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ABSTRACT. In the present paper, we will derive the Liouville theorem and the
finite dimension theorem for polynomial growth harmonic functions defined on
Alexandrov spaces with nonnegative Ricci curvature in the sense of Kuwae-
Shioya and Sturm-Lott-Villani.

1. INTRODUCTION

In the 1970s, Yau [26] proved the Liouville theorem for harmonic functions on
complete Riemannian manifolds with nonnegative Ricci curvature, i.e. manifolds
for which there does not exist any nontrivial, positive harmonic function, then con-
jectured in [27], [28] that the linear space of polynomial growth harmonic functions
with a fixed rate is finite dimensional. In 1997, Colding-Minicozzi provided an af-
firmative answer in [3] by the uniform Poincaré inequality and later obtained the
optimal dimension estimate in [4]. In [12], Li used the mean value inequality to
simplify the proof. Moreover, his argument can be applied to other cases such as
manifolds with nonnegative Ricci curvature outside some compact subset (cf. [24]).

Hua [6] generalized the Liouville theorem to Alexandrov spaces with nonnegative
sectional curvature by the Nash-Moser iteration (cf. [15], [5] or [21]). In the present
paper, we generalize the previous results to Alexandrov spaces with nonnegative
Ricci curvature in the sense of Kuwae-Shioya and Sturm-Lott-Villani. In fact, we
prove the uniform Poincaré inequality on such spaces and derive the mean value
inequality for subharmonic functions by the Nash-Moser iteration. The ingredient
of the proofs involves global properties of harmonic functions depending only on
the volume growth property.

In the framework of Colding-Minicozzi [3], [4] and Li [12], one key point is to
consider a class of inner products on the subspace of polynomial growth harmonic
functions. On Riemannian manifolds, by means of the unique continuation property
of the solution to elliptic partial differential equations with smooth coefficients, the
integration over Bpg, i.e. (u,v)g = [ By WU is naturally an inner product for any
R. However it is still open for Alexandrov spaces endowed with intrinsic metrics
of low regularity (DC-differential structures, BV-Riemannian structures; cf. [I7]).
In order to overcome the difficulty, we shall derive the key Lemma [3.4] which states
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that the above integrations are inner products for sufficiently large R in Alexandrov
spaces.

Throughout the present paper, we denote by X an n-dimensional Alexandrov
space with Sec > —x (k > 0) and satisfying the infinitesimal Bishop-Gromov
volume comparison BG(0), i.e. Ric > 0 in the generalized sense; see Definition
and Remark 23] below.

Our main results are as follows:

Theorem 1.1 (Liouville Theorem). Let X be an n-dimensional Alexandrov space
with generalized nonnegative Ricci curvature. Then it does not admit any noncon-
stant, positive, harmonic function.

For some fixed p € X, we denote the distance function by r(xz) = d(p, z) and set
the space of polynomial growth harmonic functions with degree less than or equal
to d as

HY(X) = {u | wis harmonic, |u(z)| < C(ri(z) 4+ 1)}.

Theorem 1.2 (Finite Dimension Theorem). Let X be an n-dimensional Alezandrov
space with generalized nonnegative Ricci curvature. Then dim H4(X) < C(n)d"~!,
where the constant C'(n) depends only on the dimension n.

2. PRELIMINARIES

Definition 2.1 (Alexandrov Space; cf. [2] or [I]). A length space is called an
Alexandrov space with sectional curvature bounded from below by & (x € R) if the
Toponogov triangle comparison property holds locally on such a space with respect
to the model space of constant curvature x.

There is a natural extension map by geodesics on the Alexandrov space X. For
fixed p € X, 0 <t < 1, the extension map is denoted by ®,: : X D Wy = X,
where x € W), ; if and only if there exist some y € X and a minimal geodesic py
such that « € py and d(p,z) : d(p,y) =t : 1; then we define &, ,(z) = y. By the
Alexandrov convexity such a y is unique and the map is well defined.

The following is one of the definitions of generalized Ricci curvature on Alexan-
drov spaces.

Definition 2.2 (BG(0); cf. [9]). An n-dimensional Alexandrov space X satisfies
the infinitesimal Bishop-Gromov volume comparison BG(0) at point p € X if

A(®p 1 H™)(2) > t"dH" (2),

for any x € X, 0 <t <1, where ®, 4, H" is the push-forward measure by ®,, of
the n-dimensional Hausdorff measure H™. We say that X satisfies the condition
BG(0) if it holds everywhere.

Remark 2.3. In addition, Sturm [22], [23] and Lott-Villani [T4] defined another kind
of generalized Ricci curvature, i.e. the curvature-dimension condition C'D(0,n) on
a metric measure space (X, d, m) via optimal transport. For Riemannian manifolds
(M,d,H™), the curvature-dimension condition C'D(0,n) is equivalent to Ric > 0
and dim M < n (cf. [23], [14] or [25]). For Alexandrov spaces (X, d, H"), Petrunin
proved that Sec > 0 implies CD(0,n) (cf. [I8]), which indicates that the Ricci
curvature definition via optimal transport is compatible with the definition in the
sense of Alexandrov. On Alexandrov spaces, the condition BG(0) is weaker than
the curvature-dimension condition CD(0,n) (cf. [23]). Hence, for global properties
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of harmonic functions, it suffices to consider BG(0). In the sequel, we always call
BG(0) the generalized nonnegative Ricci curvature.

Next we recall some basic definitions of harmonic functions on Alexandrov spaces
(cf. [6], B8] or [19]). For some precompact domain 2 € X, the Sobolev space
WL2(Q) (W,?(Q)) is defined as the closure of Lipschitz functions (with compact
support in ), Lip(Q) (Lipy(§2)), with respect to the norm

el 1.2 = /Q (u® + [Vul?).

Moreover, u € Wlif (X) if u € WH2(Q) for any precompact domain Q2 € X.

Definition 2.4. A function v : X — R is harmonic (subharmonic, superharmonic)
ifue VVlloc2 (X) such that V ¢ € Lipy(X) and ¢ > 0, we have

(2.1) / Vu-Ve=0(<0,>0).
X

The infinitesimal Bishop-Gromov volume comparison BG(0) implies the follow-
ing Bishop-Gromov volume comparison theorem.

Theorem 2.5 (Bishop-Gromov; cf. [9]). Let X be an n-dimensional Alezandrov
space with generalized nonnegative Ricci curvature. Then ¥V p € X,V 0 <r <71/,
we have

H"(B(p,7")) _ 7'\n
(2.2) T (Bp.r) < (7) ;
(2.3) H"(B(p,2r)) < 2"H"(B(p,7)).

3. POINCARE INEQUALITY AND PROOFS OF THE MAIN RESULTS

Poincaré inequality. By the general theory of the Poincaré inequalities on metric
spaces, following Saloff-Coste [20], we obtain the uniform Poincaré inequality on
Alexandrov spaces with nonnegative Ricci curvature (cf. [0]).

Theorem 3.1 (Uniform Poincaré Inequality). Let X be an n-dimensional Alexan-
drov space with generalized nonnegative Ricci curvature. Then there exists a con-
stant C' = C(n), such that ¥V u € WL*(X), ¥V z € X,V r > 0, we have

(3.1) / lu —upl? < CT2/ |Vul?,
B(x,r) B(z,r)

where ug = m fB(r,r) u.

First we recall a lemma (Lemma 4.2 in Kuwae-Machigashira-Shioya [§]). Denote
by vy (t),t € [0, 1] a minimal geodesic joining = and y with parameter proportional
to the arclength. Note that for almost all (z,y) € X x X, there is a unique minimal
geodesic joining x and y (cf. [I0] or [16]).

Lemma 3.2. Let X be an n-dimensional Alexandrov space with generalized nonneg-
ative Ricci curvature. ThenV x € X, r > 0, nonnegative functionu : B(x,r) — RT
and t € (0,1], we have

" 1 u(z "(z
(32) [ o ar ey < g [ )
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Proof. This is straightforward by the infinitesimal Bishop-Gromov volume compar-
ison BG(0). O

The uniform weak Poincaré inequality follows from the previous lemma. For
simplicity, we always denote dy = dH™(y).

Lemma 3.3. Let X be an n-dimensional Alexandrov space with generalized non-
negative Ricci curvature. Then ¥V u € Wllo’f(X), VeeX,Vr>0, we have

(3.3) / = up|? < 2n+2r2/ T2,
B(z,r) B(z,3r)

Proof. 1t suffices to consider u € szloc . We have

~ual — u(z)|dyd
/B<z,r> vl B(x,7) |/ / [uly) — u(z)|"dydz
r 2
B0 /s /s o [Vl (0) Py
82 1 ,
~ Bl /B /B /1 Vel (D) dtdyd.

The last equality follows from a change of variable ¢ = 1 —t on [0,1/2], by using
the symmetry of y and z in the integrals and 7, (t) = 7,,(1—t). That is the crucial
trick, which is due to Korevaar and Schoen [II]. Then by Lemma B2l we get

IN

82 !
wousf < e [y [ wa.0)P:
/B(m,r) |B(I7T)| B(z,r) 1/2 B(y,2r) .
8r2 Y1
< o dy/ —dt/ |Vu(w)|*dw
|B(£C,T')| B(z,r) 1/2 tr B(y,2tr)
812 '
< 8 dy/ —ndt/ |u(w) 2dw
|B($,T)| B(z,r) /2t B(z,3r)
on+2,.2
< dy/ |Vu(w)|*dw
|B(:17 T)| B(z,r) B(z,3r)
= 2"+2r2/ |Vul?,
B(x,3r)
which proves the uniform weak Poincaré inequality. (Il

Proof of Theorem Bl By the Whitney-type covering argument (cf. Corollary 5.3.5
n [20]), the uniform weak Poincaré inequality (33]) is improved to the uniform
Poincaré inequality as follows:

(3.4) / lu —upl? < C’(n)r2/ |Vul?.
B(z,r) B(z,r)
(]

Proofs of the main results. In what follows we shall provide the proofs of the
main results of the present paper.

Proof of Theorem [Tl By the uniform Poincaré inequality (BI) and the volume
doubling property (2.3]), we use the Nash-Moser iteration to obtain the uniform
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Harnack inequality and the Liouville theorem (cf. [6]). The details are included in
the Appendix of this paper. |

In order to prove the finite dimension theorem for polynomial growth harmonic
functions, we need the following lemma.

Lemma 3.4. For any finite dimensional subspace K C H(X), there erists a
constant Ry(K) depending on K, such that for V R > Ry,

(u,v) _/BRW

Proof. We shall prove the lemma by contradiction. Let {u;}¥_, be a basis of K.
Suppose the lemma is not true. Then there exists a sequence R; — oo (j — 00)

is an inner product on K.

and u; = Ele a?ui # 0 such that [ Br. u? = 0. Without loss of generality, we may
J
assume that Zle(a§)2 = 1. By the compactness of the unit sphere S¥~! c R,

there exists a subsequence a§- such that
aé = b (j = o0).
Then
k .
(3.5) > o) =1.
i=1
Then with u = Y, b'u;, it follows that for any R > 0,

/ ul — u?;
Br Br

thus fBR u? = 0; u|p, = 0. Since this holds for arbitrary R, u = 0 on X, which
contradicts ([33]), and hence the lemma follows. O

Remark 3.5. One key point of Colding-Minicozzi and Li’s arguments to prove the
finite dimension theorem for polynomial growth harmonic functions is that || By UV
is an inner product on K for any R. For fixed R, fBR u? = 0 implies u|p,, = 0, but
not v = 0 on X, since the unique continuation property of harmonic functions is
unknown on Alexandrov spaces. However this lemma states that for a fixed sub-
space K, the integration over Bp is an inner product on K for sufficiently large R.
Then by Colding-Minicozzi and Li’s arguments, we obtain the uniform dimension
estimate, which does not depend on K, and hence the finite dimension theorem
follows. In what follows, we shall indicate a proof of the finite dimension theorem
by Colding-Minicozzi’s argument and provide a detailed proof by Li’s simplified
argument respectively.

Proof 1 of Theorem [[2 By Lemma [B4] the Poincaré inequality (B.I]) and the rel-
ative volume comparison ([Z2)), we can use Colding-Minicozzi’s argument in [4]
without essential modification on Alexandrov spaces with nonnegative Ricci cur-

vature. The dimension estimate is asymptotically optimal, i.e. dim H¥(X) <
C(n)d"1. O

By the Nash-Moser iteration, we obtain the mean value inequality on Alexandrov
spaces with generalized nonnegative Ricci curvature.
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Theorem 3.6 (Mean Value Inequality; c¢f. Theorem [A.2] in the Appendix). Let
X be an n-dimensional Alexandrov space with nonnegative Ricci curvature. Then
there exists a constant C(n), for any harmonic function w on X and p € X such
that

|
(3.6) e )] /BR@) -

Following Li’s mean value inequality argument in [I2] or [13], we shall prove the
next two lemmas on Alexandrov spaces (cf. Lemma 13.3, Theorem 13.4 in [13]).

Lemma 3.7 (Li). Let X be an n-dimensional Alexandrov space with generalized
nonnegative Ricci curvature and let K be a k-dimensional subspace of HY(X). For
p € X,8> 1,0 >0,Ry > 0, there ezists R > Rqy such that if {u;}¥_, is an
O;thonormal basis of K with respect to the inner product Agg(u,v) = fBﬁR(p) uv,
then

k
Z/ W2 > kF-(2dants),
i=1 Br(p)

Proof. For each R > 0, let Ag be the bilinear form defined on K given by Ag(u,v) =
fBR(p) wv. By Lemma[3.4] it suffices to consider Ag for R > Ry(K') which are inner

products on K. Let us denote by trp: R (detg: R) the trace (determinant) of the
inner product Ar with respect to Ag/, i.e. the trace (determinant) of the following
matrix:

(Ar(vi,v5))ij=1, k>

where {v;}¥_, is an orthonormal basis of K with respect to the inner product Ag;.
Suppose the lemma is not true. Then there exist p, 3, J, Ry, such that V R > Ry,

k
trgr Ap = Z/ ’U,? < ]{/,B—(Qd-i-n-i-é)7
i=1 Br(p)

where {u;}¥ ;| is an orthonormal basis of K with respect to Agg. On the other
hand, the arithmetic-geometric means asserts that

(detsr AR)*t < % < p~(2d+ntd)

Since detgr Ar = , we have

D S
det g AgR
detp AﬁR > ﬂk:(2d+n+6).

Replacing R by R,BR,---,B3’R,---, and noting that detgr, Ag,detr, Ag, =
detr, Ar,, we obtain

(3.7) detr Agip > fIFEITNTO),

By the polynomial growth assumptions on K and the volume growth condition,
(3.8) detg Agip < kICT(BI R)FZdm),

This contradicts [B7) as j — oo, and hence the lemma is proved. O

Lemma 3.8 (Li). Let X be an n-dimensional Alexandrov space with generalized
nonnegative Ricci curvature and let K be a k-dimensional subspace of HY(X). Then



HARMONIC FUNCTIONS ON SINGULAR SPACES 2197

there exists a constant C(n) such that for any basis of K, {u;}f_,,Vp e X,R >
0, 0<6<—, we have

k

>/ wzcmen sp | 2,
i—1 Y Br(p) w€(AU) Y B1yo)r(P)

where (A, U) = {v =73, au;, >, a? =1}.

Proof. For fixed © € Bg(p), we set K, = {u € K | u(x) = 0}. The subspace
K, C K is of at most codimension 1, since for any v,w ¢ K, v — U((w))w e K,.

Then there exists an orthogonal transformation mapping {u;}*_, to {v;}*_,, where
v; € K, i > 2. By the mean value inequality (B.6]), we have

k
douia) = Yovi@) =vil@)<C 2

i—1 B(ite)r—r(a) (%)

(3.9)

IN

C‘B(1+6)R—T($)($)|71 sup / uz’
u€(A,U) Y B1teyr(P)

where r(x) = d(p, z). For simplicity, denote V,,(t) = |Bi(p)| and A,(t) = |0B.(p)|.
By the Bishop-Gromov volume comparison (2.2]), we have

(1+eR—r(z) (I+eR—r(z),,
R R )" Vo(R).

Hence, substituting it into ([3.9]) and integrating over Br(p), we have

02”
(3.10) Z/ u? <7 sup / u2/ (14— R 'r(z)) "da.
Br Vo(R) we(a) JBoyon®)  JBrm)

Define f(t) = (1+e— R~'t)™™. Then f'(t) = %(1+e— R~ ')~("*) >0 and

R
/ f(r(z))dz = / F() Ay (t)dt
Br(p) 0

Since A,(t) = Vz; (t) a.e., integrating by parts we obtain

R
/ 1) = POVt & - / Vi (t) (1)t

Noting that f’(t) > 0 and the Bishop-Gromov volume comparison (Z2]), we have

f : Vo(R) [T
/OVp(t)f Wit > 7/ P (1) dt

0

Va((L+ )R —r(x)) = ( )"Va(2R) = (

R
= TR0 - [ s,

Therefore

/ f(r(x))dx<M/Rt("‘”f(t)dm "y (R)e (1),
Br(p) R/

Combining this with (3I0]), we prove the lemma. O

By the previous two lemmas, we obtain the optimal dimension estimate and
prove the finite dimension theorem for polynomial growth harmonic functions.
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Proof 2 of Theorem [L2. For any k-dimensional subspace K C H%(X), we set 3 =
1+e. Let {u;}¥_; be an orthonormal basis of K with respect to Agg. By Lemmal[3.7]

we have
k

Z/ u? > k(1 4 €)= (@dtn+o),
Br(p)

i=1
Lemma [3.8] implies that
k

Z/ u? < C(n)e” 1),
Br(p)

i=1

Setting € = ﬁ and letting § tend to 0, we have

1 1
3.11 kE<Cn) (=)~ "V 4 =)@+ < ognt,
(3.11) < O)(55) (1 4 o) <
Noting that ([BII) holds for arbitrary subspace K, we prove the theorem. O
APPENDIX

In this Appendix, we outline the proof of the Liouville theorem for harmonic
functions by the Nash-Moser iteration on Alexandrov spaces with nonnegative Ricci
curvature (see [6] for details). First we derive the Sobolev inequality.

Theorem A.1 (Sobolev Inequality). Let X be an n-dimensional Alexandrov space
with generalized nonnegative Ricci curvature. There ezists a constant C = C(n)
such thatVpe X,V r >0, B:=B(p,r), u € Wol’z(B), we have

(A1) (]éu%)% < cﬁ]i Vul?,

where x = -5 (n>3),x > 1 (n=2) andeuz ﬁfBu'

n

Proof. By means of the standard pseudo-Poincaré technique (see Theorems 5.2.3
and 3.2.9 in Saloff-Coste [20]) and the relative volume comparison (Z2]), we obtain
the Sobolev inequality; see [6] for details. O

As long as the Poincaré and Sobolev inequalities are obtained, the standard
Nash-Moser iteration can be carried out (cf. [I5] or [7]). We shall carry out the
estimates in all geodesic balls because the scaling technique is not suitable here.

Theorem A.2. Let X be an n-dimensional Alexandrov space with generalized non-
negative Ricci curvature. For any subharmonic function v on X and ¥V p > 0,
0 < 8 <71 <1, there exists a constant C = C(n,p,0,T) such thatV Br := B(x, R),

1/

(A.2) supu < C(][ |u|p) g
Bor B:r

Proof.

Step 1. We prove the theorem for p > 2. Set v+ = max{u,0}, u = u™ + k for some
k > 0, and for some m > 0,

o = U, u<m,
™ k+m, u>m.

Note that Vi, = Vu = Vu a.e. 0 < u < m; otherwise Vu,, = 0 a.e.
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Set the test function ¢ = n2(ala — kPt) € Wy *(Bg) for any 8 > 0, €
Lipo(Br) and n > 0. A direct calculation shows that

OZ/Vu Vo > = / 5|Vu|2+ﬂ/77 um|Vum|2—2/ﬂfl|ﬂ|2\V77|2,

1
(A.3) 5/rﬁaf%|va|2+ﬁ/n al |Vi,)? < 2/af’n|a|2|vn|2.
8
By setting w = 43,4, (A3) implies that

(A4) / 19 () 2 < 18(5 + 1) / w72,

For given 0y < 0, any 6y < a < b < 1, we choose 0 <1 € Lipg(Byr), 0 |B,s=1
and |vy| < % The Sobolev inequality (AJ) and the Bishop-Gromov volume

comparison 15 £ ‘ § - < g L imply that
Bu.r 05

2x x _ C(n,00)(8 2
(]{BGRM ) < (bo_)a);—l)]émw-

By setting v = S + 2 > 2 and letting m — oo, it follows that

Wy ()T GER (L)

We start the Moser iteration as follows. Set r; = R + (;i?)R and v; = px

fori=1,2,...,and I; = (JCB,“ |ﬂ7)71% Then

2=

i—1

C Yo oy izt a1
(A.6) I, < (m) iy H(ryj —1)% L.

Noting that > L 5 < < 75 ZJ L < C(n,p) and

1

H —1‘*1J<nyj%§ ’YJXZJ’*J < C(n,p),

and letting i — oo, kK — 0 in (AXG), we obtain

suput < C(n,p, 9@(@%}3 (u+)p) Up.

Byr

Step 2. For the case p < 2, noting that by Young’s inequality

1/2
suput < C(n,ﬁo)(;]{B (u+)2)
TR

Bor (r—0)"
1 1-2 1/2
< 07" + ][ +\p
< Cogr(swat) “(f, @)
1 C(n,p,00) 1/p
A7 < csuput + —F 5 ][ ut)? )
(A1 = 25 (r—0)» ( BTR( : )

we prove the theorem by the following lemma (cf. Lemma 4.3 in [7]).
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Lemma A.3. Let f be a nonnegative and bounded function on [ro, 1] with 79 > 0.

Suppose for o <t < s <1 we have
A
< — __ +B
) 07(6) + s +

for some 6 € [0,1). Then for any 19 <t < s < 1,
A

< —— + B}. O
) < 0. 0) {5 + B)

Theorem A.4. Let X be an n-dimensional Alexandrov space with generalized non-
negative Ricci curvature. For any nonnegative superharmonic function u on X and
VO<O<7<1,0<p< "5, there exists a constant C = C(n,p,0,7) such that
YV Bgr := B(z, R),
. 1/p
(A.8) inf u > C(][ |u|p) .
Brr

Bor
Proof.

Step 1. The theorem holds for some py > 0. Set @ = u+ k > 0, for some k£ > 0.
By letting & — 0, it suffices to prove the theorem for . Set v = w~!, the test
function ¢ = ﬂ% for any ¢ € W01’2(X) and ¢ > 0. A direct calculation shows
that v is subharmonic. By Theorem [A2 V p > 0, 0 < § < 7 < 1, there exists
C =C(n,p,0,7) such that

1/p
supng(][ \v\p> ,
Bor B:r

preze(f, )t e, e, ) (f, )"

TR

(A.9)

It suffices to prove that for some po(n,7) > 0,

(A.10) ][ |ﬂ\*p°][ [a|Pe < C(n,T).
Brr B:r
By setting w := log @ — 1, where pu = f, . log, (A-10) follows from

(A.11) ][ erolvl < O(n, 7).
Brr
Note that )
(6%
epo\w| :1+p0|w‘+w+...+%+... ,

where o € N. Hence it suffices to estimate every term of the expression

][ (pow])*
B.r ol

First we derive the inequality for w. For any ¢ € WOLQ(X) and ¢ > 0, set the
test function p?u~!. A direct calculation shows that

(A.12) /<,02|Vw|2 §4/|V30\2.

Choosing ¢ |p.,= 1, suppy C Br and |Vp| < ﬁ, we obtain

4
LR — > PN
|1l < o Bl
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Noting that | B, W =0, we get by the Poincaré inequality that

(A.13) ][ lw|? < C(n)72R2][ |vw[?> < C(n, 1) Brl oL o C(n,7),
Brr Brr |B- k| T

which is the required estimate for a = 2.

Claim A.5. For any 7’ € (7,1) we have
(A.14) ][ |w* < C(n,1,7").
B,ig
Proof of Claim [A.5. Choosing ¢ |p_,,= 1 and suppy C Bg, we have

4
Vwl? < ——|Bpg|.
/BT/R| s P

The Poincaré inequality yields

f

Hence noting that fB Lw=0,we obtain

f w? < c<e>f w—wp,, 2+ (14 Ows,,
B

'R
|B-r\B-R| w2,

|B7'/R B_p

v — wg,, | < C’(n)(T'R)ZJ[ 9wl < C(n, ).

'R B.ig

-

(A.15) < C(n,7e)+(1+e)

By the Bishop-Gromov volume comparison (2.2)), it follows that

|BT/R\BTR‘ |BTR| T\"
A.16 —_—=1-——<1-(=) .
( ) |B7-IR| |B.,-/R| - (T/)
By choosing € = €(7,7’) such that (1+¢€)(1 — (Z)") < 1, the claim follows from
(A.15) and (A.1G).

Next we turn to estimate fp N |w|* for any «a > 2. Set the test function ¢ =
Clw|?Pat, where B > 1, ¢ € Lipg(X) and ¢ > 0,

m, w > m,
Wy =9 w, |w] <m,
-m, w<-—m.

By Young’s and the Hélder inequalities, a direct calculation shows that
[ 190l < 1682 [ on?1ve? + 228 [ vl

By letting m — oo, Young’s inequality and (A12)) imply that

(A17) [1vetopye < 2s{csp? [ v+ 52 [ upiver).

For any 7 < a < b < 1, choose ¢ |g,,= 1, supp{ C Bpr and |V(¢| < m. It
follows from the Sobolev inequality (AJ) that

(£, 1op)* < DO o f s},

bR
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Now we start the Moser iteration as follows. Setting ; = 2x" "', r; = (1+157)R

and I; = (fBT' \wﬁ)ﬁi fori=1,2,..., we have

Iy, < CX (Hﬁiﬁ)Q(iﬁj +11)-
j=1

. 1 [
Noting that - 4- < C, [[8;* < C and Y B; < CBit1, we obtain
K ]:1

Ly <C(n, 7)(Bigr + ).

For any integer a > 2 (the estimate of a = 0,1 is trivial), there exists ¢ > 1, such
that 8; < a < Bi+1. Then by the Holder inequality and the Bishop-Gromov volume
comparison, this implies that

(f )" < (f

(A.18) < Cla+ 1) < Cy(n,1)a.

IA

1
ﬁi+1> Pt < C(Biy1+ 1)

1
The last step follows from I} = (fB |w|2) > <C(n,7) for 7' = HTT
'R
Hence, for any a > 2, Sterling’s formula implies that

][ (polwl)® < (PoCocx)®
Brr

al - al

< (poCoe)”.
Choosing py = (2Cpe) !, we draw the conclusion that

11
ol < LR S |
]iTRe _C(1+2+4+. )_C(n,T)

_n_

5, by iteration it suffices

Step 2. In order to prove the theorem for any 0 < p <
to prove the following claim.

Claim A.6. Forany < 3 <lp < 1,and 0 < po < p1 < there exists a

constant C' = C(n, 1,12, p1, p2,0) such that

_n_
n—27

(A19) (f @) <o(f @)
By r Biyr

Proof of Claim [A.8l. By setting the test function ¢ = a=#¢? for 3 € (0, 1), a direct

calculation shows that
4
—B—1 202 1 2
/u p-1¢2|vg| Sﬁ/u By cl2.

Let y=1— 4, w=az. Then it follows that

2 4 11)2 2
[ 9w < = [wlvet

For any 6 < a < b < 1, by choosing ¢ |p,,= 1, supp( C Byg and |V(| < m,
the Sobolev inequality (A.J)) yields, for any v € (0, 1),

(A.20) (]{BQREWX)W<(%)V(]€BMQV>?
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We start the Moser iteration as follows. Setting v, =13 + 122;_1117 r; = pax' ! and
1
L= (f, _Rfﬂi)%‘, fori=1,2,..., we have
S
0321 Vi
Iy < Ih.
2 2 A% 1

(1) 5 (1T (1= ) 7

For 0 < pa < p1 < %5, we may assume po < 1. There exists i > 1 such that
v < p1 < Yi+1. Hence by the Holder inequality and the Bishop-Gromov volume
comparison, we have

r ci=r
][ )" < Ol < : I
By, r 2 :1% i W1 2
(la—=11) 7 [T (1 =)
j=1

o ¢ 1 i 1 n
Noting that WL < C(p1,p2), [TA=7;)" > [T =p1) > (1 —p1)2z, we
g=1" j

prove the claim

(][BHR l_tpl)% < C(”,lhlz,phm,e)(][

Bi,r

a1
— P2
up2) .

Our conclusion follows directly from Step 1 and Step 2. O

Now Theorems and [A.4] imply the uniform Harnack inequality.

Theorem A.7 (Harnack Inequality). Let X be an n-dimensional Alezandrov space
with generalized nonnegative Ricci curvature. For any nonnegative harmonic func-
tion u on X and r > 0, there exists C = C(n) such that

(A.21) supu < Cinfu.
B, B
Proof. The theorem follows by choosing § = 1, 7= % and p = 1. O

It follows from Saloff-Coste [20] that the uniform Harnack inequality (A-2)
implies the Liouville Theorem.

Proof of Theorem [ILIl For v > 0, we know infyx v > 0. Applying the uniform
Harnack inequality to (u — inf x u), we have

—infu) < Cinf(u — inf
SEP(u i u) < inf (u inf w)
for any r > 0, and C does not depend on r. By letting r — oo, we observe that the
right-hand side of the inequality tends to zero. Hence v = inf x v = constant. [
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