
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 140, Number 8, August 2012, Pages 2589–2597
S 0002-9939(2011)11169-9
Article electronically published on December 1, 2011

TRANSFER MAPS AND PROJECTION FORMULAS

GONÇALO TABUADA

(Communicated by Brooke Shipley)

Abstract. Transfer maps and projection formulas are undoubtedly one of
the key tools in the development and computation of (co)homology theories.
In this paper we develop a unified treatment of transfer maps and projection
formulas in the non-commutative setting of dg categories. As an application,
we obtain transfer maps and projection formulas in algebraic K-theory, cyclic
homology, topological cyclic homology, and other scheme invariants.

1. Transfer maps

A differential graded (= dg) category, over a base commutative ring k, is a cate-
gory enriched over complexes of k-modules (morphism sets are complexes) in such a
way that composition fulfills the Leibniz rule : d(f ◦g) = (df)◦g+(−1)deg(f)f ◦(dg);
see Appendix A for details. Dg categories solve many of the technical problems in-
herent to triangulated categories and are nowadays widely used in algebraic geom-
etry, in representation theory of quiver algebras, and even in mathematical physics;
see Keller’s ICM address [9].

Recall from [9, §4.6] that a dg functor F : A → B is a called a derived Morita

equivalence if the restriction of scalars functor D(B) ∼→ D(A), between the as-
sociated derived categories, is an equivalence of (triangulated) categories. As
proved in [19, Thm. 5.3] the category dgcat of small dg categories carries a Quillen
model structure whose weak equivalences are precisely the derived Morita equiva-
lences. The homotopy category hence obtained will be denoted by Hmo. Thanks
to Toën [24, Cor. 4.8] (and [19, Rk. 5.11]) the Hom-sets of Hmo can be described as
HomHmo(A,B) � Iso rep(A,B), where Iso denotes the set of isomorphism classes,
and rep(A,B) the full subcategory ofD(Aop⊗LB) consisting of thoseA-B-bimodules
X such that for every object a ∈ A the B-module X(−, a) is a compact object [14]
in the derived category D(B); − ⊗L − stands for the derived tensor product of
dg categories. The localization functor dgcat → Hmo is the identity on objects
and sends a dg functor F : A → B to the isomorphism class of the A-B-bimodule
(a, b) �→ B(b, F (a)).

The above description of the Hom-sets suggests that any functor defined on dg
categories which inverts derived Morita equivalences should be endowed with an
extra degree of “contravariant functoriality” with respect to the following class of
dg functors.
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Definition 1.1. Let T r be the class of dg functors F : A → B such that for every
object b ∈ B the A-module a �→ B(F (a), b) is a compact object in the derived
category D(A).

Example 1.2. Natural examples of elements in T r are given by morphisms f : A →
B of unital (but not necessary commutative) k-algebras such that B is projective
of finite type as an A-module; we consider A and B as dg categories with a single
object. More generally, we can consider morphisms such that B admits a finite
resolution by projective A-modules of finite type. Other examples, of a scheme-
theoretical nature, are described in Lemma 3.1.

Theorem 1.3. (i) Let E : dgcat → D be a functor which inverts derived Morita
equivalences. Then, for every F ∈ T r we have an associated transfer map Etr(F ) :
E(B) → E(A). Moreover this procedure is functorial, i.e. Etr(idA) = idE(A) and
Etr(G ◦ F ) = Etr(F ) ◦ Etr(G).

(ii) Let η : E1 ⇒ E2 be a natural transformation between derived Morita invari-
ant functors. Then η is compatible with the transfer maps; i.e. for every F ∈ T r
we have the equality ηA ◦ Etr

1 (F ) = Etr
2 (F ) ◦ ηB.

Proof. The homotopy category Hmo is the localization of dgcat with respect to the
class of derived Morita equivalences. Therefore, since by hypothesis the functor E
inverts derived Morita equivalences, we obtain a well-defined functor E making the
following diagram commutative:

(1.4) dgcat

��

E �� D

Hmo
E

����������

Now, let F : A → B be an arbitrary dg functor. Associated to F we have not only
the A-B-bimodule

XF : A⊗L Bop −→ Cdg(k) (a, b) �→ A(b, F (a))

but also the B-A-bimodule

FX : B ⊗L Aop −→ Cdg(k) (b, a) �→ B(F (a), b) .(1.5)

Clearly, XF belongs to rep(A,B). In contrast, FX belongs to rep(B,A) if and only
if for every b ∈ B the A-module a �→ B(F (a), b) is a compact object in the derived
category D(A). Note that this condition is precisely the one of Definition 1.1,
which implies that F belongs to T r if and only if the bimodule FX belongs to
rep(B,A). In particular, if F belongs to T r we obtain a well-defined morphism
[FX] in HomHmo(B,A) = Iso rep(B,A). The transfer map Etr(F ), associated to F ,
is then the morphism in D given by E([FX]). Given small dg categories A, B and
C, the composition operation in Hmo corresponds to the derived tensor product of
bimodules

Iso rep(A,B)× Iso rep(B, C) −→ Iso rep(A, C) ([X], [Y ]) �→ [X ⊗L

B Y ] .

Hence, if G : B → C is another dg functor in T r, we have a natural isomorphism

(G◦F )X � FX ⊗L

B GX of C-A-bimodules, which implies that (G◦F )X belongs to
rep(C,A). We obtain then the equality [(G◦F )X] = [FX] ◦ [GX] in Hmo and conse-

quently the equality Etr(G ◦ F ) = Etr(F ) ◦Etr(G) in D. This concludes the proof
of item (i).
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Let us now prove item (ii). Since the functors E1 and E2 are derived Morita
invariant, the natural transformation η between E1 and E2 is also a natural trans-
formation between the induced functors E1 and E2; see the above diagram (1.4).
Hence, the equalities

Etr
1 (F ) = E1([FX]), Etr

2 (F ) = E2([FX])

allow us to conclude that η is compatible with the transfer maps, i.e. for every
F ∈ T r we have the equality ηA ◦ Etr

1 (F ) = Etr
2 (F ) ◦ ηB. �

Connective algebraic K-theory (K), non-connective algebraic K-theory (IK),
Hochschild homology (HH), cyclic homology (HC), negative cyclic homology (HN),
periodic cyclic homology (HP ), topological Hochschild homology (THH), and
topological cyclic homology (TC) are all examples of derived Morita invariant func-
tors; see [1, 10, 17, 21, 23]. Therefore, by Theorem 1.3(i) we obtain transfer maps :

Ktr
∗ (F ) : K∗(B) → K∗(A), IKtr

∗ (F ) : IK∗(B) → IK∗(A),(1.6)

HHtr
∗ (F ) : HH∗(B) → HH∗(A), HCtr

∗ (F ) : HC∗(B) → HC∗(A),(1.7)

HN tr
∗ (F ) : HN∗(B) → HN∗(A), HP tr

∗ (F ) : HP∗(B) → HP∗(A),(1.8)

THHtr
∗ (F ) : THH∗(B) → THH∗(A), TCtr

∗ (F ) : TC∗(B) → TC∗(A).(1.9)

When F is as in Example 1.2, the transfer map Ktr
∗ (F ) coincides with Quillen’s

original transfer map f∗ : K∗(B) → K∗(A) on algebraicK-theory; see [15, page 103]
and [25, §V, 3.3.2]. Another important consequence of Theorem 1.3(ii) is the fact
that the above transfer maps are compatible with the classical higher Chern char-
acters and with the Dennis trace map

ch∗,i : K∗ ⇒ HC∗+2i, ch−
∗ : K∗ ⇒ HN∗, Dtr∗ : K∗ ⇒ THH∗ .(1.10)

For a description of these natural transformations consult [12, §8.4, §11.4].

Remark 1.11. Although the unified treatment of transfer maps given in this paper
was not available in the literature, transfer maps and their compatibility with natu-
ral transformations have been “around” for a long time; see for instance the work of
Bökstedt-Hsiang-Madsen [2], Hesselholt-Madsen [8], Keller [11], Schlichtkrull [16],
and others.

2. Projection formulas

The tensor product −⊗− of k-algebras extends naturally to dg categories, giving
rise to a symmetric monoidal structure on dgcat. In this section we assume that D
is a symmetric monoidal triangulated category (with unit object 1), E : dgcat → D
is a symmetric monoidal derived Morita invariant functor, and F : A → B is an
element in T r between dg categories endowed with a “multiplication”

mA : A⊗A −→ A, mB : B ⊗ B −→ B .(2.1)

Given an object P in D, we will denote by Hom∗(1, P ) the Z-graded abelian group
of morphisms such that Homn(1, P ) := Hom(Σn(1), P ).

Theorem 1.3(i) furnishes us a transfer map Etr(F ), and so by composition with
E(F ) and Etr(F ) we obtain homomorphisms

E(F )∗ : Hom∗(1, E(A)) −→ Hom∗(1, E(B)),(2.2)

Etr(F )∗ : Hom∗(1, E(B)) −→ Hom∗(1, E(A))(2.3)
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of Z-graded abelian groups. Note that since E is symmetric monoidal, the “mul-
tiplication” dg functors (2.1) endow the Z-graded abelian groups Hom∗(1, E(A))
and Hom∗(1, E(B)) with a bilinear multiplicative operation − ·−. If the “multipli-
cations” (2.1) are moreover associative, commutative, or admit a unit object, the
same holds for the multiplicative operations on Hom∗(1, E(A)) and Hom∗(1, E(B)).
However, the statement and proof of our general projection formula does not make
use of these extra properties.

Thanks to Theorem 1.3(i), the functor dgcat → Hmo is endowed with transfer
maps. Let us denote by [XF ] the image of F in Hmo and by [FX] the associated
transfer map. Under the above assumptions we have the following result.

Proposition 2.4. Let F be an element in T r making the following diagrams com-
mutative:

(2.5) A⊗L A

mA

��

[XF ]⊗L[XF ]
�� B ⊗L B

mB

��

B ⊗L A

id⊗L[XF ]

��

[FX]⊗Lid
�� A⊗L A mA �� A

A
[XF ]

�� B B ⊗L B
mB

�� B

[FX]

��

Then, for every x ∈ Hom∗(1, E(B)) and y ∈ Hom∗(1, E(A)) the following projec-
tion formula

(2.6) Etr(F ) ◦ (x · (E(F ) ◦ y)) = (Etr(F ) ◦ x) · y
holds in Hom∗(1, E(A)).

Proof. Since the functor E sends derived Morita equivalences to isomorphisms, we
obtain a well-defined functor E as in diagram (1.4). Moreover, since by hypothesis
E is symmetric monoidal, so is E. Therefore, when we apply the functor E to the
right-hand side diagram in (2.5) and use the equalities

E(F ) = E([XF ]), Etr(F ) = E([FX]) ,

we obtain the following commutative diagram in D :

(2.7) E(B)⊗ E(A)

id⊗E(F )

��

Etr(F )⊗id
�� E(A)⊗ E(A)

E(mA)
�� E(A)

E(B)⊗ E(B)
E(mB)

�� E(B)

Etr(F )

��

Now, let x ∈ Homn(1, E(B)) and y ∈ Homm(1, E(A)). Using the symmetric
monoidal structure on D we obtain an element x⊗ y in Homn+m(1, E(B)⊗E(A)).
Thanks to the above diagram (2.7) we have the following equality:

(2.8) Etr(F ) ◦ E(mB) ◦ (id⊗E(F )) ◦ (x⊗ y) = E(mA) ◦ (Etr(F )⊗ id) ◦ (x⊗ y) .

Recall that the multiplicative operations−·− on Hom∗(1, E(B)) and Hom∗(1, E(A))
are obtained by combining the monoidal structure on D with the maps E(mA) and
E(mB). Therefore, we observe that the above equality (2.8) coincides with the
projection formula

Etr(F ) ◦ (x · (E(F ) ◦ y)) = (Etr(F ) ◦ x) · y .
The proof is then finished. �
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Note that the commutativity of the left-hand side diagram in (2.5) implies that
the homomorphism (2.2) respects the multiplicative operations. Hence, the Z-
abelian group Hom∗(1, E(B)) carries a Hom∗(1, E(A))-action and so the projection
formula (2.6) entails that the homomorphism (2.3) is Hom∗(1, E(A))-linear.

Example 2.9. Natural examples of elements in T r which satisfy the conditions of
Proposition 2.4 are given by the morphisms f : A → B presented in Example 1.2
between commutative k-algebras. In this commutative case the multiplication op-
erations in A and B are k-algebra homomorphisms, and so we obtain dg functors
as in (2.1). The commutativity of the left-hand side diagram in (2.5) is clear. The
commutativity of the right-hand side diagram in (2.5) follows from the natural iso-
morphism B⊗B A⊗AB � B⊗AA of A-modules. Scheme-theoretical examples are
described in Proposition 3.4.

We now give some examples of functors which can be expressed as Hom∗(1, E(−))
for certain symmetric monoidal functors E.

Example 2.10 (Algebraic K-theory). Recall from [18, §10, §15] the construction
of the universal additive and localizing invariant of dg categories

Uadd
dg : dgcat −→ Motadddg (e), U loc

dg : dgcat −→ Motlocdg (e) .

Here, Motadddg (e) and Motlocdg (e) are the categories of non-commutative motives in
the additive and localizing settings; see [4, 5, 18] for details. These triangulated
categories carry symmetric monoidal structures, with unit objects Uadd

dg (k) and

U loc
dg (k), making the above universal invariants symmetric monoidal. Thanks to

[18, Thm. 15.10] and [4, Thm. 7.16] we have, for every small dg category C, natural
isomorphisms of Z-graded abelian groups

Hom∗(Uadd
dg (k),Uadd

dg (C)) � K∗(C), Hom∗(U loc
dg (k),U loc

dg (C)) � IK∗(C) .

If C is moreover endowed with a “multiplication” dg functor as in (2.1), then K∗(C)
and IK∗(C) inherit a multiplicative operation. For instance, if A is a commuta-
tive algebra as in Example 2.9, the multiplicative operation on K∗(A) is the one
described in [12, §11.2.16]; see [22, Ex. 2.5]. It follows then from Proposition 2.4
applied to E = Uadd

dg that x ∈ K∗(B), y ∈ K∗(A), the map (2.3) identifies with the

transfer map Ktr
∗ (F ) (1.6), and the projection formula (2.6) holds in K∗(A) and

similarly for E = U loc
dg , with K replaced by IK. When F = f is as in Example 2.9,

we recover Quillen’s original projection formula f∗(x · f∗(y)) = f∗(x) · y on alge-
braic K-theory; see [15, page 103] [25, §V 3.5.3]. In the non-connective algebraic
K-theory case we obtain an analogous projection formula.

Example 2.11 (Hochschild homology). Recall from example [5, Ex. 7.9] the con-
struction of the symmetric monoidal Hochschild homology functor HH : dgcat →
D(k). Note that since the base ring k is commutative the category D(k) carries a
natural symmetric monoidal structure with unit object the complex k (concentrated
in degree zero). For every small dg category C we have a natural isomorphism of
Z-graded k-modules Hom∗(k,HH(C)) � HH∗(C). If C is moreover endowed with a
“multiplication” dg functor as in (2.1), then HH∗(C) inherits a multiplicative oper-
ation. For instance, if A is a commutative algebra as in Example 2.9, the multiplica-
tive operation on HH∗(A) is given by the shuffle product; see [12, Cor. 4.2.7]. It fol-
lows then from Proposition 2.4 applied to E = HH that x ∈ HH∗(B), y ∈ HH∗(A),
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the map (2.3) identifies with the transfer map HHtr
∗ (F ) (1.7), and the projection

formula (2.6) holds in HH∗(A).

Example 2.12 (Negative cyclic homology). Recall from [5, Ex. 7.10] the construc-
tion of the symmetric monoidal mixed complex functor C : dgcat → D(Λ). Here,
Λ is the k-algebra k[ε]/ε2 with ε of degree −1 and d(ε) = 0. The derived category
D(Λ) carries a symmetric monoidal structure defined on the underlying complexes.
The unit object is the complex k endowed with the trivial action of ε. For ev-
ery small dg category C we have a natural isomorphism of Z-graded k-modules
Hom∗(k, C(C)) � HN∗(C). If C is moreover endowed with a “multiplication” dg
functor as in (2.1), then HN∗(C) inherits a multiplicative operation. For instance,
if A is a commutative algebra as in Example 2.9, the multiplicative operation on
HN∗(A) is given in terms of the shuffle product; see [12, §5.1.13]. It follows then
from Proposition 2.4 applied to E = C that x ∈ HN∗(B), y ∈ HN∗(A), the map
(2.3) identifies with the transfer map HN tr

∗ (F ) (1.8), and the projection formula
(2.6) holds in HN∗(A).

Example 2.13 (Periodic cyclic homology). Recall from [5, Ex. 7.11] the construc-
tion of the symmetric monoidal periodic complex functor P : D(Λ) → D(k[u]-
Comod). Here, k[u]-Comod is the category of k[u]-comodules, where k[u] is the co-
commutative Hopf algebra of polynomials in one variable u of degree 2. The derived
category D(k[u]-Comod) carries a symmetric monoidal structure given by the coten-
sor product of comodules, with unit object k[u]. For every small dg category C we
have a natural isomorphism of Z-graded k-modules Hom∗(k, (P ◦C)(C)) � HP∗(C).
If moreover C is endowed with a “multiplication” dg functor as in (2.1), thenHP∗(C)
inherits a multiplicative operation. For instance, if A is a commutative algebra as
in Example 2.9, then the multiplicative operation on HP∗(A) is the one described
in [12, §5.1.13] in terms of shuffle products. It follows then from Proposition 2.4
applied to E = P ◦C that x ∈ HP∗(B), y ∈ HP∗(A), the map (2.3) identifies with
the transfer map HP tr

∗ (F ) (1.8), and the projection formula (2.6) holds in HP∗(A).

3. Schemes

In this section we assume that our base commutative ring k is a field. By a
scheme we mean a quasi-compact and quasi-separated k-scheme; see [7].

Given a scheme X, we have a Grothendieck category QCoh(X) of quasi-coherent
sheaves of OX -modules and an associated dg category Cdg(QCoh(X)) of unbounded

cochain complexes on QCoh(X). Let Cdg
parf(X) be the full small dg subcategory of

Cdg(QCoh(X)) consisting of those perfect complexes of OX -modules (see [23, §2])
which are bounded above, degreewise flat, and whose stalks have cardinality at

most the cardinality of k. We will denote by Ddg
parf(X) the Drinfeld DG quotient [6]

(see also [20]) of Cdg
parf(X) by its full dg subcategory of acyclic complexes; note

that since we are working over a field, the homotopical flatness conditions [6, §3.3]
are automatically fulfilled. The small dg category Ddg

parf(X) enhances the derived

category Dparf(X) of perfect complexes of OX -modules in the sense that we have a

natural equivalence of triangulated categories H0(Ddg
parf(X)) � Dparf(X); see [13] for

the uniqueness of this dg-enhancement. Given a morphism of schemes f : X → Y

we have a dg-enhancement f∗ : Ddg
parf(Y ) → Ddg

parf(X) of the derived inverse image

functor Lf∗ : Dparf(Y ) → Dparf(X).
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Lemma 3.1. Let f : X → Y be a perfect projective morphism, a flat proper mor-
phism, or a proper morphism of finite Tor-dimension between Noetherian schemes;

see [7], [23, §3]. Then, the dg functor f∗ : Ddg
parf(Y ) → Ddg

parf(X) belongs to T r.

Proof. Recall from the proof of Theorem 1.3 that the dg functor

f∗ : Ddg
parf(Y ) −→ Ddg

parf(X)

belongs to T r if and only if the bimodule f∗X (1.5) belongs to rep(Ddg
parf(X),

Ddg
parf(Y )). By tensoring with the bimodule f∗X we obtain a dg functor (see [9,

§3.8])
(3.2) −⊗ f∗X : Cdg(Ddg

parf(X)) −→ Cdg(Ddg
parf(Y )) .

If f is as in Lemma 3.1, then the derived direct image functor

(3.3) Rf∗ : D(X) −→ D(Y )

preserves perfect complexes (see [23, §3.16]) and so the left derived functor of (3.2)
identifies with (3.3). Since for every perfect complex E · of OX -modules we have
a natural isomorphism E · ⊗ f∗X � Rf∗(E ·) in the derived category Dparf(Y ), we

conclude that the bimodule f∗X belongs to rep(Ddg
parf(X),Ddg

parf(Y )). This achieves
the proof. �

Thanks to the work of Thomason-Trobaugh [23, §3], Schlichting [17, §8, Thm. 5],
Keller [11, §5.2], and Blumberg-Mandell [1, Thm. 1.3], the algebraic K-theory, the
cyclic homology (and all its variants), and even the topological cyclic homology of

a scheme X can be recovered from its associated dg category Ddg
parf(X). Therefore,

by combining Lemma 3.1 with (1.6)-(1.9), we obtain transfer maps :

f∗ : K∗(X) → K∗(Y ), f∗ : IK∗(X) → IK∗(Y ),
f∗ : HH∗(X) → HH∗(Y ), f∗ : HC∗(X) → HC∗(Y ),
f∗ : HN∗(X) → HN∗(Y ), f∗ : HP∗(X) → HP∗(Y ),
f∗ : THH∗(X) → THH∗(Y ), f∗ : TC∗(X) → TC∗(Y ) .

The transfer map f∗ : K∗(X) → K∗(Y ) coincides with the one originally defined
by Quillen [15, §7 2.7] and Thomason-Trobaugh [23, §§3.16.4–3.16.6]. Moreover,
thanks to Theorem 1.3(ii) and (1.10), the above transfer maps are compatible with
the classical higher Chern characters and with the Dennis trace map.

Proposition 3.4. Let f : X → Y be a morphism of schemes as in Lemma 3.1.

Then, the dg functor f∗ : Ddg
parf(Y ) → Ddg

parf(X) satisfies the conditions of Proposi-
tion 2.4.

Proof. The derived inverse image functor

Lf∗ : Dparf(Y ) −→ Dparf(X)

is symmetric monoidal with respect to the derived tensor products − ⊗L

OY
− and

−⊗L

OX
−; see [23, §3.15]. By lifting these derived tensor products to Ddg

parf(Y ) and

Ddg
parf(X) we observe that the left-hand side diagram in (2.5) (with A = Ddg

parf(Y ),

B = Ddg
parf(X), and F = f∗) commutes. Now, let E · be a perfect complex of OX -

modules and F · a perfect complex of OY -modules. Thanks to [7, §III 3.7] we have
a canonical isomorphism

(3.5) Rf∗(E ·)⊗L

OY
F · � Rf∗(E · ⊗L

OX
Lf∗(F ·))
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in the derived category Dparf(Y ). The left-hand side of (3.5) identifies with the
evaluation of the bimodule mA ◦ [FX]⊗L id at E ·⊗F ·. The right-hand side of (3.5)
identifies with the evaluation of the bimodule [FX] ◦ mB ◦ id⊗L[XF ] at E · ⊗ F ·.
Therefore, the right-hand side diagram in (2.5) commutes, and so the proof is
finished. �

By combining Proposition 3.4 with Examples 2.10-2.13, we obtain the following
projection formula:

f∗(x · f∗(y)) = f∗(x) · y ,
which holds in K∗(Y ), IK∗(Y ), HH∗(Y ), HN∗(Y ) and HP∗(Y ). In the connective
algebraic K-theory case we then recover the projection formula originally developed
by Quillen [15, Prop. 2.10] and Thomason-Trobaugh [23, Prop. 3.17].

Appendix A. Background on dg (bi)modules

Let C(k) be the category of (unbounded) cochain complexes of k-modules. A
differential graded (= dg) category (over the base ring k) is a C(k)-category and a
dg functor is a C(k)-functor; see [3, Defs. 6.2.1-6.2.3].

Let A be a small dg category. The opposite dg category Aop of A has the same
objects as A and complexes of morphisms given by Aop(x, y) := A(y, x). A right
A-module (or simply an A-module) is a dg functor Aop → Cdg(k) with values in the
dg category Cdg(k) of complexes of k-modules. We denote by C(A) the category
of A-modules; see [9, §2.3]. The derived category D(A) of A is the localization of
C(A) with respect to the class of objectwise quasi-isomorphisms. As explained in
[9, §3.1] the differential graded structure of Cdg(k) makes C(A) naturally into a dg
category Cdg(A).

Now, let A and B be two small dg categories. Their tensor product A ⊗ B
is defined as follows : the set of objects is the Cartesian product of the sets of
objects of A and B and for every two objects (x, z) and (y, w) in A ⊗ B we have
A ⊗ B((x, z), (y, w)) := A(x, y) ⊗ B(z, w). The tensor product of dg categories
gives rise to a symmetric monoidal structure on the category dgcat of small dg
categories. The unit object is the dg category k with one object and with k as the
dg algebra of endomorphisms. Finally, by an A-B-bimodule we mean a dg functor
A⊗ Bop → Cdg(k).
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