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ABSTRACT. Given a compact closed subset M of a line segment in R3, we
construct a sequence of minimal surfaces ¥, embedded in a neighborhood C of
the line segment that converge smoothly to a limit lamination of C' away from
M. Moreover, the curvature of this sequence blows up precisely on M, and the
limit lamination has non-removable singularities precisely on the boundary of
M.

1. INTRODUCTION

Let ¥ C Bg, = Bg,(0) C R? be a sequence of compact embedded minimal
surfaces with 03 C dBp, and curvature blowing up at the origin. In [1], Colding
and Minicozzi showed that when Rj — 0o, a subsequence converges off a Lipshitz
curve to a foliation by parallel planes. In particular, the limit is a smooth, proper
foliation. By contrast, in [2] Colding and Minicozzi constructed a sequence as
above with Ry, uniformly bounded and converging to a limit lamination of the unit
ball with a non-removable singularity at the origin. Later, B. Dean in [3] found
a similar example where the limit lamination has a finite set of singularities along
a line segment, and S. Khan in [4] found a limit lamination consisting of a non-
properly embedded minimal disk in the upper half ball spiraling into a foliation
by parallel planes of the lower half ball. Both Dean and Khan used methods that
are analogous to those in [I]. Recently, using a variational method, D. Hoffman
and B. White in [5] were able to construct a sequence converging to a non-proper
limit lamination and with curvature blowup occurring along an arbitrary compact
subset of a line segment. In this paper we do the same, but with a method that is
derivative of that in [I] and [4]. The main theorem is:

Theorem 1. Let M be a compact subset of {x1 = x2 = 0,|z3] < 1/2} and let C =
{22 + 2% < 1,|z3| < 1/2}. Then there is a sequence of properly embedded minimal
disks X, C C with 0% C 0C and containing the vertical segment {(0,0,t)||t] <
1/2} so that:
(A) limg_y00 |Ax, |?(p) = o0 for all p € M.
(B) For any & > 0 it holds that supy sups,\y, |As,|* < oo, where M; =
UPEM B5 (p)
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(C) Zg \ {zs — azis} = 31, U Xg for multi-valued graphs 31, Lo .

(D) For each interval I = (t1,t2) of the compliment of M in the x3-axis, X N
{t1 < 23 < to} converges to an imbedded minimal disk X1 with X1\ X1 =
CN{xs =t1,ta}. Moreover, £; \ {xs — azis} = X1 5 UXq ;1 for co-valued
graphs ¥1.1 and Xa 1, each of which spirals into the planes {x3 = t1} from
above and {x5 = ta} from below.

It follows from (D) that a subsequence of the ¥; \ M converge to a limit lamina-
tion of C'\ M. The leaves of this lamination are given by the multi-valued graphs
Y; given in (D), indexed by intervals I of the complement of M, taken together
with the planes {z3 = ¢t} N C for (0,0,¢) € M. This lamination does not extend
to a lamination of C, however, as every boundary point of M is a non-removable
singularity. Theorem [I] was inspired by the result of Hoffman and White in [5].

Throughout we will use coordinates (1, z2, 23) for vectors in R?, and 2z = z + iy
on C. For p € R3 and s > 0, the ball in R? is Bs(p). We denote the sectional
curvature of a smooth surface ¥ by Ks,. When ¥ is immersed in R3, Ay, will be its
second fundamental form. In particular, for ¥ minimal we have that |Ax|? = —2K7.
Also, we will identify the set M C {xz3-axis} with the corresponding subset of R C C;
that is, the notation will not reflect the distinction, but will be clear from context.
Our example will rely heavily on the Weierstrass representation, which we introduce
here.

2. THE WEIERSTRASS REPRESENTATION

Given a domain ) C C, a meromorphic function g on 2 and a holomorphic one-
form ¢ on €2, one obtains a (branched) conformal minimal immersion F : Q — R?
given by (cf. [6])

1) Fe)= Re{ [ (GE0-00).5 670 +90).1) ¢<<>},

the so-called Weierstrass representation associated to Q, g, ¢. The triple (£, g, @)
is referred to as the Weierstrass data of the immersion F. Here, 7., . is a path in
Q connecting 2y and z. By requiring that the domain €2 be simply connected and
that g be a non-vanishing holomorphic function, we can ensure that F'(z) does not
depend on the choice of path from 2y to z and that dF # 0. Changing the base
point zo has the effect of translating the immersion by a fixed vector in R3.

The unit normal n and the Gauss curvature K of the resulting surface are then
(see sections 8, 9 in [6])

2) n = (2Reg,2Img,|g|*—1)/(lg/*+1),
[ 4ogllel ]?
) ho= {¢|<1+|g2>2} |

Since the pullback F*(dz3) is Re ¢, ¢ is usually called the height differential. The
two standard examples are

(4) 9(2) = z,¢(2) = dz/z,Q = C\ {0},
giving a catenoid, and
(5) 9(2) = €”,¢(2) = dz,2 = C,

giving a helicoid.
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/\x3-ax1s

FicURE 1. A schematic of a helicoid-like apparently 3-valued
graph spiraling between two horizontal planes. (Image due to Sid-
dique Khan.)

~ We will always write our non-vanishing holomorphic function g in the form g =
e’ for a potentially vanishing holomorphic function h, and we will always take
¢ = dz. For such Weierstrass data, the differential dF' may be expressed as

(6) 0. F = (sinhwvcosu,sinhwvsinu,1),
(7) Oy F

(coshvsinu, —cosh v cosu,0) .

3. AN OUTLINE OF THE PROOF

Fix a compact subset M of the real line. We will be dealing with a family of
immersions Fy o : Q. — R? that depend on a parameter 0 < a < 1/2 given by
Weierstrass data of the form Qy, 4, Gr.q = eflk.a ¢ = dz, and a sequence My C M
that converge to a dense subset of M. Each function Hy , will be real-valued when
restricted to the real line in C. That is, writing Hy o = Uy,q + V4, for real-valued
functions Uy, q, Vi, : Qr — R, we have that Hy, ,(x,0) = Uy o(z,0). Moreover, we
will show that Vi o(z,y) > 0 when y > 0. A look at the expression for the unit
normal given above in (2)) then shows that all of the surfaces Xy o 1= Fio(Q,q)
will be multi-valued graphs over the (z1,x2) plane away from the zs-axis (since
lg(z,y)| = 1 is equivalent to y = 0). The dependence on the parameter 0 < a < 1/2
will be such that lim,—,0|As, ,|?(p) = oo for all p € M}, and such that |4y, ,|?
remains uniformly bounded in k& and a away from M. We will then choose a
suitable sequence ap — 0 and set Fj, = Fiq,, Q% = Qo Gr = Grq,, and
Hy = Hy,q,. Immediately, (A), (B) and (C) of Theorem [ are satisfied by the
diagonal subsequence. In fact, we will show that any suitable sequence is a sequence
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a, — 0 satisfying a; < 4% for a parameter v > 1 which we introduce later. The
bulk of the work will go towards establishing (D). To this end, we will show that

Lemma 2.

(a) The horizontal slice {xg =t} N Fi,() is the image of the vertical segment
{z =t} in the plane, i.e., x3(Fy(t,y)) = t.

(b) The image of Fr({x = t}) is a graph over a line segment in the plane
{x3 =t} (the line segment will depend on t).

(¢) The boundary of the graph in (b) is outside the ball By, (Fy(t,0)) for some
rg > 0.

This gives the fact that the immersions Fj, : Qi — R3 are actually embeddings
and that the surfaces ¥ given by Fi(Q;) are all embedded in a fixed cylinder
Cr, = {2 + 23 < 73, |x3] < 1/2} about the xs-axis in R3. This will then imply
that the surfaces X converge smoothly on compact subsets of C,, \ M to a limit
lamination of C.,. The claimed structure of the limit lamination (that is, that on
each interval of the complement it consists of two multi-valued graphs that spiral

into planes from above and below) will be established at the end.

X3

Fi({x = ty})

X9

—

X1

FIGURE 2. The functions Fj map vertical rays of the form {a = ¢}
contained in the domain . to planes perpendicular to the x3-axis
given by {x3 = t}. Note that this induces an identification of the
closed set M, thought of as lying in the complex plane along the
real axis, with its image in the xg-axis.

Throughout the paper, all computations will be carried out and recorded only
on the upper half plane in C, as the corresponding computations on the lower half
plane are completely analogous. By scaling it suffices to prove Theorem [ (D) for
some C,,, not (1 in particular.

4. DEFINITIONS

Let M C [0,1] be a closed set. Fix v > 1, and take M_; to be the empty
set. Then for k£ a non-negative integer, we inductively define two families of sets
my and My as follows: Assuming Mjy_; is already defined, take myj to be any
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maximal subset of M with the property that, for p,q € my, 7 € My_1, it holds
that |p — q|,[p — 7| > v~%. Then define My = Mj_1 Umy and Mo = |, My.
Also, for z € R define pi(z) to be the closest element in M}, to xz. Note that there
are at most two such points, and we take pi(x) to be the closest point on the left,
equivalently the smaller of the two points. For p € M., we define e(p) to be the
unique natural number such that p € m,,). Note that e(py(z)) < k. We take

®) hae) = [ = ) 4 i)
0o (22+4a?)
and
yo.a(@) = e (22 +a?)"/*
for € to be determined. For p € R we define
hp,a(2) = ha(2 = p) = Up,a(2) + 1Vp,a(2)
and
Yp,a(T) = Yo,a(z — D).
We then take

(9) hia(z) = Y hpalz) = wa(2) + via(2)

peEmMy
and
Yra(2) = min yp o ().
We take
k
(10) Hy(z) = Zu‘lhl,ak(z) = Ug(2) +iVi(2)
1=0

for a parameter p > v to be determined. We take

Yi(x) = M Y, (7).

ypl

Re

FIGURE 3. A schematic rendering of the domain §2; in the case
of M = {p; = —27!Y|I € N}. The solid line indicates the function
Y (z), and the shaded region indicates the domain €, itself. Note
that in this case, the sets m; = {p;} consist of a single point.
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We take

wa = {z +iyllyl < yoa(®)},wpa ={z+iyllyl < ypa(r)}
and

wia = {x +iyllyl <yrale)}, Qe = {z+iylly| < Yi(2)}
and lastly set Qo = N Q.

Note that in the above definitions, objects bearing the subscript “k” (as opposed
to “I”) always enumerate an (as yet undetermined) diagonal sequence. Conse-
quently, the dependence on the parameter a is omitted from the notation. At times,
the dependence on a will be suppressed from the notation for objects without the
subscript “k”. Also, note that for each = we have that Y3 () = yp, q,(x). Again,
when it is clear, the subscript “a;” will be suppressed. Keep in mind throughout
that {az} will always denote a sequence with ay < y~*. Also, the parameters
and g introduced in this section must satisfy p?/® < 4 < p < 43. The reasons are
technical and should become clear later in the paper.

5. PRELIMINARY RESULTS

We record some elementary properties of the sets My and my defined above
which will be needed later.

Lemma 3. |my| < ~* + 1.

Proof. Let p; < ... < p, be n distinct elements of my, ordered least to greatest.
By construction we have that py1 — pr > v~ *. Also, since p1,p, € M we get

n—1
1an_pl:Zkarl_ka(n_l)’y_k' U
k=1
Lemma 4. For all p in M, there is a q in My such that |p — q| < y~F.
Proof. If not, my, is not maximal. O

Lemma 5. The union |J,—omi = Upe o Mi = M is a dense subset of M.

Proof. Suppose not. Then there is a ¢ € M and a positive integer k such that
lp —q| > ~y~%, Vp € M. In particular, this implies that m; is not maximal. O

In order to avoid disrupting the narrative, the proofs of the remaining results
in this section will be recorded later in the Appendix. The proofs are somewhat
tedious, though easily verified.

Lemma 6. For ¢ sufficiently small, hy(z) is holomorphic on wy,, h; is holomorphic
on wy, and Hy, is holomorphic on Q.

We will also need the following estimates:

Lemma 7. On the domain wy, it holds that

0 cilz — plly|
—_ < =17 FIIL
ay“p“’y)‘ = (@—-p?2+a2)?
and 5
C2
"™ @ T ar
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Integrating the above estimates from 0 to the upper boundary of w, gives

}up(x,yp(x)) —up(z, 0)} < e

and
€Co

i xr T ) > N
mity, @)/2, @IV (T Y) > 5o v

These estimates immediately give

Corollary 8. We have the bounds

k
(11) |Up(, Yi()) — Up(x,0)| < ¢y {Z (v/ )" } < e,

=0
and
k
€c Y. (x
(12) Vile Yi@)/2) > 23t 3 5@ e o2y
2 1=0 pEMY yp(fﬂ)
k
> Yo (0) 2 3 o) L (5~ py())? 4 a2)
2 1=0 ypl;ak(x)
- %qk(x)u

where qi(x) is defined by the last equality above.

6. PROOF OF LEMMA

We will first concern ourselves with establishing Lemma 2l (a) follows from ()

and the choice of zy = 0. Choosing € < ¢y < 0/171/2

(), and using (@) we get
(13) (OyFr(x,y), 0y Fr(x,0)) = cosh Vi (2, y) cos(Ur(x, yo(z)) — Uk(,0))
> cosh Vi (z,y)/2.

Here we have used the fact that cos(1) > 1/2. This gives that all of the maps
Fy : Qp — R? are indeed embeddings (for all values of a) and proves (b) of Lem-

ma[2
Now, integrating ([I3]) from Yj(x)/2 to Yi(z) gives

Yi2)
2

, where ¢} is the constant in

emin[yk /Q’Yk] Vk .

(14) (Fi(, Yi(2)) — Fi(2,0), 0y Fi(,0)) >
Using the bound for Vj, recorded in ([I2)), we get that

(15) (Fi(z,Yi(z)) — Fi(z,0),0,Fp(z,0)) > ; §7/3 e Fan(a)

with s (2) = ((z — pr(2))? + a?)?/*. Take ri(z) = 585/36%602% We will show

that r(x) remains uniformly large in k; this establishes (c) of LemmaIZl First, we
need Lemmas [ and [I0 below. In the following, take ®(&) = 55/36%2626571

Lemma 9. For all a > 0, there exists a 6 = §(«) such that
(16) o) =&
for0 <€ <.
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Proof.

lim %55/3”6%“2571 =
£—0

for all . 0

We now choose p and o so that p?/3 < p+92/3 < 4 <y < 43 We must also
choose « so that o — 5/3 > 0, as will be seen in the following. In fact, for later
applications, we demand ao — 5/3 > 1.

)2/
Lemma 10. For |z — py|,ap < p=2/30+0)k (%), we have that

ri(z) > 1.
Proof. The assumptions immediately give that
si(x) = ((x — pr)? + a2)3/* < p=(Foks < 5,
which we rewrite as
pFsp < ="
Applying (I6) and using the fact that e(pg(x)) < k, we find that

(03

(D(‘Ll,e(pk)sk) > (Mftrk:(;)*

Equivalently,

€ £ —e(pp) g1 _ _
Tk(.’[) > _Si/?’ezczu Pkl s, > M(aa 5/3)k(5 a 1,

2

since we have chosen ao —5/3 > 1, and we may assume 0 < 1. O

We are ready to prove:

Lemma 11 (Lemmal(c)). There ezists a sequence {ci} with ¢, >0 and [[;°,c1 >
0 such that if ri(x) < 1, then

ri(x) > cprp—1(x).
Proof. Recall that Yy (z) = yp, (x) and Yi_1(z) = yp,_, (x). If
e — pi| < pm2/30HkG2/3 )\ f5
then
re(z) > 1

by Lemma[I0 So we assume that |z — py| > cou™2/30F* with ¢y = §2/3/v/2. By
the construction of the sets my, My, we have that |pr — pr—1| < ’y_’”‘l. We also
have that [py_1(z) — x| > cou™2/30+9)%  Then we may estimate that

Yoo @) 177 (@ = pr1)® +ad) 1
17) [ J = 1 >

—2
ypkflvak—l (.13

(x—pe-1)?4a2_)) 14 cg2y2r2k-1
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and that

4/5
(18) |: Ypr,ak (I) :| / > |I _pk|2 +a%
Yo 1,05 (T) (|z — prl + [Pk — pr—1])? + a3
1+aj/|lz — pil?

>
(L4 Ipk = pr—1l/|le = pe))? + @i/ |z — prl?
> ! 5
(1+ Ipx — pr—1l/|x — prl)
. 1

_ 2
(1+ e 17’k)
This then gives

(19) [L@)]/ [ m)r% | ypkﬁak(x))r/s

Yk—l(x ypk—laak—l(x Ypr—1,a (1‘

1
>
{1 + 0527_27%_1 ]

4/5
— 6",

1
(1 +70017’€)2]

where 0}, is defined by the last equality above. We also get that
Ypi,ak (I)

(20) q(z) > qr—1(x)
ypk—lsak—l(x)
> Opqr—1(x).
Using ([I3) above, we obtain
re(z) = %32/36%“2%(“@)
Ypi,ar (CL‘) :| 1 Lecalrqr_1(x)

> | el ey, (@)edetin
|:ypk17ak1(x) 2 b "
> gkéesi/}l(x)e%ecﬁk%fl(%)

k

1-0;
= O Besz/_gl(x)} i1 ()]

—2/3(1+0)k

Now, since |z — pr_1(x)| > cop and 1 — 6, < c7* for c sufficiently large,

we get

*
€ _ k1€
ri(z) > 0 [503/2,u 5/3(14 )k} [kal(f)}ek .

CTk
Now, set ¢ = 0 [%cg/Qu’E’/?’(H”)k] . It is easily seen that H?il ¢ > 0. This
gives the bound

(21) () > o (rr—1(2))*
and the conclusion follows by considering the separate cases rp_i(x) > 1 and
rp—1(z) <1 (since 0 < 1). O

The immediate corollary is
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Corollary 12. Fither
(22) rp(x) > 1

or

(23) ri(z) > (H cl> ro(x).

0
This establishes (c) of Lemma

7. ProoF oF THEOREM [I(A), (B) anD (C)

Note that ([B]) and our choice of Weierstrass data gives that

_|62Hk|2
24 Ks, (z) = ———.
(24) 2.(2) cosh4V;C

For p € my, it is clear that Fy(p) = (0,0,p) for all k. Thus, for k > | we can then

estimate
pt
(25) |0-Hi(p)| > —
O
since Vi (z,0) = 0 for all z € R, and hence |Ayx, (p)|> — oco. For z € M \ My,
consider the sequence of points p;(z) € m;. Recall that |p;(z) — x| < y~!. We then
get

p! pt

> .

(p=p)*+ap)* = (v +af)?
Taking | — oo and a; < ! gives that |Ax, (p)|?> — oo and proves (A) of Theorem [
Since Vi (z,y) > 0 for y > 0, we see that x3(n(z,y)) # 0, and hence Xy is

graphical away from the x3-axis, which proves (C) of Theorem [Il
Now, for § > 0 set S5 = {z|dist(Rez, M) < ¢}. From (@), it is immediate that

(26) |0-H,(p)| >

(27) SUPj, SUPg,\ 5, | Az, (2)[* < 00

for any 0 > 0. This combined with Heinz’s curvature estimate for minimal graphs
gives (B).

8. ProOF oF THEOREM [I] (D)
AND THE STRUCTURE OF THE LIMIT LAMINATION

Lemma 13. A subsequence of the embeddings Fy, : Qi — R® converges to a minimal
lamination of C'\ M.

Proof. Let K be a compact subset of the interior of {2.,. Then for z € K, we have
that supy, [+£ Hy(z)| < co. Montel’s theorem then gives a subsequence converging
smoothly to a holomorphic function on K. By continuity of integration this gives
that the embeddings Fj : K — R? converge smoothly to a limiting embedding.
Thus the surfaces ¥j converge to a limit lamination of C'\ M that is smooth away
from the M. O

Let I = (t1,%2) C R be an interval of the complement of the M in R and consider
Qr = Qo N{Rez € I'}. Then Q is topologically a disk, and by Lemma [I3] the
surfaces ¥y 1 = Fi(Q) are contained in {t; < x3 < t2} C R3 and converge to
an embedded minimal disk ¥;. Now, Theorem [0 (C) (which we have already
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established) gives that X; consists of two multi-valued graphs ¥}, %% away from
the xs-axis. We will show that each graph EJI‘ is oo-valued and spirals into the
{z5 =11} and {z5 = t2} planes, as claimed.

Note that by (Z) and Theorem [ (C), the level sets {x3 =t} N2 for t; <t < ty
are graphs over lines in the direction

(28) limy oo (sin Ug(¢,0), —cos Ug(¢,0),0) .
First, suppose t; € my for some [. Then we get that, for any k£ > [ and any
t< gl
(29)
t+2t l t1+2t ds
Uk(tl +2t,0)—Uk(t1 —l-t,O) = / aSUk(S,O)dS > Ccolh / 5
ti+t et (8 —t1)? +a3)?

(by the Cauchy-Reimann equations Uy ; = V). Then, since ap — 0 as k — oo,
we get that

t1+2t ds l

. _ Coll—
30) 1 Uit +2t,0) — Ug(t; +t,0 ! ,
(80)  timci(t +26,0) = Uit +4,0) > eou! [ 7 By >

and hence {t; +t < |x3| < t; + 2t} contains an embedded Ni-valued graph, where

cp
(31) Nt > t_3
Note that N; — oo as t — 0 from above and hence ¥ spirals into the plane

{253 = tl}.
Now, suppose that t; ¢ M.,. Then consider the sequence of points p;(t;) € my
and recall that t; — p;(t;) < v~'. Then set #! =t; +~v~! and consider the intervals

(32) I = [t .

Note that for [ large I; C I. Then, for k£ > [ and s € I; we may estimate

cop”! cop”!

(s —p(t)? + @~ Ay 2 1 ad)?

since s — p; < 2y~L. We then get

(33) 0.Uk(s,0) >

—1 —1 —1y—1
: - Capt cop (1 ="y
(34) Uk(t]70)—Uk(tj ,O) > ‘Ij|(4’y_2l—|—ai)2 > (47_21 +ai)2 .
Taking limits, we get
1— —1 3\ !
(35) limy oo Up (', 0) — Up (11, 0) > 62(176”) (%) .

Thus we see that {t't! < z3 < #} N X! contains an embedded Nj-valued graph,
where

(36) N ~c (%3)1

This again shows that ¥; spirals into the plane {x3 = ¢} since as j — oo, t! — t;
and N; — oo. Now for ¢ in the interior of M, every singly graphical component
of F} contained in the slab {t —y~! < 23 <t +~7'} (by (B6) there are many) is
graphical over {x3 = 0} N B;,(0) where Lemma [I0 gives r; — oo, which implies
that each component converges to the plane {x3 = t}. This proves Theorem [l (D).



1434 STEPHEN J. KLEENE

APPENDIX

Here we provide the computations that were omitted from section

Proof of Lemma [Bl Tt suffices to show that h = u + v is holomorphic on w. Recall
that

(37) h@w—Az( 2

2+ a?)?

It is clear that the points +ia lie outside of w. Moreover, w is obviously simply
connected so that foz (221%)2 gives a well-defined holomorphic function on w. O

Proof of Lemma [[l. We compute the real and imaginary components of (22 + a?)?:
22 +a? = 2% —y? + a® + 2ixy,
(22 + a2)2 = (332 -2+ a2)2 — 4z?y? + dizy (x2 -2+ a2) .
Set
d= Re{(z2 + a2)2} = (2% — % +a®)” — 2?2,
b= Im{(22 + a2)2} =4xy (x2 —y? + a2) ,
and

62:

(224_&2)2‘27(12_'_()27{(152_ 2, N2 4 2 2}2
= = y—l—a) 4x”y

+ 1622y> (x2 -yt + a2)2 .

Now on w (that is, on the set where |y| < yo(z)), we get the bounds
d>(1-¢€)*(z*+ a2)2 —4e(2® +a*)? = {(1 - €)? — 4’} (2 + a*)?,
d < (22 +a®)?,
b < de(z? 4+ a®)"M* < de(a® + a?)?,
since by assumption |z|,a < % Using the fact that c¢? = d? + b2,
{1=)? -4V (@ +ad) < < {1+16¢} (a2 +a)" .

Recalling that

0 1 -b 0 1 d
8_yu($73/) = Im{m} = C—2>a—yv($,y) —Re{m} =2

we get
4 |z — pllyl
{(1— )2 —4e2)? ((z — p)? + a2)’

0
= <
‘ayup(xay)‘ —
and
{(1—62)2—462} 1
THI6E (@ pP e

0
— >
ayvp(x,y) -
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If we restrict € < ¢q for €y sufficiently small, we get that
1 c
{(1-e2)2—4e2)?
and
{a-¢ 462}
> C2
1+ 1662
for constants ¢; and co, which immediately gives the lemma. O
Proof of Corollary Bl Recalling definitions (@) and ([I0), we get
k Y ()
@ ) ol < Yut | a—yuxx,y)\
_ 0
. Yi(x)
<3y i)
pEMY
. yp(x)
S WD o L
pEMY
< e Zu’l(vl +1)
1=0
and
k Yi(x)/2 o
(39) minpy, ()/2,v; (@) Ve(z,y) > Z/ 8_yvl(x7y)
1=0 70
I Yk(w
S WD ol AR
pemy
- Yi(a)
C2 -1 2 —3/4
S S D DR A (CACE)
2 1=0 pEMY Up()
= e—qk(ac)
O
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