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EXPLICIT FREE GROUPS IN DIVISION RINGS
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(Communicated by Lev Borisov)

ABSTRACT. Let D be a division ring of characteristic # 2 and suppose that
the multiplicative group D® = D \ {0} has a subgroup G isomorphic to the
Heisenberg group. Then we use the generators of G to construct an explicit
noncyclic free subgroup of D®. The main difficulty occurs here when D has
characteristic 0 and the commutators in G are algebraic over Q.

1. INTRODUCTION

Let D be a noncommutative division ring with multiplicative group D®* = D\{0}.
A longstanding conjecture of Lichtman [B] asserts

Conjecture 1.1. D*® contains a free noncyclic subgroup.

A great deal of progress has been made on this problem in [IL2[6,[7]. See [3]
for a more detailed account. Unfortunately, there are some shortcomings to these
results. The first is that each one holds only for certain families of division rings
due to the fact that we do not know how to generate all of them. The second is that
many of the proofs are existential and do not actually exhibit the free subgroup. It
is this second problem that we address here.

As a partial answer to a question posed by J. Lewin, reference [I] proved

Theorem 1.2. Let k be a field of characteristic # 2, let G be a torsion free nilpotent
group of class 2 and let D = Q(kG) be the division ring of fractions of the group
algebra kG. If v and y are any pair of noncommuting elements of G, and if o, 8 €
k®, then the subgroup (1 + ax,1 + By) is free of rank 2.

With this, it is natural to ask whether a division ring D that is generated over its
center by a torsion free nilpotent group G C D* has a free subgroup of rank 2 that
can be described as above. More precisely, if  and y are suitable noncommuting
elements of G, do 1 + = and 1 + y generate a free subgroup?

Now suppose G is any noncommutative torsion free nilpotent group and choose
x in the second center 32(G) but not in the center 3(G). Then there exists y € G
that does not commute with z, so the commutator [z,y] is not 1. Furthermore,
since x € 32(G), we see that [x,y] € 3(G) commutes with both x and y. Of course,
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since G is torsion free, [x,y] has infinite multiplicative order. In particular, the
hypotheses of the following theorem are satisfied if G C D®. The goal of this paper
is to prove

Theorem 1.3. Let D be a division ring of characteristic different from 2, and
assume that D® contains elements x, y with commutator [x,y] = X\ of infinite
multiplicative order. Suppose also that A commutes with both x and y.

(i) If X\ is transcendental over the prime subfield of D, then (1+z,1+vy) is a
free subgroup of D* of rank 2.

(i) If char D = 0 and X is algebraic over the rational field Q, then there exists
a nonnegative integer n such that the subgroup (1+x2",14y) of D* is free
of rank 2.

Note that if = and y satisfy the above commutator conditions, then so do ax and
By for all a, f € 3(D)®*. We will prove the main result in Section 3, and as we will
see, part (i) above is actually the group ring case and follows almost immediately
from Theorem Thus only Theorem [[3](ii) is really new.

2. SOME NECESSARY NUMBER THEORY

We first consider certain absolute value inequalities in the complex numbers C.
As usual, in this section, we write ¢ for v/—1. To begin with, we need

Lemma 2.1. For any real angle 8 and any n > 1, we have |sin 2"0| < 2™ | cos ).

Proof. Since sin26 = 2sinf cosf, the case n = 1 follows from |sind| < 1. Fur-
thermore, since | cos | < 1, the double angle formula also yields |sin 26| < 2|sin¥)|.
Applying the latter iteratively, we obtain |sin2"6| < 2"71|sin260| < 2"|cosf|. O

Next, we observe

Lemma 2.2. Suppose A1, Aa, ..., A\s € C all have absolute value 1 and define
S
o) =TI 1" +1
j=1

for alln > 0. Then:
(i) There exists n < s+ 1 with f(n) >27%".
(i) There are infinitely many n with f(n) > 2-5"

Proof. (i) Note that this result holds vacuously for s = 0 since the value of an
empty product is 1. Thus we can assume that s > 1. Since |\;| = 1, we can write
Aj = "% for some real angle ;. Also note that for any n > 0, we have

gn+1

O IR
1 = AT 1 = A2 4

=120 1 ¢72"%| = |2cos 270;].

gn+1
J

Suppose by way of contradiction that f(n) < 25" for all n = 1,2,...,s+ 1.
Then by the above we have

(%) 275" > fln+1)= H |2 cos 210 |

j=1

foralln=0,1,...,s.
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Claim. Suppose that for some integer n with 0 < n < s we have | cos 2j0j| < 9—s—1
forall j = 1,2,...,n, where the hypothesis is vacuous when n = 0. Thenn < s—1
and by suitably relabeling the remaining 6’s, we have | cos 2”10, 1| < 27571

Proof. Now for each j = 1,2,...,n, since j < n + 1, Lemma 2] implies that
|sin 2710, | = |sin 2" 179279, < 2(nH179) | o5 274,| < 2(nFl-d)gms L

by hypothesis. Furthermore, (n+1—j) —(s4+1) <(n—s)—1< —1 since n < s.
Thus |sin2"*16;| < 1/2 and therefore |cos2"10;| > v/3/2 > 1/2. It follows that
2 cos2"t10;| > 1 for all j =1,2,...,n, so equation (x) becomes
2% > H |2 cos 2" 10, H |2 cos2"t10,| > H 2 cos 27110,
j=1 j=n+1 j=n+1

We conclude that the final product is nonempty and hence n < s—1. Furthermore,
by relabeling, we can assume that the smallest factor in that nonempty right-hand
product occurs when j = n + 1, and of course this factor must be < 1. Thus

9= > |2 cos 2"+19n+1\(3_") > |2 cos 210,11 ]°
since (s —n) < s and |2 cos2" 716, 1| < 1. Taking sth roots yields
275 > 12 cos 2" 10,44/,

o
27571 > | cos 210, 11|

thereby proving the Claim. O

With this, it is now a simple matter to complete the proof of (i). To this end,
we show by induction on n < s that the angles 6; can be suitably relabeled so that
|cos296;| <27 1 forall j =1,2,...,n. Indeed, if n = 0, there is nothing to prove.
Next, if the inductive statement holds for n, then it holds for n 4+ 1 by the above
Claim. Thus we conclude that the inductive statement holds for all j, that is, for
n = s. But then, by the Claim again, n < s — 1 and this is a contradiction.

(ii) Here we let a be any nonnegative integer and notice that for all ;7 we have

\)\?a| =1 and (A?a)2b = A?Hb. Thus, by applying (i) to A?", A", ..., \2", we see

s
that there exists 0 < n' < s+ 1 with f(a+n') > 2-5". By varying a appropriately,
we clearly obtain infinitely many integers n with f(n) > 2-5", a

With this, we can easily prove

Lemma 2.3. Let A, Aa, ..., A\, € C and define
f) =TI +1
j=1

for alln > 0. Then:

(i) There exists a positive constant C, depending upon the \;’s, such f(n) > C
occurs for infinitely many n.
(i1) If some A; has absolute value > 1, then the function f(n) is unbounded.
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Proof. (i) We divide the subscripts j into three sets R, S and T, corresponding to
whether |\;| <1, [A;| =1 or |\j| > 1, respectively. If |S| = s, then the preceding
lemma implies that the inequality

on 2
[T +1 =2
jes

holds for infinitely many n.

Next, let |[R| = r and let p be the maximum of |);| with j € R. Then p < 1 and
\)\?| <pforall j € R and all n > 0. Thus |)\? +1>1- |)\§| > 1—p, and hence
we have

[T 122" 411> (1-p)
JER

for all n > 0. Of course, this is satisfied when r = 0 by choosing 1 — p = 1.

Finally, let |7| =t and let 7 be the minimum of |\;| with j € 7. Then 7 > 1
and [A2"| > 7 for all j € T and all n > 0. Thus [A2" +1| > [A?"| -1 >7 —1, and
hence we have

[N +1= -1
JET

for all n > 0. Again, this is satisfied when ¢ = 0 by taking 7 — 1 = 1.

Now write C = (1 — p)r-2_52-(7 — 1)t so that C > 0. Then, by multiplying
the three displayed inequalities above, we conclude that f(n) > C occurs infinitely
often.

(ii) We can suppose that |A,,| > 1 and let D > 0 be the constant given by (i)
for the product

m—1
gn) =TT A" +1.
j=1

Then, for any n with g(n) > D, we have

f(n) = g(n)-A\5 + 1] = D-(A\n*" = 1).

Since |A;,| > 1 and since the above inequality is satisfied for infinitely many n, we
conclude that f(n) is unbounded. O

Now let K be a finite Galois extension of the rationals Q. Say |K : Q| = m and
let G = Gal(K/Q). Then the Galois norm N: k + [], ., k7 is a multiplicative
homomorphism from K*® to Q°®. Furthermore, N sends the ring of algebraic integers
Ok to the ring of ordinary integers Z. We fix an embedding of K into the complex
numbers C, so we can speak about the absolute values of elements of K. We can
now translate the preceding lemma into a norm inequality since the norm is a
product of m = |G| factors.

Lemma 2.4. Let a € K, a finite Galois extension of Q.

(i) There exists a positive constant C depending on « such that the inequality
IN(a?" +1)| > C holds for infinitely many n > 0.

(ii) If some Galois conjugate of a has absolute value > 1, then |N(a?" 4 1)| is
unbounded as a function of n.
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Proof. If A1, Xa,..., A, are the m Galois conjugates of a, then X2, \3",... A2
are the Galois conjugates of o2". Thus

IN(®" +1)| =[] A" +1
j=1
and the result follows immediately from Lemma [2.3] a

As a first consequence of the multiplicative nature of the norm map, we have

Lemma 2.5. Let o, § € K. If either [N(a)| > 1 or [N(B)| > 1, then |[N(a?" +5%")|
is unbounded as a function of n.

Proof. By symmetry we can assume that [N(3)| > 1 and we write vy = a8~ € K.
Then o2 + 52" = (v*" +1)8%", so

IN(@®" +827)| = IN(v*" + D)]-IN(B)
Now Lemma Z4(i) implies that there exists a constant C' > 0 with |N (72" +1)| > C

for infinitely many n > 0. Thus since |N(8)[?" is strictly increasing and unbounded,
the result follows from the above displayed inequality. O

on

Now we consider algebraic integers and, for convenience, we write R = Ok.
Since the expression |N(a?" 4 2")| is easy to understand if either o or 3 is zero,
we can assume that they are both nonzero. Notice also that if a and 8 are units of
Ok and if af~1 = ¢ is a root of unity, then |N ()| = |N(8)| = 1 and

IN(@@®" + %) = [N + DFINB)P" = INE + 1)

takes on only finitely many values and hence is bounded as a function of n. As we
see below, this is the only situation where boundedness can occur.

Proposition 2.6. Let 0 # «, 8 be algebraic integers in the finite Galois extension
K of Q. Then |N(a2" 4 B2")| is unbounded as a function of n unless o and B are
both units in O with ™" a root of unity.

Proof. Let us assume that |[N(a?" + $%")| is bounded as a function of n. Since
0 # «a,f € Ok, we know that 0 # N(a), N(B) € Z. If either |[N(a)] > 1 or
IN(B)| > 1, then the function is unbounded by Lemma Thus we must have
IN(a)| = IN(B)| = 1 and hence both a and 8 are units in Og. Furthermore, if
e =af~! € Ok, then

[N + 82 = [N + DN = [N +1)].

In particular, since this is bounded, Lemma [24)ii) implies that all of the Galois
conjugates of ¢ have absolute value < 1. But |N(g)| = 1 so the Galois conjugates
of the algebraic integer ¢ all have absolute value 1. As is well known, this implies
that ¢ is a root of unity. |

For «, B € R, let us write
= a2 4+ 52"
for all integers n > 0. Furthermore, we say that « and § are comaximal if R =
(o, B) = Ra + Rg.

Lemma 2.7. Let a, 8 € R and let P be a nonzero prime ideal of the ring R with
Yy Vs € P for some a > 1 and r # s. If a and 8 are comaximal, then 2 € P®.
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Proof. Suppose by way of contradiction that 2 ¢ P*, so that 1 Z —1 mod P®. By
comaximality, we have (a, 3) € P, so say a ¢ P. Now the ring R = R/P*? is local
with unique maximal ideal P = P/P®. Since & ¢ P, we see that & is invertible in
R and we can set § = /a € R.

Now 7, € P® implies that 32" = —a?" mod P* and hence 6> = —1 in R. In
particular, ¢ is a unit in R whose order divides 2"t'. But 62" = —1 # 1, so the
order of § is precisely 271, Similarly, if v, € P?, then ¢ has order 2°*! in R. Thus
2+l = 25%1 and r = s, a contradiction. O

With this, we can prove

Lemma 2.8. Let K be a finite Galois extension of Q and let 0 # «,8 € Ok.
Assume that o and B are not both units of O with af~1 a root of unity. If o and
B are comaximal in Ok, then there exist infinitely many nonzero prime ideals P of
Ok that contain v, for some n.

Proof. As above, we write R = Ok and let the prime factorization of the principal
ideal (2) be given by

(2) = Pr'Py® - Pt
Of course, in this Galois situation, all e; are equal. If P is a prime ideal of R and
2 € P® for some integer a > 1, then P® | (2), so P = P; for some i and a < e;.
Since « and f are comaximal, it therefore follows from the preceding lemma that
there is at most one subscript n; with v, € PfiH.

If I is any proper ideal of R, write M(I) = |R/I|. As is well known (see [4]),
N(IJT) = NI)N(J). Furthermore, if I = (n) is principal, the M(I) = |N(n)],
where N is the Galois norm.

Now let n # ni,ng,...,ng. If v, € Pl-fi with f; maximal, then by definition of
n; we have f; < e;. In particular,

k
('Yn) = Jn: Hpifi
=1

for some ideal J,, not divisible by Py, Ps, ..., or Px. Thus since Hle Pif
see that |N(v,)| < |N(2)|-N(J,) = 2™-N(Jp).

By the hypothesis and Proposition[2.8] there are infinitely many n with | N (~,,)| >
2™, For each of these, we see that J, is a proper ideal of R and hence has
a nontrivial prime factor Q, # Pi, Ps,...,P,. Of course, @, 2 J, 2 (yn) so
Yn € Q. Finally, the various @), obtained in this way are all distinct since oth-
erwise vn,v: € Q, and hence 2 € Q,,, by Lemma 2.7 again, contradicting the fact
that Qn#Pth,...,Pk. O

(2), we

Finally, we handle arbitrary finite degree field extensions of Q and almost arbi-
trary algebraic integers a and 8. We do this by extending the field in two different
ways.

Theorem 2.9. Let K be a finite degree field extension of Q and let 0 # o, € R =
Ok . Assume that o/ € K is not a root of unity. Then there exist infinitely many
nonzero prime ideals P of R that contain v, = o + 32" for some n > 0.

Proof. By [8, Theorem 9.12], there exists a finite degree extension field F' of K with
S = Op such that the ideal aS + S = 1S is principal. Then a/n,3/n € S and
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n = az + Py for some z,y € S. Thus (a/n)x + (B/n)y = 1, so a/n and B/n are
comaximal in S. Also (a/n)/(8/n) = o/ is not a root of unity.

Next, we extend F to its Galois closure E over Q, so |E : Q| < oo, and we
set T = O 2 S. Then a/n and B/n are comaximal in T and the previous
lemma implies that there exists infinitely many nonzero prime ideals @) of T', each
containing (a/n)?" + (8/n)?" for some n. Multiplying by n%", we see that each Q
contains v, = a? + 32" for some n > 0.

But v, € R, so v, € RN Q = P, a nonzero prime ideal of R. Finally, since
the map @ — @ N R = P is finite-to-one by [8, Theorem 5.17], we obtain in this
way infinitely many distinct nonzero prime ideals P of R that contain ~, for some
integer n. ]

3. PROOF OF THE MAIN RESULT

The proof of Theorem [[3 is similar to that of Theorem Roughly speaking,
we first see how x and y are embedded in D. In particular, we find a nice subring S
of D that contains z, y, (1+2)~! and (1+y)~!. Then we construct a homomorphism
~ from S to a division ring Q where we know that 1 + Z and 1 +  generate a free
group of rank 2. The division ring Q will be a suitable quaternion algebra.

Let F be a field of characteristic different from 2 and let 0 # a,b € F. Recall that
the quaternion algebra @ is the 4-dimensional F-algebra with F-basis {1,1,j,k}
and with multiplication determined by

2=a, P2=b ij=-ji=k

Of course, the algebra % need not be a division ring in general. The following is

[T, Proposition 16].

Theorem 3.1. Let Fy be a field of characteristic # 2 and let F' = Fy(a,b) be a
function field in the variables a and b. Then 1+1 and 1+ j generate a free subgroup
of rank 2 in the multiplicative group of the quaternion division algebra @.

If S is a ring, then an ideal P of S is said to be completely prime if S/P is a
domain. Equivalently, this occurs if st € P implies that s or ¢ is in P, and again
this is equivalent to M = S\ P being a multiplicatively closed subset of S. The
following argument is from [6]. It is proved by considering the m-adic valuation.

Lemma 3.2. Let S be a right Ore domain and let 0 # 7 be a central element of the
ring. Assume that P = S is a completely prime ideal of S and that (\,—,7"S = 0.
Then M = S\ P is a multiplicatively closed right divisor set in S.

Proof. We know that M is multiplicatively closed. If 0 # s € .S, then there exists
an integer n with s € 7S \ 7"*1S and hence s = 7"m for some m € M. Since
S is a domain, cancellation holds and it is easy to see that this expression for s is
unique. In other words, every 0 # s € S can be written uniquely as s = ﬂ”(s),u(s)
with p(s) € M. Furthermore, if 0 # s,t € S, then

st =" p(s)-m () = 7O p(s)u(t).

Since p(s)u(t) € M, uniqueness implies that pu(st) = p(s)u(t).
We show now that S satisfies the right divisor condition with respect to M. To
this end, let 0 # s € S and let m € M. Since S is a right Ore domain, there exist
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0#r,t €S with sr = mt. Applying p yields u(s)u(r) = mu(t) and hence

su(r) = 7 u(s)u(r) = ma* p(t).
Thus sm; = ms; with m; = u(r) € M and s; = 77 pu(t) € S. O

For the remainder of this paper, let D be a division ring with prime subfield
k and let x,y € D*® have commutator [x,y] = A of infinite multiplicative order.
Furthermore, we suppose that A commutes with both z and y and we let K be the
field K = k(\) C D. Recall that the Heisenberg group A has generators X, Y and
Z with relations [X,Z] = [V, Z] = 1 and [X,Y] = Z. Part (i) below is not really
needed, but it does explain the hypotheses in Theorem [[331 Part (ii) is a simple
special case of work of Zalesskil in [9J].

Lemma 3.3. Let x,y, A € D® and let K C D be as above.

(i) The subgroup G = (x,y, A) of D® is naturally isomorphic to the Heisenberg
group H.
(i) The monomials x"y® € D, for allr,s € Z, are linearly independent over K.

Proof. (i) The map 6: H — G given by X — z, Y — y and Z — X is clearly
a well-defined group epimorphism. Furthermore, 6 is one-to-one when restricted
to 3(H) = (Z) since A has infinite multiplicative order. In particular, since any
nontrivial normal subgroup of H meets 3(#H) nontrivially, we conclude that ker § =
(1) and hence that 6 is an isomorphism.

(ii) The commutator relations on x and y imply that ¥ = y~'zy = Az and
y® = 27 lyxr = A~1y. Thus since x and y commute with A we have (z%)Y = \a?
and (y’/)® = A\7y’. If the monomials 2"y® are linearly dependent over K, let

(xx) Zansmrys =0

1

x

be a dependence relation, with a, ; € K, involving the smallest number of nonzero
coefficients a,. 5. Multiplying by a suitable z'y/, we can assume that ag o # 0.
Conjugating equation (x) by y and subtracting yields

Z(l — Aay 2"y’ =0,
T8
a dependence relation with a smaller number of terms since the 0, 0-term no longer
occurs. Thus (1 — A")a, s = 0 and since A has infinite multiplicative order, we
conclude that a, ; = 0 if r # 0.
Similarly, conjugating (*x) by x and subtracting yields

Z(l A a, 2"y =0

r,8
and hence a, s = 0 if s # 0. It follows that equation (x) reduces to a single term
ap,0x’y? = 0, certainly a contradiction. |

With this, we can now prove the main result.

Proof of Theorem [[L3 (i) Suppose that A is transcendental over k, the prime sub-
field of D. Then the preceding lemma implies that the elements z"y*\! are linearly
independent over k and therefore the group algebra kG is embedded in D. Since
kG is a Noetherian domain, it follows that its division ring of quotients Q(kG) also
embeds in D. But G is nilpotent of class 2, so Theorem yields the result.
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(ii) Here we assume that char D = 0, so k = Q is the field of rational numbers.
Also A is algebraic over Q so K = Q()) is a finite degree extension field of Q,
an algebraic number field. If R = Ok, then we can write A = a/f for suitable
0 # a,8 € R. As in the previous section, for each integer n > 0, we set v, =
a?" 4+ %" € R. Then, by Theorem 23] since X is not a root of unity, there
exist infinitely many distinct nonzero prime ideals of R that contain some 7,. In
particular, we can choose a nonzero prime ideal P of R with 2,«, 8 ¢ P but with
Y € P for a fixed n > 0. Say P lies over the rational prime p, so that p # 2.

Let R = Rp be the localization of R at P. Then [ is a unit in E soA=a/f € R.
Also 0" + 82" € P,so A2 +1 = (onn + B )/62 € P = PR, the unique nonzero

prime ideal of R. Since z"y*-z" y* € Rzt y*+s it follows from Lemma [3(ii)

that
S=a Z Ewrys

r,s>0

is a subring of D. Indeed, S is clearly the skew polynomial ring over R generated
by x and y and subject to the single relation zy = Ayz..
Set z = 22" so that y~'zy = A?" 2 and let S be the R- subalgebra of S given by

S=o Z Rzrys

r,s>0

Then S is clearly the skew polynomial ring over R generated by z and y and subject
to the single relation zy = A\2"yz. Note that S is a Noetherian domain and hence
an Ore domain. o B B

Recall that P = PR < R and note that PS = @3 o, Pz"y® is an ideal of S.

If :8 -8 = S/ﬁS denotes the natural homomorphism, then from the above
structure, we see that S = @E'r,s>0 Fyz"y®, where Fy is the field Fy = }Ni/ﬁ of
characteristic p > 2. Furthermore, since zy = A\? yz and \2" +1 € 15, we see that
zyj = —yz. Of course, S is a skew polynomial ring in the two variables z and 7 over
a field, so S is a domain. In particular, PSisa completely prime ideal of S.

Since zy = —9Z, we see that a = 22 and b = 72 are central in S, and Fy[a, b] is
the polynomial ring in the two variables a and b. Thus Fyla,b] C F = Fy(a,b), the
rational function field in the two variables a and b. It follows that

SCFaFi®FjoFk=Q

where i = %, j = y and k = zy. Furthermore, we have i = a, j2 = b and
ij = —ji = k. In other words, by Theorem 3.1} S is contained in the quaternion
division ring Q = @ where F' = Fy(a,b) and char Fy = p # 2.

Since PS is a completely prime ideal of S, we know that M = S\ PS is a
multiplicatively closed set. Furthermore, since P is the unique nonzero prime of R
it follows that R is a valuation ring, P is the principal ideal 7R and ﬂt 0 TR = 0.
With this, and the fact that S is a free R- module, we see that PS = 7S and
ﬂfio wtS = 0. In particular, Lemma now implies that M is a right divisor set
in S. Hence we can localize S at M to obtain the ring SM ~!. Of course, this ring is
also contained in D. Furthermore, since 1+ z and 1+ y are contained in M, we see
that they are invertible in SM !, and therefore SM ~! contains the multiplicative
group G = (1 + 2,1+ y).
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Finally, since @ is a division ring and since M is disjoint from the kernel of
~: 8 — (Q, it is easy to see that the map extends uniquely to SM ~!. In other words,
we now have a ring homomorphism ~: SM~! — Q. Under this map, 1+ 2z — 1+1i
and 14y +— 1+j. But we know from TheoremBI]that the group G = (1 +1i,1 + j) is
free of rank 2 and hence the same must be true of G. This completes the proof. [
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