1+ d > 0 points. Since Zd has genus at least g, the fundamental group
Π0 = π1(Zd−Σd) ⊂ π1(X−Σ) is free of rank at least 2g+(r−1+d)−1 > d. Also,
Zd → X is linearly disjoint from Y → X because they have no common subcovers,
the degree of Zd → X being a prime number greater than the degree of Y → X.
Thus α|Π0

: Π0 → G is surjective. Since the rank of Π0 is larger than the minimal
number of generators of Γ, by [FJ, Proposition 17.7.3] there is a proper solution to
the induced embedding problem E0 = (α|Π0

: Π0 → G, f : Γ → G). Thus π1(X−Σ)
is almost ω-free.
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Conversely, suppose that X − Σ is the once or twice punctured projective line
over k. In the former case X −Σ has no non-trivial étale covers, while in the latter
case every finite étale cover is itself isomorphic to the twice punctured projective
line. Thus any open subgroup Π0 of Π = π1(X − Σ) is either trivial or has rank
one. So given a finite embedding problem E = (α : Π → G, f : Γ → G) for Π such
that Γ is not cyclic, there is no proper solution to the induced embedding problem
E0 for any open subset Π0. Thus π1(X − Σ) is not almost ω-free. �

This result helps clarify the relationships among the conditions on a profinite
group being free, ω-free, and almost ω-free. For infinitely generated profinite
groups, every free group is ω-free (i.e. every finite embedding problem has a proper
solution) but not conversely, as noted in the introduction. Also, every infinitely
generated ω-free profinite group is (trivially) almost ω-free, and again the converse
fails, since the fundamental group of an affine curve in characteristic p is almost
ω-free by Theorem 6 but is not ω-free, as noted in the introduction. In contrast,
finitely generated free profinite groups Π are not ω-free, since an embedding prob-
lem E = (Π → G,Γ → G) cannot have a proper solution if the rank of Γ is greater
than that of Π. Concerning the almost ω-free condition, the above proposition has
the following consequence:

Corollary 8. A free profinite group of finite rank m is almost ω-free if and only if
m > 1.

Proof. A free profinite group of finite rank m ≥ 0 is isomorphic to the algebraic
fundamental group of the complex projective line minus m + 1 points. Thus the
result follows from the proposition above. �

Note that this corollary could alternatively be proved using the fact that an
open subgroup of index i in a free group of finite rank m is itself free of finite
rank 1 + i(m− 1) [RiZa, Theorem 3.6.2(b)]. Proposition 7 could then be deduced
using the fact that the fundamental group of an r-punctured curve of genus g (for
r > 0) is free of rank 2g + r − 1. On the other hand, while the proof given in
[RiZa, Theorem 3.6.2(b)] is purely group theoretic, that result can alternatively
be deduced easily from the Riemann-Hurwitz formula using fundamental groups
of affine curves in characteristic zero, just as Corollary 8 was deduced above from
Proposition 7.
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Publ. Math. IHES, 11, 1961. MR0217085 (36:177c)

http://www.ams.org/mathscinet-getitem?mr=2515387
http://www.ams.org/mathscinet-getitem?mr=2515387
http://www.ams.org/mathscinet-getitem?mr=0162796
http://www.ams.org/mathscinet-getitem?mr=0162796
http://www.ams.org/mathscinet-getitem?mr=2102046
http://www.ams.org/mathscinet-getitem?mr=2102046
http://www.ams.org/mathscinet-getitem?mr=0217085
http://www.ams.org/mathscinet-getitem?mr=0217085


EMBEDDING PROBLEMS AND OPEN SUBGROUPS 1153

[GM] A. Grothendieck, J.P. Murre. “The tame fundamental group of a formal neighborhood
of a divisor with normal crossings on a scheme”. Lecture Notes in Mathematics, 208,
Springer-Verlag, 1971. MR0316453 (47:5000)

[SGA1] A. Grothendieck. “Revêtements étales et groupe fondamental” (SGA 1). Lecture
Notes in Mathematics, 224, Springer-Verlag, Berlin-Heidelberg-New York, 1971.
MR0354651 (50:7129)

[GS] R. Guralnick, K. F. Stevenson. Prescribing ramification. Arithmetic fundamental

groups and noncommutative algebra, Proc. Sympos. Pure Math., 70, Amer. Math.
Soc., Providence, RI, 2002, 387–406. MR1935415 (2003i:14031)

[Ha80] D. Harbater. Moduli of p-covers of curves, Communications in Algebra 8 (1980),
1095-1122. MR579791 (82f:14010)

[Ha94] D. Harbater. Abhyankar’s conjecture on Galois groups over curves. Inventiones Math.
117 (1994), 1-25. MR1269423 (95i:14029)

[Ha95] D. Harbater. Fundamental groups and embedding problems in characteristic p. In
Recent Developments in the Inverse Galois Problem (M. Fried et al., eds.), AMS
Contemporary Mathematics Series, 186, 1995, 353-369. MR1352282 (97b:14035)

[Ha99] D. Harbater. Embedding problems and adding branch points, in “Aspects of Galois
Theory”, London Mathematical Society Lecture Note series, 256, Cambridge Uni-
versity Press, 1999, 119-143. MR1708604 (2000f:14042)

[Ha03a] D. Harbater. Abhyankar’s conjecture and embedding problems, Crelle’s Journal, 559
(2003), 1-24. MR1989642 (2004g:14031)

[Ha03b] D. Harbater. Patching and Galois theory. In Galois Groups and Fundamental Groups
(L. Schneps, ed.), MSRI Publications series, 41, 2003, Cambridge University Press,
313-424. MR2012220 (2004j:14030)

[Ht] R. Hartshorne. “Algebraic geometry”. Graduate Texts in Mathematics, 52, Springer-
Verlag, 1977. MR0463157 (57:3116)

[Iw] K. Iwasawa. On solvable exensions of algebraic number fields. Annals of Math. (2)
58 (1953), 548-572. MR0059314 (15:509d)

[Ja] M. Jarden. On free profinite groups of uncountable rank. In Recent Developments in
the Inverse Galois Problem (M. Fried et al., eds.), AMS Contemporary Mathematics

Series, 186, 1995, 371-383. MR1352283 (96g:12003)
[Ku08] M. Kumar, Fundamental groups in positive characteristic, J. Algebra 319 (2008), no.

12, 5178–5207. MR2423823 (2009k:14043)
[Ku09] M. Kumar, The fundamental group of affine curves in positive characteristic, 2009

manuscript, available at arXiv:0903.4472.
[Na] M. Nagata. “Local rings”. Interscience, 1962. MR0155856 (27:5790)

[Po] F. Pop. Étale Galois covers of affine smooth curves. The geometric case of a con-
jecture of Shafarevich. On Abhyankar’s conjecture. Inventiones Math. 120 (1995),
555-578. MR1334484 (96k:14011)

[Os] B. Osserman. Linear series and the existence of branched covers. Compos. Math.
144 (2008), no. 1, 89–106. MR2388557 (2009b:14056)

[Pr] R. Pries. Wildly ramified covers with large genus. J. Number Theory 119 (2006),
no. 2, 194–209. MR2250044 (2007c:14023)

[Ra] M. Raynaud. Revêtements de la droite affine en caractéristique p > 0 et conjecture
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