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CARLESON MEASURES ON DIRICHLET-TYPE SPACES

GERARDO R. CHACÓN

(Communicated by Richard Rochberg)

Abstract. We show that a maximal inequality holds for the non-tangential
maximal operator on Dirichlet spaces with harmonic weights on the open unit

disc. We then investigate two notions of Carleson measures on these spaces and
use the maximal inequality to give characterizations of the Carleson measures
in terms of an associated capacity.

1. Introduction

Given a positive Borel measure μ defined on the boundary of the unit disc ∂D,
let Pμ be positive the harmonic function defined on the unit disc D by

Pμ(z) =

∫ 2π

0

1− |z|2
|eit − z|2

dμ(t)

2π
.

Definition 1.1. The harmonic Dirichlet space Bμ consists of all real functions
f ∈ L2(∂D) such that

‖f‖2Bμ
:= ‖f‖2L2(∂D) +

∫
D

|∇(f)|2PμdA < ∞,

where ∇(f) denotes the gradient of the harmonic extension of f to D and dA
denotes the normalized Lebesgue area measure on D.

The Dirichlet type space D(μ) is defined as the space of all analytic functions
on D such that ∫

D

|f ′(z)|2Pμ(z)dA(z) < ∞.

If μ = 0, then define D(μ) = H2, the Hardy space on the unit disc. Notice that if
dμ = dm is the arc-length Lebesgue measure on ∂D, then the Dirichlet-type space
D(m) coincides with the classical Dirichlet space D.

Dirichlet-type spaces were introduced by Richter in [6] when he was investigating
analytic two-isometries. Richter showed that every analytic two-isometry T such
that dim kerT ∗ = 1 can be represented as muliplication by z on a Dirichlet-type
space D(μ). These spaces have been studied ever since by several authors; see for
example [2], [3], [4], [8], [10], [11], [12], [14] and [13].
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It is shown in [6] that the space D(μ) is contained as a set in the space H2.
Consequently a norm on D(μ) can be defined as

‖f‖2D(μ) := ‖f‖2H2 +

∫
D

|f ′(z)|2Pμ(z), dA(z),

and it can be shown that evaluation functionals are continuous on D(μ).

Definition 1.2. Given a function f on D, the non-tangential maximal function of
f is the function on ∂D defined by

N(f)(eiθ) := sup
z∈Γ(eiθ)

|f(z)|,

where Γ(eiθ) denotes the convex hull of the disk {|z| < 1/2} and the point eiθ.

In [3] and [4], Chartrand investigates some properties of Carleson measures on
Dirichlet-type spaces and proves a maximal-type inequality for the case in which μ
is a finitely atomic measure and in the case in which μ = wdσ, where σ denotes the
arc-length measure and w is a Muckenhoupt weight. Here we show that a maximal
inequality holds for the general case. This is our main theorem.

Theorem 1.3. Let μ be a finite, positive Borel measure on ∂D. Then there exists
a constant C > 0 such that for every f ∈ D(μ),

‖Nf‖D(μ) ≤ C‖f‖D(μ).

Once we have proved the maximal inequality, we can follow Stegenga’s approach
[15] and use appropriate capacities to characterize the Carleson measures for the
D(μ) spaces (Theorem 1.5).

We will say that a positive finite Borel measure ν is a Carleson measure for the
Dirichlet space D(μ) if there exists a constant C > 0 such that for every function
f ∈ D(μ) the following inequality holds:∫

|f |2dν ≤ C‖f‖2D(μ).

Definition 1.4. For any open set O ⊂ ∂D define the Bμ-capacity of O by

capBμ
(O) := inf{‖f‖2Bμ

: f ≥ 1 a.e. on O}.

Theorem 1.5. Let μ be a finite, positive Borel measure on ∂D. Then a positive
Borel measure ν is a D(μ)-Carleson measure if and only if there exists a constant
C > 0 such that for any open set O ⊂ ∂D

ν(T (O)) ≤ C capBμ
(O),

where T (O) := {z ∈ D : {eiθ : |eiθ − z/|z|| < 1− |z|} ⊂ O}.

2. The non-tangential maximal function on D(μ)

In this section, we will show an inequality for the local Dirichlet integral of the
non-tangential maximal function of a function in D(μ). First, we will reduce the
problem to one of the harmonic functions by using techniques that can be found in
[16] in which the case of the Dirichlet spaces Dp

α is considered.
In [7], Richter and Sundberg introduced the notion of a Local Dirichlet Integral:

Let f ∈ L1(∂D) and ζ ∈ ∂D. We assume that f(eit) equals the non-tangential limit
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of its Poisson extension whenever the latter exists. Let ζ ∈ D; the local Dirichlet
integral of f at ζ is given by

Dζ(f) =

∫ 2π

0

∣∣∣∣f(e
itζ)− f(ζ)

eit − 1

∣∣∣∣
2
dt

2π
.

If f(ζ) does not exist, then we set Dζ(f) = ∞.
Then the norm of the Dirichlet-type space D(μ) is given by

‖f‖2D(μ) := ‖f‖H2 +

∫
Dζ(f)dμ(ζ) < ∞.

We will show that for every f ∈ D(μ) we have that ‖f‖D(μ) ∼ ‖Ref‖Bμ
, and

consequently it will be enough to prove a maximal inequality for harmonic functions.
For that, we will use the following proposition.

Proposition 2.1 ([3, Prop. 2.9]). Let f be a harmonic function on D of the form
f = f+ + f−, where f+, f− ∈ D(μ), and f−(0) = 0. Then

∫
∂D

Dζ(f)dμ(ζ) =

∫
D

|∇(f)|2PμdA.

Now, with this in hand, we have that if f ∈ D(μ), then there exist harmonic
functions h1 and h2 such that f = h1 + ih2 and h1 satisfies the conditions of the
previous proposition. Moreover, since h1 and h2 are harmonic conjugates, then (see
[5], Theorem 4.1) ‖h2‖L2(∂D) � ‖h1‖L2(∂D). Consequently,

‖f‖2D(μ) = ‖f‖2H2 +

∫
D

|f ′|2PμdA

� ‖h1‖2L2(μ) + ‖h2‖2L2(μ) +

∫
D

|∇h1|2PμdA

� ‖h1‖2L2(μ) +

∫
D

|∇h1|2PμdA

= ‖h1‖2Bμ
.

On the other hand, it is clear that ‖h‖Bμ
� ‖f‖D(μ). Consequently, we have

that

(2.1) ‖f‖D(μ) ∼ ‖Ref‖Bμ
.

Now, we will use a truncation method to show the maximal inequality for func-
tions in Bμ and consequently in D(μ).

Let ϕ be a non-decreasing function in C∞
0 (R) which satisfies

ϕ(t) =

{
0, if t ≤ 1/2,
1, if t ≥ 1,

and consider the smooth truncation {Fj}∞−∞:

Fj(f) := 2jϕ

(
|f |
2j

)
, j = 0,±1,±2, . . . .
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Then for each j we have that

‖Fj(f)‖2L2(∂D) = 22j
∫
∂D

∣∣∣∣ϕ
(
|f(eit)|

2j

)∣∣∣∣
2
dt

2π

= 22j
∫
{|f |>2j−1}

∣∣∣∣ϕ
(
|f(eit)|

2j

)∣∣∣∣
2
dt

2π

≤ 22j |{|f | > 2j−1}|,

where for a set A ⊂ ∂D, |A| denotes the normalized Lebesgue measure of A on ∂D.
Consequently,

∞∑
j=−∞

‖Fj(f)‖2L2(∂D) ≤
∞∑

j=−∞
22j |{|f | > 2j−1}|

�
∞∑

j=−∞

∫ 2j

2j−1

2j−1|{|f | > 2j−1}|dt

�
∞∑

j=−∞

∫ 2j

2j−1

|{|f | > t}|tdt

=

∫ ∞

0

|{|f | > t}|tdt

= ‖f‖2L2(∂D).

Lemma 2.2. There exists a constant C > 0 such that

∞∑
j=−∞

‖Fj(f)‖2Bμ
≤ C‖f‖2Bμ

.

Proof. The corresponding inequality for the L2(∂D)-norm is shown above. Thus,
it is enough to show that there exists a constant C > 0 such that for any t, s ∈ R,

(2.2)
∞∑

l=−∞

∣∣∣∣Fl(f(e
it))− Fl(f(e

is))

eit − eis

∣∣∣∣
2

≤
∣∣∣∣f(e

it)− f(eis)

eit − eis

∣∣∣∣
2

.

The proof of this is done in [16]. We include it here for the sake of completeness.
Let j and k be integers such that 2j−1 ≤ |f(eit)| < 2j and 2k−1 ≤ |f(eit)| < 2k.
Without loss of generality we may assume that j ≥ k. Then for the case j = k
we use the Mean Value Theorem for the function ϕ to obtain that there exists a
constant c ∈ (0, 1) such that

∞∑
l=−∞

|Fl(f(e
it))− Fl(f(e

is))|2 = |Fj(f(e
it))− Fj(f(e

is))|2

= |ϕ′(c)|2||f(eit)| − |f(eis)||2

� |f(eit)− f(eis)|2

and inequality (2.2) holds.
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Now, if j ≥ k + 1, then we use the Mean Value Theorem twice to find two
constants c and d in (0, 1) such that

∞∑
l=−∞

|Fl(f(e
it))− Fl(f(e

is))|2 = |2k − Fk(f(e
is))|2 + |Fj(f(e

it))|2

= 22k|ϕ(1)− ϕ(2−k|f(eis|))|2

+22j |ϕ(2−j |f(eit)|)− ϕ(1/2)|2

= |ϕ′(c)|2(2k − |f(eis)|)2

+|ϕ′(d)|2(|f(eit)| − 2j−1)2

� (|f(eit)− f(eis)|)2 � |f(eit)− f(eis)|2

and inequality (2.2) also holds. �
Lemma 2.3. For all f ∈ Bμ we have the estimate∫ ∞

0

capBμ
({|f | > t})tdt � ‖f‖2Bμ

.

Proof. Since∫ ∞

0

capBμ
({|f | > t})tdt =

∞∑
j=−∞

∫ 2j+1

2j
capBμ

({|f | > t})tdt

≤
∞∑

j=−∞

∫ 2j+1

2j
2j capBμ

({|f | > 2j})dt

=
∞∑

j=−∞
22j capBμ

({|f | > 2j})

and 2−kFk(f) ≥ 1 on the set {|f | > 2k}, then using Lemma 2.2, we have that
∞∑
−∞

22k capBμ
({|f | > 2k}) ≤

∞∑
−∞

‖Fk(f)‖2Bμ
� ‖f‖2Bμ

. �

We will show that the operator N satisfies

Dζ(Nf) � Dζ(f).

For a function g ∈ L1(∂D) define the following function as

Mg(eix) := sup
1∈I

1

|I|

∫
I

|eit − 1||g(ei(x+t))− g(eit)|
|eix − 1|

dt

2π
,

where the supremum is taken over all the open intervals I ⊂ ∂D centered at 1. It
is well known (see for example [9]) that for every eix ∈ ∂D,

(2.3) sup
z∈Γ(1)

|g(zeix)− g(z)| � sup
1∈I

1

|I|

∫
I

|g(ei(x+t))− g(eit)| dt
2π

.

We will also need the following lemmas.

Lemma 2.4. Let g ∈ L1(∂D). Then for every λ > 0

∣∣{eix ∈ ∂D : Mg(eix) > λ
}∣∣ �

‖g‖L1(∂D)

λ
;

i.e. M maps L1(∂D) to weak-L1(∂D).
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Proof. Notice that

Mg(eix) ≤ sup
1∈I

∫
I

|g(ei(x+t))− g(eit)|
|eix − 1|

dt

2π

� 1

|eix − 1| ‖g‖L1(∂D).

Consequently,

{
eix ∈ ∂D : Mg(eix) > λ

}
⊂

{
eix ∈ ∂D :

1

|eix − 1| ‖g‖L1(∂D) > λ

}
,

and the result follows. �

By equation (2.3) we have that

sup
z∈Γ(1)

|z − 1| |g(ze
ix)− g(z)|

|eix − 1| � Mg(eix),

which, by the previous lemma, implies that the operator defined as

M̃g(eix) := sup
z∈Γ(1)

|z − 1| |g(ze
ix)− g(z)|

|eix − 1|

maps L1(∂D) to weak-L1(∂D).

Lemma 2.5. The sublinear operator M̃ maps L∞(∂D) to L∞(∂D).

Proof. Suppose g ∈ L∞(∂D). Then

M̃g(eix) = sup
z∈Γ(1)

|z − 1| |g(ze
ix)− g(z)|

|eix − 1|

∼ sup
0≤r<1

(1− r)

|eix − 1|

∣∣∣∣
∫ 2π

0

(
1− r2

|ei(t−x) − r|2 − 1− r2

|eit − r|2

)
g(eit)

dt

2π

∣∣∣∣
≤ sup

0≤r<1

(1− r)(1− r2)

|eix − 1|

∫ 2π

0

(
|2Re re−it(1− eix)|
|ei(t−x) − r|2|eit − r|2

)
|g(eit)| dt

2π

� sup
0≤r<1

(1− r)(1− r2)

|eix − 1|

∫ 2π

0

(
|2Re (re−it − 1)(1− eix)|
|ei(t−x) − r|2|eit − r|2

)
|g(eit)| dt

2π

+ sup
0≤r<1

(1− r)(1− r2)

|eix − 1|

∫ 2π

0

(
|2Re (1− eix)|

|ei(t−x) − r|2|eit − r|2

)
|g(eit)| dt

2π

� sup
0≤r<1

∫ 2π

0

(1− r2)2

|ei(t−x) − r|2|eit − r|
dt

2π
‖g‖L∞(∂D)

+ sup
0≤r<1

|eix − 1|
∫ 2π

0

(1− r2)2

|ei(t−x) − r|2|eit − r|2
dt

2π
‖g‖L∞(∂D)

� sup
0≤r<1

∫ 2π

0

(1− r2)

|ei(t−x) − r|2
dt

2π
‖g‖L∞(∂D)

+ sup
0≤r<1

|eix − 1|
∞∑

n=−∞
r|n|

∫ 2π

0

eint
1− r2

|ei(t−x) − r|2
dt

2π
‖g‖L∞(∂D).
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Consequently,

M̃g(eix) � ‖g‖L∞(∂D) + |eix − 1|‖g‖L∞(∂D) sup
0≤r<1

∞∑
n=−∞

r2|n|einx

= ‖g‖L∞(∂D) + |eix − 1|‖g‖L∞(∂D) sup
0≤r<1

1− r2

|eix − r2|2

� ‖g‖L∞(∂D). �

Now we can use the Marcinkiewicz Interpolation Theorem (see for example [17])

to conclude that the operator M̃ maps Lp(∂D) boundedly to itself for any 1 < p ≤
∞. Therefore, if a function f ∈ H1(D) is such that

Dp
1(f) :=

∫ 2π

0

∣∣∣∣f(e
it)− f(1)

eit − 1

∣∣∣∣
p
dt

2π
< ∞,

then the function g(eit) :=
f(eit)− f(1)

eit − 1
belongs to Lp(∂D) and

f(zeix)− f(z) = (zeix − 1)g(zeix)− (z − 1)g(z)

= z(eix − 1)g(zeix) + (z − 1)(g(zeix)− g(z)),

and consequently,

|f(zeix)− f(z)|
|eix − 1| ≤ |z||g(zeix)|+ |z − 1| |g(ze

ix)− g(z)|
|eix − 1| .

Hence,

(2.4) T (f)(eix) ≤ N(g)(eix) + sup
z∈Γ(1)

|z − 1| |g(ze
ix)− g(z)|

|eix − 1| ,

where T is defined as the sublinear operator

Tf(eix) :=
supz∈Γ(1) |f(zeix)− f(z)|

|eix − 1| .

Thus,

(Dp
1(Nf))

1/p ≤
(∫ 2π

0

(Tf(eit))p
dt

2π

)1/p

≤ ‖Ng‖Lp(∂D) + ‖M̃g‖Lp(∂D)

� ‖g‖Lp(∂D),

where we have used the fact that the operator N maps Lp(∂D) boundedly to itself.
Therefore for any 1 < p ≤ ∞,

Dp
1(Nf) � Dp

1(f),

and notice that if ζ ∈ ∂D, for f ∈ D(μ) we define g(z) := f(zζ); then Dζ(f) =
D1(g) and Dζ(Nf) = D1(Ng). Therefore, we have the more general equation

(2.5) Dζ(Nf) � Dζ(f),

where the constant involved does not depend on ζ. Finally, by equation (2.5)

we have that

∫
∂D

Dζ(Nf)dμ(ζ) �
∫
∂D

Dζ(f)dμ(ζ), and again using the fact that

‖Nf‖H2 � ‖f‖H2 , we have proved Theorem 1.3.
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This theorem answers a question asked by Chartrand [4] and generalizes Lem-
ma 3.12 of [4], where the result is proven for the case in which the measure μ is
absolutely continuous with respect to the Lebesgue measure and satisfies Mucken-
houpt’s condition.

3. Carleson measures on D(μ) spaces

In this section, we will characterize Carleson measures for the D(μ) spaces. In
order to do that, we will rely on results from the previous section. Specifically,
notice that from equation (2.1) we can conclude that a positive measure ν on D is
a D(μ)-Carleson measure if and only if there exists a constant C > 0 such that for
every h ∈ Bμ we have that ∫

D

|h(z)|2dν(z) ≤ C‖h‖2Bμ
.

Proof of Theorem 1.5. Suppose ν is a D(μ)-Carleson measure. By definition, there
exists a function h ∈ Bμ such that h ≥ 1 on O and ‖h‖2Bμ

≤ 2 capBμ
(O). Since

‖|h|‖Bμ
≤ ‖h‖Bμ

we can assume that h ≥ 0 on ∂D. Let O =
⋃

j Ij , where {Ij} are

disjoint arcs on ∂D. Note that T (O) =
⋃

j T (Ij). Now, since for any z ∈ T (Ij) we

have that h(z) ≥ 1
4π , then

ν(T (O)) ≤ (4π)2
∫
T (O)

|h|2dν ≤ (4π)2
∫
D

|h|2dν ≤ C‖h‖2Bμ
≤ C capBμ

(O).

Conversely, since ν({z ∈ D : |f(z)| > t}) ≤ ν(T ({N(f) > t})), then by the
hypothesis and the previous lemmas,∫

D

|f(z)|2dν =

∫ ∞

0

ν({z ∈ D : |f(z)| > t})tdt

�
∫ ∞

0

capBμ
(T ({N(f) > t}))tdt

� ‖N(f)‖Bμ

� ‖f‖Bμ
. �

In [3], Chartrand introduces the notion of a Carleson-type measure in a different
way than the one used here. We will refer to that condition as condition (Ch).

Definition 3.1 ([3]). A finite, positive Borel measure ν is said to satisfy condition
(Ch) for D(μ) if there exists a constant C > 0 such that for every f ∈ D(μ)∫

P (|f |2μ)dν ≤ C‖f‖2D(μ),

where P (|f |2μ) denotes the Poisson extension of the measure |f |2dμ to the unit
disc, i.e.

P (|f |2μ)(z) :=
∫
∂D

1− |z|2
|ζ − z|2 |f(ζ)|

2dμ(ζ).

In [4] Chartrand characterizes the measures ν that satisfy condition (Ch) for
measures μ that are either a finite sum of atoms or absolutely continuous with
respect to Lebesgue measure and satisfying Muckenhoupt’s condition. We will
show that Chartrand’s definition of Carleson measures (condition (Ch)) and the
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definition presented in these notes are different by exhibiting two examples. In
order to do that, we will need a result from [4].

Proposition 3.2. Let μ =
∑

akδζk , a finite sum of atoms on ∂D. Let ν be a
finite, positive, Borel measure on D. Then ν satisfies condition (Ch) if and only if

Sν(ζk) < ∞ for each k, where Sν(ζ) :=
∫
D

1−|z|2
|ζ−z| dν(z).

Example 3.3. Suppose μ = δ1. We will show that ν is a D(δ1)-Carleson measure
if and only if |z − 1|2dν is a Carleson measure for the Hardy space H2.

Suppose ν is a D(δ1)-Carleson measure and let g ∈ H2. Define f(z) := (z −
1)g(z). Then f ∈ D(δ1) and

∫
|z − 1|2|g(z)|2dν(z) =

∫
|f |2dν

� ‖f‖2H2 + ‖g‖2H2

� ‖g‖2H2 .

Hence, |z − 1|2dν(z) is a Carleson measure for the Hardy space.
Conversely, suppose |z− 1|2dν(z) is an H2-Carleson measure and let f ∈ D(δ1).

Then g ∈ H2, where g(z) :=
f(z)− f(1)

z − 1
and

∫
|f |2dν =

∫
|f(1) + (z − 1)g(z)|2dν

� |f(1)|2ν(D) +
∫

|z − 1|2|g(z)|2dν(z)

� ‖f‖2D(δ1)
+ ‖g‖2H2

� ‖f‖2D(δ1)
.

Now, for i ∈ Z
+ consider the sequences ri := 1 − 1

i
and ai :=

1

i2
. Take ν =∑∞

i=1 aiδri . Note that
∑

ai < ∞ and consequently ν is a finite measure. Moreover,
if I ⊂ ∂D is an interval such that 1 ∈ I, then

∫
S(I)

|z − 1|2dν(z) =
∑

ri>1−|I|
ai|ri − 1|2

≤ |I|2
∞∑

i>1/|I|

1

i2

� |I|.

Therefore |z−1|2dν(z) is an H2-Carleson measure and hence ν is a D(δ1)-Carleson
measure. However, by Proposition 3.2 ν satisfies condition (Ch) if and only if
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∫ 1−|z|2
|1−z|2 dν(z) < ∞. However,

∫
1− |z|2
|1− z|2 dν(z) =

∞∑
i=1

1− r2i
(1− ri)2

ai

=
∞∑
i=1

1 + ri
(1− ri)

ai

�
∞∑
i=1

1

i
= ∞.

So, ν is a D(δ1)-Carleson measure but does not satisfy condition (Ch).

On the other hand, define the sequences si :=
1

3i
− 1 and bi :=

1

2i
. Then the

measure σ =
∑∞

i=1 biδsi is finite.
Now, consider for each non-negative integer k the interval Ik ⊂ ∂D centered at

−1 and with length |Ik| =
1

3k
. Then

∫
S(Ik)

|1− z|2dσ(z) =
∑

ri<|Ik|−1

(1− si)
2bi

�
∞∑

i=k+1

1

2i
=

1

2k
.

Thus,

∫
S(Ik)

|1− z|2dσ(z)
|Ik|

≥
(
3

2

)k

→ ∞ when k tends to infinity. Hence σ is not

a D(δ1)-Carleson measure. However, σ satisfies condition (Ch):
∫

1− |z|2
|1− z|2 dσ(z) �

∞∑
i=1

1

2i
< ∞.
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