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THE DIHEDRAL GROUP Ds; AS A GROUP OF SYMPLECTIC
AUTOMORPHISMS ON K3 SURFACES
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(Communicated by Ted Chinburg)

ABSTRACT. We prove that if a K3 surface X admits Z/5Z as a group of sym-
plectic automorphisms, then it actually admits D5 as a group of symplectic
automorphisms. The orthogonal complement to the Ds-invariants in the sec-
ond cohomology group of X is a rank 16 lattice, L. It is known that L does
not depend on X: we prove that it is isometric to a lattice recently described
by R. L. Griess Jr. and C. H. Lam. We also give an elementary construction
of L.

1. INTRODUCTION

A finite group of symplectic automorphisms on a K3 surface X has the property
that the desingularization of the quotient of X by this group is again a K3 surface.
In [Nik1] the finite abelian groups of symplectic automorphisms on a K3 surface
are classified. The main result of Nikulin in [Nik1] is that the isometries induced
by finite abelian groups of symplectic automorphisms on the second cohomology
group of a K3 surface are essentially unique. The uniqueness of the isometries
induced by G on H?(X,Z) implies that the lattice Qg := (H?(X,Z)%)* does not
depend on X. Thanks to this result it is possible to associate the lattice Qg to
each finite abelian group G of symplectic automorphisms on a K3 surface. From
this one obtains information on the coarse moduli space of K3 surfaces admitting
G as a group of symplectic automorphisms (cf. [Nik1], [GS1], [GS2]). In [GSI] and
[GS2] the lattices Q¢ are computed for each finite abelian group G of symplectic
automorphisms on a K3 surface.

In [Mu] and [X] the finite (not necessary abelian) groups of symplectic auto-
morphisms on a K3 surface are classified. Under some conditions (cf. Section ()
Nikulin’s result on the uniqueness of the isometries induced by finite groups of
symplectic automorphisms on the second cohomology group of the K3 surfaces can
be extended to finite (not necessary abelian) groups (cf. [W]). As a consequence
one can attach the lattice Qg := (H?(X,Z)%)*, which depends only on G, also to
some finite nonabelian groups G of symplectic automorphisms on a K3 surface X.

Let us consider a pair of finite groups (G, H) such that G acts symplectically on
a K3 surface and H is a subgroup of G. It is evident that the K3 surfaces admitting
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G as a group of symplectic automorphisms also admits H as a group of symplectic
automorphisms. It is more surprising that for certain pairs of groups (G, H) the
converse also holds. Indeed, for certain pairs (G, H) the condition “a K3 surface X
admits G as a group of symplectic automorphisms” is equivalent to the condition
“X admits H as a group of symplectic automorphisms”. For these pairs the lattices
Q¢ and Qg coincide. The aim of this paper is to describe this situation and to
give explicitly one pair (G, H). We observe that in order to find (G, H) with the
described property, one has to consider nonabelian groups acting symplectically on
K3 surfaces. Indeed, the lattices Qx associated to abelian groups K are completely
described in [GSI], [GS2], and one can check that Qg and Qg never coincide if
both G and H are abelian and G # H.

In Section 2l we describe some known results on symplectic automorphisms over
kéhlerian K3 surfaces and prove our main results (Proposition 214 and Corol-
lary 2.15). In Proposition 2.14] we give sufficient conditions on G' and H to prove
that a K3 surface admits G as a group of symplectic automorphisms if and only
if it admits H as a group of symplectic automorphisms. Applying this proposition
we prove (Corollary ZT5]) that a K3 surface admits Z/5Z as a group of symplectic
automorphisms if and only if it admits D5 (the dihedral group of order 10) as a
group of symplectic automorphisms. In particular we prove that (1757 ~ Qp,

In [GS1] the isometry induced on €7,57 by a symplectic automorphism of order
5 is described. Since we prove that Q57 ~ Qp,, there is also an involution acting
on this lattice. In order to describe both the isometry of order 5 and the involution
generating D5 on Qp,, in Section Bl we give a different description of this lattice: it
is an overlattice of A4(—2)®* (the isometry of order 5 is induced by the natural one
on Ay). In the proof of Corollary also the action of the involution is described.
Moreover, we show that the lattice €27/55 (computed in [GSI]) is isometric to a
lattice describe by Griess and Lam in [GL].

In Section M we consider algebraic K3 surfaces and in particular 3-dimensional
families of K3 surfaces admitting a symplectic automorphism of order 5, o5, and a
polarization, invariant under os5. It follows from the results of Section [2] that the
K3 surfaces in these families also admit an involution ¢, generating together with
o5 the dihedral group Ds. For each of these families we exhibit the automorphism
o5 and find the automorphism ¢.

2. SYMPLECTIC AUTOMORPHISMS ON K3 SURFACES

Definition 2.1. Let X be a smooth compact complex surface. The surface X
is a K3 surface if the canonical bundle of X is trivial and the irregularity of X,
q(X) := h9(X), is 0.

The second cohomology group of a K3 surface, equipped with the cup product,
is isometric to a lattice, which is the unique, up to isometries, even unimodular
lattice with signature (3,19). This lattice will be denoted by Aks and is isometric
toUdUaU @ Es(—1) @ Es(—1), where U is the unimodular lattice with bilinear
form { 0 1

1 0
associated to the Dynkin diagram Fj.

The Néron-Severi group of a K3 surface X, NS(X), coincides with its Pi-
card group. The transcendental lattice of X, Tx, is the orthogonal to NS(X)
in H3(X,7Z).

] and Fg(—1) is the lattice obtained by multiplying by —1 the lattice
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Definition 2.2. An isometry o of H?(X,Z) is an effective isometry if it preserves
the Kihler cone of X. An isometry o of H2(X,Z) is a Hodge isometry if its C-linear
extension to H?(X, C) preserves the Hodge decomposition of H?(X,C).

Theorem 2.3 ([BR]). Let X be a K3 surface and g be an automorphism of X. Then
g* is an effective Hodge isometry of H?(X,Z). Conversely, let f be an effective
Hodge isometry of H*(X,Z). Then f is induced by an automorphism of X .

Definition 2.4. An automorphism ¢ on a K3 surface X is symplectic if o* acts as
the identity on H?°(X); that is, 0*(wx) = wx, where wx is a nowhere vanishing
holomorphic two form on X.

Equivalently, o is symplectic if the isometry induced by ¢* on the transcendental
lattice is the identity.

Remark 2.5. Let o be an automorphism of finite order on a K3 surface. The
desingularization of X /o is a K3 surface if and only if o is symplectic.

In [Nik1] the finite abelian groups acting symplectically on a kihlerian K3 surface
are analyzed. Now it is known that every K3 surface is a Kéhler variety, [3], so
there are no restrictions on the K3 surfaces analyzed in [Nik1].

From now on we always assume that G is a finite group of symplectic automor-
phisms on the K3 surface X.

Definition 2.6. Let the K3 surface Y be the minimal desingularization of the
quotient X/G. Let M; be the curves arising from the desingularization of the
singularities of X/G.

The singularities of the quotient X /G are computed by Nikulin ([Nik1l Section 6])
if G is an abelian group and by Xiao ([X|, Table 2]) for all the other finite groups.
If either G = Qg (binary dihedral group of order 8) or G = T4 (binary tetrahedral
group of order 24), then there are two possible configurations for the singularities
of X/G, and hence for the exceptional curve M; on Y. For all the other groups the
number and the type of the singularities of X/G are determined by G.

Definition 2.7. Let us assume that G # Qs, G # T54. The minimal primitive
sublattice of NS(Y') containing the curves M; does not depend on X (cf. [Nikl],
[X]). It will be denoted by M.

The lattice M¢ is computed by Nikulin ([Nik1, Section 7]) for each abelian group
G and by Xiao ([X| Table 2]) for the all the other groups G.

Remark 2.8. For G = Z/27Z, the lattice My /o7 (called a Nikulin lattice) is an even
overlattice of index 2 of A;(—1)®%. Tts discriminant group is (Z/2Z)° (cf. [Niki]),
and its discriminant form is the same as U(2)®3 (cf. [Md]).

Definition 2.9 ([Nikll Definition 4.6]). We say that G has a unique action on
A ks if, given two embeddings ¢ : G — Aut(X), i’ : G — Aut(X') such that G is a
group of symplectic automorphisms on the K3 surfaces X and X’, there exists an
isometry ¢ : H?(X,Z) — H?(X',7Z) such that i'(g)* = ¢oi(g)o ¢! forall g € G.
Theorem 2.10 ([NikIl Theorem 4.7], [W|, Corollary 3.0.1]). Let G be a finite group
acting symplectically on a K3 surface, G # Qs, G # Tay. If Mg admits a unique
primitive embedding in Ais3, then G has a unique action on Ags.

Definition 2.11. Under the assumptions of Theorem ZI0 the lattice (A%,)* is
uniquely determined by G, up to isometry. It will be called Q.
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Remark 2.12. By [Nik1), (8,12)], it follows that rank(Q2g) = rank(Mg).

Theorem 2.13 ([Nikll Theorem 4.15]). Let G be a finite group acting symplecti-
cally on a K38 surface, such that G has a unique action on Ax3. A K38 surface X
admits G as a group of symplectic automorphisms if and only if the lattice Qg is
primitively embedded in NS(X).

Nikulin proved that for each abelian group acting symplectically on a K3 surface,
the hypothesis of Theorem 210 (and hence the ones of Theorem [Z13)) are satisfied.

Proposition 2.14. Let G be a finite group acting symplectically on a K38 surface
and let H be a subgroup of G. Let us assume that both G and H are neither Qg
nor Toy. We assume that both My and Mg admit a unique primitive embedding in
Aks and rank(Mg) = rank(Myg). Then Qp ~ Qg, and so a K3 surface X admits
G as a group of symplectic automorphisms if and only if X admits H as a group
of symplectic automorphisms.

Proof. Since H is a subgroup of G, Qp is a sublattice of Q. Moreover, rank(Q2¢g)
= rank(Qy) by Remark and the condition on the rank of the lattices Mg and
My . This implies that Qg — Q¢ with a finite index. Let X be a K3 admitting
G as a group of symplectic automorphisms. Then both Qg and Qg (— Qg) are
primitively embedded in NS(X); hence the index of the inclusion Qpy < Qg is 1,
i.e. QG >~ QH.

The K3 surface X admits G as a group of symplectic automorphisms if and only
if Q¢ is primitively embedded in NS(X). By the isometry Qg ~ Q¢ this condition
is equivalent to requiring that Qg be primitively embedded in N.S(X), which holds
if and only if X admits H as a group of symplectic automorphisms. ([

Corollary 2.15. A K3 surface admits 7Z./5Z as a group of symplectic automor-
phisms if and only if it admits Ds as a group of symplectic automorphisms.

Proof. The lattice My,s57 is computed in [Nikl], where it is proved that it admits
a unique primitive embedding in Axs and that its rank is 16. The lattice Mp, is
described in [X] as an overlattice of index 2 of the lattice A4(—1)®2 @ A;(—1)%8.
In particular, rank(Mp, ) = 16 and Mp, ~ A4(—1)¥? @ My, /27, where Mz 97, is the
Nikulin lattice (see Remark Z8). Thus the discriminant group of Mp, is (Z/5Z)*®
(./27)8. By [Nik2, Theorem 1.14.4], Mp, admits a unique primitive embedding in
A k3. The corollary immediately follows from Proposition 214l O

Remark 2.16. We proved that if a K3 surface admits a symplectic automorphism of
order five, o5; hence it also admits a symplectic involution generating D5 together
with o5. This result cannot be improved; i.e., it is not true that if a K3 surface X
admits D5 = (05,¢) as a group of symplectic automorphisms, then it also admits
a symplectic automorphism « such that J := {(a, 05,¢) 2 D5 is a finite group. By
contradiction assuming there exists such an «, then D5 C J and Qp, ~ Q;. In
particular, rank() ; = rankQp_. = 16, but there are no finite groups J of symplectic
automorphisms on a K3 surface such that Dy - J and rankM ;(=rankQ;) = 16
(cf. [X| Table 2]).
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3. CONSTRUCTION OF {)z/5z =~ {Ip,

The aim of this section is to construct the lattice {1z,57 as an overlattice of
A4(—2)®* and to describe the action of D5 on this lattice. The automorphism of
order five on )z,57 will be induced by the automorphism of order five on each copy
of A4(-2).

We will add some rational linear combinations of the elements of A4(—2)%* to
obtain an even overlattice of A4(—2)®*. The main point is that we would like to
extend the automorphism of A4(—2)%4 to the lattice Q752 so if we add an element
to A4(—2)®* we have to add all elements in its orbit.

We recall that the standard basis of A4 is expressed in terms of the standard
basis {¢;} of R? in the following way: o; = g; —€;41, hence as = —a; —ag —az —ay.
The cyclic permutation of the basis vectors of R® induces the automorphism v on
As (Vi) = i)

Proposition 3.1. Let us consider the lattice Ay(—2)®* and the automorphism
g = (7,77 7) (acting as v on each copy of As(—2)). Let aj;, 7,1 =1,2,3,4, be
the element a; in the j-copy of Aq(—2). Let

1 1
Boi= 5(611,1 +azq+ag1+asy), vi= §(a2,1 +ass+aga+as1 +as3+ asa).

Then:
o The lattice

L= Ay(=2)%* + (" (1), 9" (V))i=0.1.2.3

generated by Ay(—=2)%* and the eight vectors g'(u), g*(v), fori=0,1,2,3,
is an even overlattice of Ay(—2)®* of rank 16.

o The index of Ay(—2)®* in L is 28.

e There are no vectors of length —2 in L.

Proof. Since p has an integer intersection with the basis {a; ;} of A4(—2)®* and has
self intersection —4, we can add the element p to the lattice A4(—2)®* obtaining an
even overlattice. All the elements g*(1) in the orbit of 1 have an integer intersection
with this basis of A4(—2)®* and ¢°(u)g? (u) € Z for all 4,5 = 0,1,2,3. Thus we can
add the four vectors u, g(u), g>(u), g°(1) to the lattice A4(—2)%.

It is easy to show that the vectors ¢*(v), i = 0, 1,2, 3, have an integer intersection
pairing with all the vectors in A4(—2)®* and that ¢'(v)g’(v) € Z, (¢'(v))? € 2Z
(indeed these are properties of all the vectors of type v; j k.h,i,m = 5 0,e;—¢€iy1,65—
€j4+2,Ek —ER T €1 — Em), k<h<l<mandv= 017371727375).

Moreover ¢'(v)g?(n) € Z, i,j € {0,1,2,3} (indeed this is a property of the
vectors of type v; j k. nim such that {i,i +1} N {j,j +2} = 0 and {k,h,l,m} =
{i,i+1,7,7+2}).

Thus adding the vectors in the orbit of v and of u to A4(—2)®* we construct
an even overlattice L of A4(—2)®%. By the computation of the discriminant of
this lattice, it follows that A4(—2)®* has index 2% in L (indeed, to construct L we
add to A4(—2)®* exactly eight vectors of type zv, v € Ay(—2)®*, and they are
independent over Z).
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Now we prove that there are no vectors with length —2in L. Let y = Z?:o bigt ()
+3°% g (v), biyci € Z. Tn Ay(—2)®* @ Q we have

3 3 3
] ;:% <Z biaviq, Z biovir1 + Z Ciit1,
i=0 i=0 i=0

3
ZbiaiJrl +(—c1+e3)ar + (—c1 —c2 + e3)az + (co — 1 — c2)as + (co — c2)au,
i=0

=0

3
Zbiai+1 +(co—c1+c3)ar + (—c2 +c3)az + (co — c1)as + (co — c2 + 03)a4> .

If we require that at least two components of y are equal to zero, we obtain that
b; = ¢; = 0 for all 7. So if y # 0, then y has at most one component equal to zero.

Each vector w in L is of the form y + z with y as above, b;,¢; € {0,1}, and
z € A4(—2)®%; moreover, such y and 2z are uniquely determined by w.

If y = (0,0,0,0), w € A4(—2)®%, and hence w? < —4.

If y # (0,0,0,0), then w = %(wl,wg,wg, wy) with w; € A4(—2) and at most one
of w; = 0. Since w? < —4 and w; -w; = 0 if i # j, we get w? < %(—4). Hence there
are no vectors of length —2 in L. ([

Proposition 3.2. The lattice L is isometric to the lattice Q7,57 = Qp.

Proof. By uniqueness of {2757, to prove the proposition it suffices to show that there
exists a K3 surface S such that G = Z/5Z is a group of symplectic automorphisms
on S and (H?(S,Z)%)* ~ L.

By construction L admits an automorphism of order 5, g, acting trivially on the
discriminant group. Moreover L is negative definite and its discriminant group is
(Z/5Z)*. Hence it admits a primitive embedding in A3 ([Nik2l Theorem 1.14.4]).
Since g acts trivially on the discriminant group, G := (g) extends to a group of
isometries on A k3 which acts as the identity on Ltaks,

Let S be a K3 surface such that L € NS(S) (such a K3 surface exists by the
surjectivity of the period map). By Proposition B L does not contain elements
of length —2. This is enough to prove that the isometries of G defined above (if
necessary, composed with a reflection in the Weil group) are effective isometries for
S (the proof of this fact is essentially given in [Nikll, Theorem 4.3]; see also [GSI],
Step 4, proof of Proposition 5.2]). By construction, these are Hodge isometries (cf.
[Nik1l Theorem 4.3]), so they are induced by automorphisms on S (by the Torelli
theorem; cf. [BR]). Since these automorphisms act as the identity on Ts C Lt4xs,
they are symplectic. By construction of the isometries of G, L ~ (H?(S,Z)%)*,
and so L >~ Qyz/57. O

Since {dp, =~ L, the dihedral group and in particular an involution acts on L.
This implies that the lattice Q97 ~ Eg(—2) (cf. [Mol) is primitively embedded
in L and there exists an involution on L acting as —1 on this lattice and as the
identity on its orthogonal. In the following remark we give an embedding of Eg(—2)
in L, and in the proof of the Corollary we describe the involution associated to
this embedding.

Remark 3.3. The vectors

evi=p  ei=g W+’ ei=v  e=p+g () +a*(w) - () - g’ v)
€5:=ai1 €¢:=0a1,3+aiq €7:=4a21 e€g:=az3+ a4
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generate of a copy of Eg(—2) embedded in L. Indeed, the lattice generated by e;
is such that multiplying its bilinear form by % one obtains a negative definite even
unimodular lattice of rank 8, i.e. a copy of Eg(—1).

Remark 3.4. Let fi1s = g(e;), 1 =1,...,8, where {e;};=1,.. s is the basis of Eg(—2)
defined in Remark B3l Since g is an isometry of the lattice it is clear that f;,
i=29,...,16, generate a copy of Eg(—2) embedded in L. A direct computation
shows that the classes e;, fiys, ¢ = 1,...,8, generate a lattice of rank 16 and
discriminant 5% embedded in L and so they are a Z-basis for L.

The paper [GI] classifies positive definite lattices which have dihedral groups D,
(for n =2,3,4,5,6) in the group of the isometries and which have the properties:

e the lattices are rootless (i.e. there are no elements of length 2),
e they are the sum of two copies of Eg(2),
e there are two involutions in D,, acting as minus the identity on each copy
of E8(2)
In [GLL Section 7] it is proved that there is a unique lattice with all these properties
and admitting D5 in the group of isometries, called DIH10(16).

Corollary 3.5. The lattice DI H1¢(16) described in [GL] is isometric to the lattice
L(-1) ~Qp.(-1).

Proof. The even lattice L has no vectors of length —2 (Proposition [B]).

On L there is an isometry of order 5, g (Proposition B1]).

Let us define a map h on the lattice L which acts as —1 on the copy of Eg(—2)
generated by e;, i = 1,...,8 (cf. Remark B3] and as the identity on the orthog-
onal complement. Since h acts trivially on the discriminant group of Eg(—2) ~
(€:)i=1,....8, b is an isometry of L and in particular an involution. One can directly
check that its action on the basis of A4(—2)% is h(a;1) = —a; 1, h(a;2) = —a; 5,
h(ais) = —a; 4, h(a;a) = —a; 3, 1 = 1,2,3,4. This action extends to a Z-basis of
L.

The group (g, h) is Ds. The involutions h and g?oh are two involutions generating
the group Ds. By construction h and g2 o h act as minus the identity respectively
on the lattice Eg(—2) ~ (e;);=1,... s and on the lattice Eg(—2) ~ (f;)i=9,... 16. These
two copies of Fg(—2) generate L (by Remark[34]). So L(—1) satisfies the conditions
which define DI Hy¢(16) and hence DIH10(16) ~ L(—1) ~ Qp_(—1).

4. EXAMPLES: ALGEBRAIC K3 SURFACES
WITH A POLARIZATION OF A LOW DEGREE

Here we give some very explicit examples of families of K3 surfaces admitting
Z/5Z, and hence Dj, as a group of symplectic automorphisms. In particular, in
this section we consider algebraic K3 surfaces.

We recall that a polarization L, with L? = 2d, on a K3 surface X defines a map
¢r, : X — P In this section we consider K3 surfaces with a polarization L such
that ¢ (X) is a complete intersection in a certain projective space and K3 surfaces
with a polarization of degree 2, which exhibits the K3 surfaces as double covers of
the plane.

Let X be a general member of a family of K3 surfaces admitting an automorphism
of order 5, 05, and a polarization, L, invariant under o5. In [GS1l, Proposition 5.1]
the possible Néron—Severi groups of X are computed. In particular, if L? = 2d < 10,
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one obtains that NS(X) ~ ZL @ Qg5 =: La4. This lattice admits a unique
primitive embedding in Aggs. The family of K3 surfaces with a polarization L of
degree L? < 10, invariant under a symplectic automorphism of order 5, is then
the family of the Lo4-polarized K3 surfaces. In particular, for each d < 5 we find
a 3-dimensional family of K3 with such a polarization L, and hence we have the
following possibilities:

e o5 : X % P2, so X is a double cover of P? branched along a plane sextic
curve: in this case NS(X) ~ Lo;
e ¢ (X) is a quartic in P3: in this case NS(X) ~ Ly;
e ¢7(X) is the complete intersection of a quadric and a cubic in P*: in this
case NS(X) ~ Lg;
e ¢r(X) is the complete intersection of three quadrics in P%: in this case
NS(X) ~ Ls.
Now we construct a general member of each of these families and show that it
also admits a symplectic involution ¢ generating, together with o5, the group Ds.
Since the automorphisms ¢ and o5 leave invariant the polarization, both these
automorphisms can be extended to automorphisms of the ambient projective space.
We will denote by w a primitive 5-th root of unity.

4.1. L? = 4. This polarization gives a map to IP3, where the K3 surfaces are realized
as quartic surfaces. Let us consider the automorphism

ops (g w1 Tt x3) — (To : Wy wae 1 wWias).
The quartic surfaces in P3, defined as
(4.1) V(axdzy + bria? + cxoxs + deorizoxs + exies + friad + grial),

are invariant for ops. Hence the restriction of ops to K3 surfaces with equation
(#1) is an automorphism o5 of the surfaces. To show that this automorphism is
symplectic it suffices to apply o5 to the following holomorphic two-form in local
coordinates & = x1/x0, y = x2/x0, 2 = T3/T0:

of\ !
(5) dx N dy,

where f denotes the equation of the quartic in the local coordinate x,y, z.

Equation (4I) depends on 7 parameters. The automorphisms of P? commuting
with ops are diag(a, B8,7,0) (which is a four-dimensional group); hence this family
of ops-invariant quartics has

(7T-1)—(4-1)=3

moduli. So the family of K3 surfaces given by equation (@I]) is the family of K3
surfaces admitting an automorphism of order 5, leaving invariant a polarization of
degree 4.

Up to a projectivity, commuting with ops, equation (@Il becomes

(4.2)  dxdre +Vxda? 4+ dwoxd + dwoxiwoxs + d'wdas + a2l + g’ wiad = 0.
Let us define an involution of P3:

tps : (o @y T i x3) — (T1 1 xp 2 X3 T2).
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Equation ([@2)) is invariant under tps, hence tps induces an automorphism of the
quartic surfaces with equation ([@2]). We call this automorphism ¢. The fixed point
set of tps in P? is the union of the lines

_{Jro=x1, _{xo=—x1,

= la =

Tro = I3, To = —XI3.

Hence ¢ fixes eight points on the quartics ([@2)): the intersection of the quartics
with [; and l5. This is enough to show that ¢ is a symplectic involution. Indeed
the involutions which are not symplectic are either fixed point free or fix some
curves [Zl Theorem 1]. Hence the quartics given in ([@2]) (and hence, up to a
projectivity, in (@) admit both the automorphisms o5 and ¢. It is easy to check
that (ops,tps) = Ds and hence (o5,t) = Ds. So the family of smooth quartic
surfaces in P? admitting the symplectic automorphism o5 also admits a symplectic
involution ¢ and in fact the group D5 = (o5, ¢).

4.2. L? = 6. This polarization gives a map to P4, where the K3 surfaces are realized
as complete intersections of a cubic and a quadric.
Let us consider the automorphism

opa i (T 1 i o a3t xy) = (To: way : wiae wirs i whny).
Let

(43) Q:= V(a:z:?J + brixy + cxoT3);
’ C :=V(dxd + exor174 + froToms + grizs + haox? + lxixi + maiey).

Then @ and C are ops-invariant hypersurfaces in P*. We observe that the complete
intersection of these two hypersurfaces is generically smooth and thus it is a K3
surface.

The complete intersection of @) and C'is also the complete intersection of @) and
C+ A xoQ. Hence there is a 1-dimensional family of invariant cubics giving the same
complete intersection: the cubics giving different complete intersections depend on
7 — 1 = 6 parameters. The automorphisms of P* which commute with ops are of
the form diag(c, 8,7, 9,€). So the family of complete intersections of a cubic and a
quadric invariant under the automorphism ops has (3 —1)+ (6 —1) —(5—1) =3
moduli.

Let X be the complete intersection of () and C'. The automorphism ops+ induces
a symplectic automorphism on X (this can be shown as in case L? = 4 considering
the two holomorphic form, in local coordinates z,y, z,t, (dz A dy)/(Q.Ct — CiQ.),
where F, is the partial derivative of F' w.r.t. x).

Up to the action of the projectivities commuting with ops, we can assume that
g =h and | = m in the equation of C in ([3]). Hence the involution

tpa : (o @y i To i x3:xq) = (To: Xyt X3 T Tq)

fixes @ and C. So its restriction to X is an involution, ¢, of X. Moreover, ¢ has
eight fixed points (six on the plane x1 = x4, 22 = x3 and two on the lines ¢y = 0,
214+ x4 =0, 22+ 23 = 0). Thus o5 and ¢ are symplectic automorphisms of the K3
surface X and they generate the group Ds.
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4.3. L? = 8. This polarization gives a map to P>, where the K3 surfaces are realized
as complete intersection three quadrics.
Let us consider the map

ops i (To: Xy i @o Ty Ty x5) = (T X1 WL wlrs  wiay :w4x5)

and the complete intersection of the quadrics

Q) = V(azd + bror1 + cx? + droxs + exzry),
Qh = V(frowa + gr179 + hasws + l27),
Qs = V(mzors + nx1zs + owaxy + prd).

The group of automorphisms of P5 commuting with ops is (GL(2) x GL(1)%)/GL(1),
which has dimension 7 = 8 — 1. So these complete intersections in P® have (5 —
)+ (4—-1)+(4—-1)—(8—1) = 3 moduli. Up to automorphisms of P> commuting
with ops we can assume that the quadrics have the following equation:

Ql = V({E% + brox1 + 1’% + dxoxs + 6$3$4),
Q2= V(xowa + x129 + 2375 + %21)7
Q3 := V(xors + 2175 + w024 + 23),

and in fact they depend on 3 parameters.

The complete intersection X of the quadrics @1, @2, @3 is smooth for a generic
choice of the parameters b,d, e (one can check it directly by putting e = b = 0,
d = 1). Moreover X is invariant under the automorphism ops, so ops induces an
automorphism o5 on X and o5 is symplectic (this can be shown as in the case
L? =6).

The involution

tps : (o 1wy 1Ty i3 X x5) = (To Xy i T5 Ty T3 X2)

fixes the quadric @1 and switches the quadrics @2 and Q3. So its restriction to the
K3 surface X is an involution, ¢, of the surface X. Moreover ¢ has eight fixed points
on the space xo = x5, x3 = x4. Thus o5 and ¢ are symplectic automorphisms of
the K3 surface X and they generate the group Ds.

4.4. L? = 2. This polarization gives a 2 : 1 map to P?, and the K3 surfaces are
realized as double cover of P? branched along a sextic plane curve.
The map
op2 : (g Ty x0) = (T0 : way : whas)
is an automorphism of P?. Up to projectivity of P? commuting with op2, the
invariant sextics for op2 are

6 5 5 4 2.2 9 3.3
Co := V(xg + zox] + Toxs + axgriTe + bririzs + cxixs).

Let X be the double cover of P? branched along Cg, i.e. X is V(u? — (2§ + oz} +
ToT3 + axrdri e + brdzias + cxixy)) in the weighted projective space PW(3,1,1,1).
The automorphism op2 lifts to a symplectic automorphism o5 : (u: g : x1 : T2) —
(u: xo : wry @ wre) of X. So we constructed the 3-dimensional family of K3
surfaces which are double covers of P? and have a symplectic automorphism of
order 5 which leaves invariant the polarization.
The involution
apz : (o w1 x2) = (To 1 T2 x1)

leaves the curve Cg invariant, so it lifts to an involution ax : (u : zg : 21 : 22) —
(u:xp: x2 : x1) of the surface X. The involution ax fixes a curve (the pullback
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of the line ¥ = x5 in P?), so it is not symplectic. Let i : (u : zo : 21 : 22) —
(—u: @ : 1 : x2) be the covering involution on X. It is a nonsymplectic involution
(indeed the quotient X/¢ is rational) and it commutes both with ax and o5. The
involution ¢« = ax o1 is a symplectic involution on X (because it is the composition
of two commuting nonsymplectic involutions). Moreover one has ¢ o o5 = o5 Loy,
and hence D5 = (03, ¢) acts symplectically on X.
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