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ON LIFTING THE APPROXIMATION PROPERTY

FROM A BANACH SPACE TO ITS DUAL

ÅSVALD LIMA

(Communicated by Thomas Schlumprecht)

Abstract. We prove that if a Banach space is extendably locally reflexive,
then it is compactly locally reflexive. Using results by Lima and Lima, this im-
plies that if a Banach space has the approximation property and is extendably
locally reflexive, then its dual space has the approximation property.

1. Introduction

For a Banach space X, it is well known that the approximation property (AP)
passes from the dual space X∗ to X, but not from X to X∗. For Banach spaces
which are extendably locally reflexive (ELR), Johnson and Oikhberg [2] proved that
the bounded approximation property passes from X to X∗, and Oja [7] proved that
the weak bounded approximation property passes from X to X∗. Below we show
that also the approximation property passes from X to X∗ for these spaces.

Let us set our notation and give some definitions. The space of all bounded
operators from a Banach space X to a Banach space Y is denoted by L(X,Y ).
The subspaces of finite rank operators, compact operators, and weakly compact
operators are denoted by F(X,Y ), K(X,Y ), and W(X,Y ) respectively. Let IX
denote the identity operator on X.

We say that a Banach space X has the approximation property (AP) if for every
compact setK ⊂ X and every ε > 0 there exists a finite rank operator T ∈ F(X,X)
such that ‖Tx − x‖ < ε for all x ∈ K. If, in addition, there exists λ ∈ [1,∞) such
that we can always choose T ∈ F(X,X) with ‖T‖ ≤ λ, then we say that X
has the λ-bounded approximation property (λ-BAP). In [5] yet another version of
approximation property was introduced. If X is a Banach space and λ ∈ [1,∞),
then we say that X has the weak λ-bounded approximation property (weak λ-BAP)
if for every Banach space Y and every weakly compact operator T ∈ W(X,Y )
there exists a net (Sα) ⊂ F(X,X) with supα ‖TSα‖ ≤ λ‖T‖ such that Sα → IX
uniformly on compact subsets of X.

In general we have

λ-BAP ⇒ weak λ-BAP ⇒ AP.

In [5, Corollary 3.3], Lima and Oja proved that if X is complemented in its bidual
X∗∗ by a projection P andX has the AP, thenX has the weak ‖P‖-BAP. In [6], Oja
proved that if X∗ has the Radon-Nikodým property and X has the weak λ-BAP,
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thenX has the λ-BAP. (See [8] or [4, Theorems 1.3 and 1.4] and [1, Theorem VI.4.8]
for alternative proofs.)

Following [9] and [2], we say that a Banach space X is λ-extendably locally
reflexive (λ-ELR) if for every finite dimensional subspace E ⊂ X∗∗ and F ⊂ X∗,
and for every ε > 0, there exists an operator T : X∗∗ → X∗∗ such that T (E) ⊂ X,
‖T‖ ≤ λ + ε, and 〈f, e〉 = 〈f, Te〉 for all e ∈ E and f ∈ F . We say that X is
extendably locally reflexive (ELR) if X is λ-ELR for some λ ∈ [1,∞). Let us cite
some known results.

Theorem 1.1 (Johnson and Oikhberg). Let X be a Banach space.

(1) If X is λ-ELR and has the μ-BAP, then X∗ has the λμ-BAP.
(2) If X∗ has the λ-BAP, then X is λ-ELR.

Theorem 1.2 (Oja). Let X be a Banach space. If X is ELR and has the weak
λ-BAP for some λ ∈ [1,∞), then X∗ has the AP.

Following [3], we say that a Banach space X is compactly locally reflexive (CLR)
if for every reflexive Banach space Y , we have ker V = ker W , where V : X∗⊗̂πY →
K(Y,X)∗ and W : X∗⊗̂πY → K(Y,X∗∗)∗ are the trace mappings.

Theorem 1.3 (Lima and Lima). Let X be a Banach space. The following state-
ments are equivalent:

(a) X∗ has the AP.
(b) X is CLR and has the AP.

Let us present the new results here.

Theorem 1.4. If X is ELR, then X is CLR.

The proof will be presented in the next section.

Corollary 1.5. Let X be a Banach space. If X is ELR and has the AP, then X∗

has the AP.

This answers a question of Oja [7].
Our notation is standard. X and Y denote Banach spaces. The dual space of X

is denoted by X∗ and its bidual space by X∗∗. The closed unit ball of X is denoted
by BX . The projective tensor product of X and Y is denoted by X⊗̂πY .

2. Proof of Theorem 1.4

Proof of Theorem 1.4. We assume that X is λ-ELR for some λ ∈ [1,∞). Let
Y be a reflexive Banach space. We want to verify that ker V = ker W (see [3,
Proposition 2.2 (c)]), where the trace mappings V and W are defined by

V : X∗⊗̂πY → K(Y,X)∗

and

W : X∗⊗̂πY → K(Y,X∗∗)∗.

Clearly ker W ⊂ ker V .
In order to prove that ker V ⊂ ker W , let u =

∑
n x

∗
n ⊗ yn ∈ kerV ⊂ X∗⊗̂πY .

To show that u ∈ kerW , it suffices to show that if T ∈ K(Y,X∗∗) and ε > 0, then
|〈u, T 〉| < ε.
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We want to use induction to find a sequence (Sn)
∞
n=1 ⊂ L(X∗∗, X∗∗) such that

if we define T1 = S1T and Tn+1 = Sn+1Tn, we have

(2.1) |〈u, T 〉 − 〈u, Tn〉| < ε/2 + ε/4 + . . .+ ε/2n,

(2.2) Tn(BY ) ⊂ X +BX∗∗(0, 1/2n),

and

(2.3) ‖Tn+1 − Tn‖ < 1/2n.

From (2.3), we get that (Tn)
∞
n=1 ⊂ K(Y,X∗∗) is a Cauchy sequence, so T∞ =

limn Tn exists. By (2.2) we get that T∞ ∈ K(Y,X). By (2.1), using that u ∈ kerV ,
it then follows that |〈u, T 〉| = |〈u, T 〉 − 〈u, T∞〉| < ε.

Let us construct the sequence of operators (Sn)
∞
n=1 ⊂ L(X∗∗, X∗∗).

We may assume ‖yn‖ = 1 for all n and
∑

n ‖x∗
n‖ < ∞. First choose a strictly

increasing sequence (mn) of natural numbers such that
∑

k>mn

‖x∗
k‖ <

ε

2n‖T‖(1 + (λ+ ε)n)
.

For each n ≥ 1, define Fn = span(x∗
k)

mn

k=mn−1+1 ⊂ X∗ (we take m0 = 0) and the

numbers δn = 1
2n(λ+ε)(λ+ε+1) .

T (BY ) is relatively compact, so we can find a finite set (e∗∗i )pi=1 such that for
every y ∈ BY , there is some i such that ‖Ty−e∗∗i ‖ < δ1. Define a finite dimensional
space

E1 = span((e∗∗i )pi=1, (Tyk)
m1

k=1) ⊂ X∗∗.

We can now find an operator S1 ∈ L(X∗∗, X∗∗) such that

(2.4) S1(E1) ⊂ X,

(2.5) ‖S1‖ < λ+ ε,

and

(2.6) 〈x∗∗, x∗〉 = 〈S1x
∗∗, x∗〉, ∀x∗ ∈ F1, ∀x∗∗ ∈ E1.

Define T1 = S1T ∈ K(Y,X∗∗). By the choice of m1, (2.6), and (2.5), we get

(2.7)

|〈u, T 〉 − 〈u, T1〉| ≤ |
∑

k≤m1

x∗
k(Tyk − S1Tyk)|+ |

∑

k>m1

x∗
k(Tyk − S1Tyk)|

≤ 0 +
∑

k>m1

‖x∗
k‖‖T‖(1 + λ+ ε) < ε/2.

Let y ∈ BY and choose e∗∗ ∈ E1 such that ‖Ty− e∗∗‖ < δ1. Then ‖T1y−S1e
∗∗‖ <

δ1(λ+ ε) < 1/2, and by (2.4) we get

(2.8) T1(BY ) ⊂ X +BX∗∗(0, 1/2).

Assume that operators (Sk)
n
k=1 ⊂ L(X∗∗, X∗∗) have been found and that Tk =

SkTk−1 for 1 ≤ k ≤ n (take T0 = T ). Choose (e∗∗i )pi=1 ⊂ Tn(BY ) such that for
every y ∈ BY there exists i such that ‖Tny − e∗∗i ‖ < δn+1. Define

En+1 = span((e∗∗i )pi=1, (Tnyk)
mn+1

k=mn+1, Sn(En)) ⊂ X∗∗.
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Now we can find an operator Sn+1 ∈ L(X∗∗, X∗∗) such that

Sn+1(En+1) ⊂ X,(2.9)

‖Sn+1‖ < λ+ ε,(2.10)

and

(2.11) 〈x∗∗, x∗〉 = 〈Sn+1x
∗∗, x∗〉, ∀x∗ ∈ Fn+1, ∀x∗∗ ∈ En+1.

Moreover, by Proposition 3.12 in [9], we can assume that

(2.12) Sn+1x = x, ∀x ∈ En+1 ∩X.

Define Tn+1 = Sn+1Tn ∈ K(Y,X∗∗).
By construction we have (Tyk)

m1

k=1 ⊂ E1 and (Tiyk)
mi+1

k=mi+1 ⊂ Ei+1 for 1 ≤ i ≤ n.

Since Si(Ei) ⊂ Ei+1 we get from (2.12) that

mi+1∑

k=mi+1

x∗
k(Tn+1yk) =

mi+1∑

k=mi+1

x∗
k(Sn+1Sn . . . Si+1Tiyk) =

mi+1∑

k=mi+1

x∗
k(Si+1Tiyk).

By using (2.11) we get

mi+1∑

k=mi+1

x∗
k(Si+1Tiyk) =

mi+1∑

k=mi+1

x∗
k(Tiyk).

It now follows that
m1∑

k=1

x∗
k(Tyk − Tn+1yk) =

m1∑

k=1

x∗
k(Tyk − S1Tyk) =

m1∑

k=1

x∗
k(Tyk − Tyk) = 0,

and for 1 ≤ i ≤ n,

mi+1∑

k=mi+1

x∗
k(Tyk − Tn+1yk) =

mi+1∑

k=mi+1

x∗
k(Tyk − Tiyk).

But then we get

|〈u, T 〉 − 〈u, Tn+1〉| ≤
n∑

i=1

|
mi+1∑

k=mi+1

x∗
k(Tyk − Tiyk)|+ |

∑

k>mn+1

x∗
k(Tyk − Tn+1yk)|

≤
n∑

i=1

mi+1∑

k=mi+1

‖x∗
k‖‖T‖(1 + (λ+ ε)i)

+
∑

k>mn+1

‖x∗
k‖‖T‖(1 + (λ+ ε)n+1)

≤
n+1∑

i=1

ε/2i.

Let y ∈ BY and choose e∗∗ ∈ En+1 such that ‖Tny − e∗∗‖ < δn+1. Then we get
by using (2.9) that

‖Tn+1y − Sn+1e
∗∗‖ ≤ ‖Sn+1‖‖Tny − e∗∗‖ < 1/2n+1.

Thus we get

Tn+1(BY ) ⊂ X +BX∗∗(0, 1/2n+1).
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If y ∈ BY , then there exists e∗∗ ∈ En such that ‖Tn−1y − e∗∗‖ < δn. We get by
using Sn+1Sne

∗∗ = Sne
∗∗ and (2.10) that

‖Tn+1y − Tny‖ ≤‖Tn+1y − Sn+1Sne
∗∗‖+ ‖Sn+1Sne

∗∗ − Tny‖
≤ (1 + ‖Sn+1‖)‖Sne

∗∗ − Tny‖ ≤ (1 + λ+ ε)‖Sn‖‖Tn−1y − e∗∗‖
< (1 + λ+ ε)(λ+ ε)δn = 1/2n.

Hence, ‖Tn+1 − Tn‖ ≤ 1/2n. �
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