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ON MULTIPLE APPELL POLYNOMIALS

D. W. LEE

(Communicated by Walter Van Assche)

ABSTRACT. In this paper, we first define the multiple Appell polynomials and
find several equivalent conditions for this class of polynomials. Then we give a
characterization theorem that if multiple Appell polynomials are also multiple
orthogonal, then they are the multiple Hermite polynomials.

1. INTRODUCTION

For a sequence {P,(x)}>2, of Appell polynomials ([3]), which is a sequence of
polynomials satisfying
P (z) =nP,_1(z), n>1,
tremendous properties are well known. Among them, the most important character-
izations of Appell polynomials may be the following equivalent conditions ([12} 24]).

Theorem A. Let {P,(x)}52, be a sequence of polynomials. Then the following

are all equivalent:
(a) {Pn(x)}22, is a sequence of Appell polynomials.

(b) {Pn(2)}52, has a generating function of the form
f_N t
A)e™ =y Po(z)—,
n=0

where A(t) is a formal power series independent of x with A(0) # 0.
(¢) There exists a sequence {a,}>2, with ag # 0 such that

Py(z) = Zn: (Z) an_pz".

k=0
(d) There exists a sequence {a,}22, with ag # 0 such that
o0

Pu(a) = [ D" |,
k=0

_ d
where D = e
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2134 D. W. LEE

(e) {Pn(x)}S2, satisfies
P.(x+y) = kZ:O (Z) Po_i(z)y®, n=0,1,2,---.

The typical examples of Appell polynomials besides the trivial example {2 }22
are the Bernoulli polynomials, the Euler polynomials, and the Hermite polynomials.
In particular, a Hermite polynomial is a unique sequence of Appell polynomials that
is also orthogonal with respect to a positive measure.

The literature on orthogonal polynomials contains many papers dealing with
characterization theorems which specify a class of orthogonal polynomials satisfying
a special property. Al-Salam gave a very nice survey on characterization theorems
of orthogonal polynomials. See [I] and the references therein. In [I7], which is
also a nice reference, Ismail mentioned open characterization problems. One of the
simplest of the characterization problems is the following ([1I).

Problem 1. Find all Appell polynomial sets which are also orthogonal.

As mentioned by Al-Salam, this problem was first solved by Angelesco and later
by many authors. (See Carlitz [I0], Hahn [16], Meixner [20], Shohat [23], Toscano
[25], and Webster [27].)

Recently multiple orthogonal polynomials were extensively studied in a special
function theory, in number theory, in approximation theory, and so on ([6l, [, [IT], [I3]
141 19, 211 [22]). But there do not exist characterization theorems to specify a class
of multiple orthogonal polynomials (in the general case), as far as the author knows.
In the meantime, there exist characterization theorems for d-orthogonal polynomials
which can be regarded as a special case of multiple orthogonal polynomials. See [4]
or Chapter 23 written by Walter Van Assche in Ismail’s book [I7]. Douak obtained
a characterization by introducing a more general Appell character, which is an
example of Problem 1 for d-orthogonal polynomials ([I5]). The characterizations
of d-orthogonal polynomials were studied by many authors such as Douak, Maroni,
Ben Cheikh, and others. We recommend references [8] 9 28] and therein for a good
survey of d-orthogonal polynomials.

In this paper, we first define the multiple Appell polynomials and find several
equivalent conditions for this class of polynomials (Theorem 21]). Then we solve
the following characterization problem, which is a generalization of Problem 1, in
the context of multiple orthogonal polynomials.

Problem 2. Find all multiple Appell polynomial sets which are also multiple or-
thogonal.

The author actually proves that if a set of Appell polynomials is also multiple
orthogonal, then it is a set of multiple Hermite polynomials (Theorem [Z3]). This
result may be viewed as the only known characterization theorem for multiple
orthogonal polynomials until now.

2. MAIN RESULTS

By a multiple polynomial system (multiple PS) we mean a set of polynomials
{Pr1.ns (I)}%?,nz:o with deg(Pp, n,) = n1 + ng for ni,ng > 0.
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A multiple PS is called a multiple orthogonal polynomial system (multiple OPS)
if there exist positive weight functions w; and ws such that

oo
/ 2Py, o, (2)wi(x)dz =0 for k=0,1,2,---,n;,—1 (i=1,2).
—0o0

In this case, (w1, ws) is called a pair of orthogonalizing weight functions for multiple
OPS {Py, 1y ()} 1y—0- In particular, if w;(z) = 57’0 where § < 0 and
a1 # ag, then the multiple OPS is called the multiple Hermite polynomials.

The origin of multiple OPS goes back to Angelesco’s paper dealing with the
simultaneous Padé approximation (|2]). The multiple Hermite polynomials actually
appeared and were treated as an example of multiple OPS in the papers [5] 26],
which generalize the properties of classical orthogonal polynomials to a multiple
OPS for the case of classical weights.

In [18], the author obtained generating functions for classical multiple OPS’s
including multiple Hermite polynomials. In particular, the author showed that for
the multiple Hermite polynomial {Hf(z?,lﬁzz)(x)}%‘;m:o (a1 # o),

t"1 ty?

e%(t1+t2)2+5(t1+t2)1+0t1t1+0t2t2 _ Z Z H 0¢1,OL2) (6 <0),

ni,n2 | |
’I’L ‘ot
ny= 0n2 0 1 2

from which many properties of multiple Hermite polynomials are obtained. Note
that if we take t5 = 0, it is the generating function for the classical Hermite poly-
nomials.

From the generating function of multiple Hermite polynomials, we can deduce
how to define multiple Appell polynomials. A multiple PS {P,, 5, (%)} ,,—0 18
called multiple Appell if there exists a generating function of the form

tnlt
(2.1) A(tl tg ac(t1+t2) — Z Z Pnl,nz L2

n Ing!’
n1=0n2=0 1 2

where A has a series expansion

7 g2

(2.2) Aty to) = Z Z n,. "invnzv

ni= 0”2 0

with A(O, 0) = Qao,0 7é 0.
Then we can easily generalize Theorem A to the following.

Theorem 2.1. Let { Py, n,(2)}755 ,,,—0 be a multiple PS. Then the following are all
equivalent:

(a) {Pny g (%)} ny—o 15 a set of multiple Appell polynomials.
(b) There exists a sequence {an, ny }oo ny—0 With ago 7# 0 such that

ki1+k
n1,7l2 E : E : < >( >an1—k1,n2—k2z e,
k1=0ko=0

(¢) For every ny +mng > 1, we have

(23) P’I’/Ll na (I) = anﬂl—lﬂlz (I) + n2pn17"2—1(x)'
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(d) There exists a sequence {an, ny oo ny—0 With ago # 0 such that

ni nyg
(n1 +no — k1 — ko)! etk nitn
P = {35 35 () (o) e et st e

k1=0 k=0

where D = 4.
(€) Phyn,(x) satisfies that for nq,ne =0,1,2,---,

(2.5) Py, (x+y) = g—:o;—:o( >( ) ey gk (2) YT

Proof. (a)=(b). Since Y " > " anby = Yoo o> p_on—kbr, we have from
equations (2)) and (22I),

(2.6)

tm tng el k:
I(tlthQ) _ 1
A(ty, ta)e - (Z > Tl ) (Z (1) )

nl—O no = =0

0 0 kz tk2+7l2 xkl t’fl"‘nl
Y (e R ol e

n1=0k1=0 \n2=0k2=0
e} o0 n
t7t g2
— ki+k 1
=3 S5 S (1) (1t
ny: Na:
n1:On2:0 kg Okl—O

Hence, we obtain (c) by comparing the coefficients of ([Z1]) and (Z8]).
(b)=(c). From the definition of P,, ,,(x) and the identity

N9 ny — 1 n9 Ng — 1 ny
= >
(k1+k2)<k1) <k2) nl(kl—l) (/fz) +n2(k‘2—1) (/ﬁ)’ bk =1,

we have
n _
P = 30 3 ) (1) (1)
k1=0k>=0
ny— n no—1\ (n _
-2 G () () ()
k1=0 ko=0
’nl*l no ’)’),1 _ 1 n2 k1+k2
=m Z Z ky ks A(ny—1)—k1,na—koT
k1=0 ko=0
NS ng —1 m k1+ko
+ g Z Z ks ky (ny—ky,(n2—1)—k2
k1=0 ko=0

- nlpnl—l,ng (I) + n2Pn1,n2—1(I)7

where (2) =0ifa <0.
(c)=(a). Assume that PT'L1 o () = 1Py 1y (1) +12 Py 1 () for ni4+ng > 1

and
o th2

oo
Z Pnl,ng(l') 1' 2' _ A(x;tl,tg)em(tl+t2)~
12=0 nying:

>

o0
711=0
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Taking a differentiation on both sides in the variable x, we have

0A t”l ty?

(8_:13 + (tl + t2)A(fL'7 t17 t2)>ew(tl+t2) Z Z nl,ng 7111' n2|
n1=0n2=0

7 th?

n1! ’IlQ!

Z Z (nlpﬂlfl,nz (:17) + n2P’ﬂ17ﬂ2*1($))

ny =0 ’nz*O
¢ gne

Z Z t P, n1,n2 +t2P7l17712(x)) TL1'TL22'

ny= 0’!7,2 0

= (t1 + t2) A(z; 1, to)e™ (1 F12)

where P, ,,,(x) = 01if n; < 0 or ng < 0. Hence, g—? = 0, which implies that A is
independent of = so that A(z;t1,t2) = A(ty1,t2).
(b)<(d). This immediately follows from

(n1 +ng — k1 — ko)! kytk +
t ay, D 1 2\ phiTn2
prn {25 8 () (2) i o
=300 (1) (o e
k1=0 k=0

(a)<(e). Using the generating function, we have

(2.7)

t 1472 > k
A(ty,ta)e (@te)ltatia) — (Z Z Py s ( n11!1122!> Z Z < 1> —tjtkl ’

n1=0n,=0 k1=075=0

o nn2 7’L1' 7’L2 kl' k2

n1=0n2=0 k1=0 k=0

1+k1 tﬂz +k2

o] o0 o0 o0 t
=22 2 ) Pum(@yt

n1=0n2=0 k; =0 ka=0

i i {Z Z( )( ) k1 — ks (T )y’“*’”}%.

TL1:0 ’n2:0 kl—O kz 0

By definition of P, »,(z + y) with a generating function, the equation (21 is an
immediate consequence of (21). O

By the definition of multiple Appell polynomials, the multiple Hermite polyno-
mials are a subset of the multiple Appell polynomials. Hence, by Theorem [2.1]

the multiple Hermite polynomials {H,(g}ﬁ;y?)(x)}fﬁ’wzo satisfy the equation (23]
which was already proved in [I§].

Remark 2.2. If {P,(x)}22, and {Qn(z)}32, are Appell polynomials with generat-
ing functions

"= 3 Pe)ty and B ZQn -
n=0 : !
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then we can make a new set of multiple Appell polynomials in two ways. Let
Ry 0y (T) = Ppygny (2) and Sy, p, (x) = Py, (2)Qn, (z). By the Leibniz rule we can
easily prove that R, »,(z) and Sy, n,(x) satisfy
R'llll,ng( ) = P7,11+n2 (I) = (nl + n2)Pn1+n2—1($) = annl—l,ng + n2Rn1,n2—1
and
S;n nz( ) (Pnl (1')@712 (.’[))/ = nlsnlfl,nz ((E) + nQSnl,nzfl(x)a

which are the equation (23) in Theorem 21l Hence, {Rn, n,(z)}5S ,,—0 and
{Sn1 .2 (2) 355 n,—0 are sets of multiple Appell polynomials. In this case, the gener-

ating functions of { Ry, n, (2)}55 n,—0 and { S, ny () 155 1,0 are A(ty +t5)er(tittz)
and A(t;)B(ts)e*("11%2)  respectively. More precisely, by a direct calculation and
by the definition of { Ry, n, (%)} ,,,—0, We have

— t t
Aty + t)emtitta) = ZPW( )( 1-1- 2)

) tktn k

n=0 k=0
- (n+k thtn
-3y ) o) G
ZE;R (>k|nl

Similarly, we can prove the case of {Sy, n,(z)}55 ,,—0- Hence, any product of
Appell polynomials generates a new multiple Appell polynomial.

However, the multiple Hermite polynomials are not such a trivial type of multiple
Appell polynomials.

We proved by Theorem [2.1] that the multiple Hermite polynomials form a se-
quence of multiple Appell polynomials as well as a multiple OPS. Here, we prove
the converse.

Theorem 2.3. If { Py, n,(7)}55 =0 5 a multiple Appell PS and also a multiple
OPS, then { P, n,(2)}755 ,1,—0 are multiple Hermite polynomials.

Proof. Since { P, n, (%)} ,,—0 is multiple Appell, we have by Theorem 2.1] that

t'lL] tn2

Aty t)e (1) Z Z Py ina (@ n11n2t

n1=0ns=0

Multiplying () by z*w;(z) on both sides, where (w;,ws) is a pair of orthogonal-
izing weight funtions for { Py, n,(7)}7 ,,—0, and then applying an integration, we
obtain

(2.8)
(g2

A(tlth)/ I(tlHZ)w Jda = Z Z/ L )wi(@dxnll!nz!'

ny= 0”2 0
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By the orthogonality of multiple OPS, the right-hand side of ([2:8)) becomes a poly-
nomial of degree k in the variable ¢;. In particular, if we take £ = 0,1, we get

'Y(tz) k=0,i=1,

A(tq, t2)/ ake )y () dy = (jé(tz)tl +B(t2) k= 171. =1,
— 00 'Y(tl) k = 072 — 27

a(ti)te +B(t) k=1,i=2.

Let
o0
fi(t1,t2) = / egj(tl"’tz)wi(x)d:t (i=1,2).
— 00

Then f;(t1,t2) = fi(te,t1) and f; is a function of ¢; 4 t5. By a series expansion

g2

z(t1+t2) § E n1+n2
nl' nz'

ny= =0 ?’LQ_O

we have

7 th?
filty,t2) = Z Z n1+n2 Nyl ng!’

nl—O no = =0

where the ,ugl)’s are the moments of the weight function w;. Note that

oo & (t +t ) tnl t’nz
x
/ rFetltitlz wz(x)dﬂi = E E Mn1+n2+k N

—o0 n1—0 no = =0

! ke
- Z Z k)! "1+"2 |

P — 0 ’I’L1!7’LQ.
6k
8t£Z (t1,t2)
and similarly
akfi > k_x(ti+t akfz'
a—t,f(tl,tg) :/mx ety (2)da = a—tlg(tl,tg)

A(t1,t2) fi(ta, t2) = y(t2),
Al 1) S (01,1 = alta)ts +5(02),
A(t1,t2) fo(ta, t2) = F(t),
A(ty, tg)g—Z(tl,tQ) =a(t)ts + B(t),
and so y(t2) 3 (t1,2) = (a(t2)ts + B(t2)) f1(t1, t2). Hence,
Fi(t1, ta) = e2o(t2)itblt2)tate(ta),

where a, b, ¢ are functions determined by «, 8,~. Similarly,

(2.10) Faltr, t) = eBaEBFEE) 2 +e(0),
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where @, b, are functions determined by &, 3,7. Since fi(ti, ta) = fi(ta,t1), we
have

1 1
(2.11) Ea(tg)tf + b(t2)t1 + c(t2) = 5a(tl)tg + b(t1)ta + c(t1),
from which we obtain that a(t) and b(¢) are quadratic polynomials of ¢, and ¢(¢t) =

2a(0)t2 + b(0)t + c(0). Let us write

a(t) = %a"(O)t2 +a'(0)t + a(0),

1
b(t) = 5b”(O)t? +'(0)t + b(0).
By comparing the coeflicients of (2.11), we have a’(0) = ”(0) so that
filty,ts) = e%a”(O)t%thr%a'(O)tltz(tler)Jr%a(O)(t?+t§)+b'(0)t1t2+b(0)(t1+t2)+c(0).
Since f; is a function of ¢; 4 t2, we have a”(0) = a’(0) = 0 and ¥’(0) = a(0). Hence,
Fi(ts, tg) = e2 @O (H2)* +b(0) (1 +2)+e(0)
By the same process with fo(t1,t2) = f2(t2,t1) and (2I0), we have
falty, ty) = e3HO ) DO (brt2)+5(0)
Hence, we have by (2.9,
Aty to) = ,y(tQ)e—%a(O)(t1+tz)2—b(O)(tl—i—tg)—c(O)
= 3(ty) e~ 3UO(t1+t2)?=b(0) (t1+t2)=E(0)

By comparing the coefficient of t1t2, we have a(0) = a(0). Letting t; = 0, and
to = 0, respectively, and then comparing the coefficients we can easily see that

A(t2) = 7(0)e OO,
A1) = 5(0)e OO

so that ;
A(t1,t2) = 7(0)e™ 20 (t1+2)*=b(0)11 =b(0) 2 —c(0)

Hence, we can write A(t1,t2) by

s 2
A(tl,f,z) — e§(t1+t2) +a1t1+a2t2’

where & = —a(0), a; = —b(0), oy = —b(0) are constants. By comparing gener-

ating functions of { Py, n,(z)}55 ,,,—0 and {H,(ff}ﬁge)(x)};ﬁmzzo, we conclude that

Pnlan2 (‘r) = Hﬂl»”?(%)' D
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