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ABSTRACT. We give the distribution of points on smooth superelliptic curves
over a fixed finite field, as their degree goes to infinity. We also give the
distribution of points on smooth m-fold cyclic covers of the line, for any m,
as the degree of their superelliptic model goes to infinity. This builds on the
previous work of Kurlberg, Rudnick, Bucur, David, Feigon, and Lalin for p-fold
cyclic covers, but the limits taken differ slightly and the resulting distributions
are interestingly different.

1. INTRODUCTION

For a family of smooth curves over a fixed finite field Iy, it is natural to ask how
many Fg-points those curves have on average, or more precisely, what distribution
of points one obtains from a random curve in the family. This question has been
studied as the genus, degree, or related invariants go to infinity in many cases
including: hyperelliptic curves [KR09], cyclic trigonal curves [BDFLI0b|, cyclic p-
fold curves [BDFL11], plane curves [BDFL10al, complete intersections in projective
space [BK11], trigonal curves [Wool2|, and curves in Hirzebruch surfaces [EW12].

In this paper, we give the distribution of points on smooth superelliptic (affine)
curves, Cy, given by the equation

y" = f(z)

for varying f(z) € F,[z], with ¢ and m fixed, as the degree of f goes to infinity. We
also give the distribution for the normalizations of (possibly singular) superelliptic
curves, which for ¢ = 1 (mod m) is exactly the case of m-fold cyclic covers of the
line (c.f. with the work on prime degree cyclic covers cited above). One important
advance in our work is that the normalizations may have different numbers of points
from their singular models, and it is, in general, difficult to write down the smooth
curves explicitly. The above-cited works have all counted points on curves with
explicitly given equations. (See also [Xiol(] which gives the distribution on certain
families of explicitly given superelliptic curves that include singular curves.) In
Section 2 of this paper, we relate the number of points on a smooth curve to its
explicitly given superelliptic model.

In contrast to studying a similar question when a family of fixed genus is chosen
and ¢ — oo, the philosophy of Katz-Sarnak [KS99] suggests that the limit distri-
butions should be predicted by a certain group of random matrices. In the large

Received by the editors October 1, 2012 and, in revised form, February 14, 2013.
2010 Mathematics Subject Classification. Primary 11G20, 11R45, 11R58, 11T55, 14H25; Sec-
ondary 11G25, 11R20, 11T06.

©2014 American Mathematical Society

1365


http://www.ams.org/proc/
http://www.ams.org/proc/
http://www.ams.org/jourcgi/jour-getitem?pii=S0002-9939-2014-12218-0

1366 GILYOUNG CHEONG, MELANIE MATCHETT WOOD, AND AZEEM ZAMAN

genus limit for fixed ¢, there is no general conjectural picture of what one should
expect. Thus it is important to have many examples of different families exhibiting
different phenomena. In the cases we study, we obtain a particularly interesting
contrast to [BDFL10bBDFL11], as we count the same cyclic covers of the line, but
with a different invariant going to infinity, and obtain different distributions.

Throughout, m will be fixed and (g, m) = 1. We write Fy[z]4 to denote the degree
d polynomials in F4[z]. Note that Cy is smooth if and only if f(z) is square-free,
for which curves we have the following result.

Theorem 1.1. Let (q,m) =1. Then

lim #{f € Fq[z]a | the curve Cy is smooth with k Fq-points}
oo #{f € Fq[z]q | the curve Cy smooth}

q
= Prob(z Xi = k),

i=1
where the X; are independent and identically distributed random variables with
) 0 1 1
0 with probability (1 — m) TFg T

- 7 -1
Xj = q 1 with probability Toe=T)

(m,q — 1) with probability ﬁ#,
where when (m,q—1)=1 the last two probabilities are added to give Prob(X;=1).
We have the same results if we restrict to f such that Cy is irreducible or geomet-

rically irreducible.

In the case m = 2, Theorem [T reduces to [KR09, Theorem 1] giving the distri-
bution of Fy-points on hyperelliptic curves.

When f(z) is not square-free, we can consider the normalization C 't of Cy, which
is a smooth curve. Note that for g € Fy[z], the curves C'y and Cfym have the same
normalization. So it is natural to consider the smooth normalizations C ¢ for f that
are mth power-free.

Theorem 1.2. Let (q,m) =1. Then

#{f € Fylala | f is mth power-free and Cy has k Fy-points} 1 o
A #{f € Fy[z]a | f is mth power-free} - PrOb(Z Xi = k),

where the X; are independent and identically distributed random variables with

. . . 1 1—qt
0 with probability Z qg°|{1- ( -

0<s<m—1 m,s,q—l) 1_(] m
Xj = q—S(l _ q—l)
N with probability —_
0<§171 N =qg™™)
(m,s,q—1)=N

We have the same results if we restrict to f such that C’~f is irreducible or geomet-
rically irreducible.

When ¢ = 1 (mod m), by Kummer theory, the cyclic m-fold covers of the line
are exactly the irreducible C'f of Theorem [] Both Theorems [[.1] and .2 will
follow from Theorem [3.I] which will give the distribution of points on superelliptic
curves and their normalizations with f(x) that are nth power-free, further refined
by x values. We prove Theorem B3] by first relating the number of points on the
normalizations to the explicit affine model in Section Bl and then using counting



DISTRIBUTION OF POINTS ON SUPERELLIPTIC CURVES 1367

methods similar to those of [KR09] in Section B (with the difference that our setup
allows us to avoid counting polynomials interpolated to take zero values).

Note that the average number of points in both theorems above is ¢, which agrees
with the average in [BDFL10bBDFLI11[KR09| for prime degree cyclic covers of the
(affine) line. However, our distributions differ from those in [BDFLIOb,BDFLII],
which is not a contradiction as we take different invariants going to infinity. In
our case, we are letting the degree of f, or Cy, the affine model of the curve, go
to infinity. Cyclic p-fold curves have a signature di,...,d,_1, and in [BDFLI0b]
BDFL11] one has min;(d;) — oo. It would be very interesting to understand why
and how this difference has an impact on the resulting distribution of points, not
only in this case, but more generally. For this reason, we particularly highlight the
first contrast, in the case of cyclic trigonal curves, in which we have Theorem
when ¢ =1 (mod 3) with

2
0 with probabilit,
P Y30 +q1+q2)
¢ rq?
X; = ¢ 1 with probability T 5> and
L+g '+

3 with probability

31+q¢t4q¢72)

and when instead of deg(f) — oo, we have min,;(d;) — oo, [BDFLIOb] gives an
analogous theorem with

2
0 with probability m7
2¢~ !

W’ and

X; = {1 with probability

The difference seems very suggestive but the reason for it is not immediately clear.

2. POINTS ON THE NORMALIZATION

In this section, we determine the number of points on the normalization C t in
terms of f. Note that we have a map C’} — Cy — A = SpecF,[z], and so a degree
1 point of Cy maps to a degree 1 point of Al = SpecF,[z], and thus we can talk
about the z-value of such a point.

We say f € Fy[x] has power r over a field F if r is the greatest integer such that
f(z) = g(z)" for some g € F|x]. The following lemma deals with when our curve
C is irreducible or geometrically irreducible.

Lemma 2.1. If the power of f(x) over F, is relatively prime to m, then y™ — f(x)
is wrreducible in Fy[z,y] (i.e. Cy is geometrically irreducible).
Proof. 1t the power of f over F, is relatively prime to m, then f has order m in

Fo(x)*/(Fq(x)*)™. Then, by Kummer theory, we have that y™ — f(z) is irreducible
in Fy[z, y]. O

Lemma 2.2. Let f € F,[z] have power over Fq relatively prime to m and for some
xo € Fy, we write f(z) = (v — x0)°g(x) with s > 0, and g € F,[z], and g(zo) # 0.
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Then, the number of degree 1 points of C~f with x = xg is equal to

{O if g(xo) is not an (m, s) power in Fy,

(m,s,q—1) if g(zo) is an (m,s) power in F,.

Proof. The number of degree 1 points of éf with = z( for some xy € I, is equal
to the number of degree 1 primes over (z — ) in K = F,(z)[y]/(y™ — f(x)) by the
usual correspondence between curves and their function fields. (We have that K is
a field by Lemma [Z11) Without loss of generality, we can consider the case xg = 0.
We have f(x) = 2°g(x), where g(z) € F,[z] and ¢(0) # 0.

We let z = y™/(m:9)p=3/(m:s) ¢ K and 2(™%) = g(x), so z is integral over F,[z].
Thus at any prime g over (z), modulo g we have 2(™*) = g(0). Thus if g(0) is not
an (m, s) power in F,, then the inertia degree at g is > 1, and there are no degree
1 primes of K over (z).

Note that K contains L = F,(z)[z]/(2(™*) — g(z)) (since the power of f over F,
is relatively prime to m, the power of g over Fq is relatively prime to (m, s) and thus
this polynomial is irreducible by Lemma 2.I]). We have that L is unramified over
(z). Since Fy[z, 2]/(2(™*) — g(z)) is maximal at (), we can compute the splitting
of (x) in L by computing the splitting of 2" — g(x) modulo (z). If g(0) is an
(m, s) power in F,, then 2(™*%) — g(z) has exactly (m,s,q — 1) distinct degree 1
factors modulo (x), and there are exactly (m,s,q — 1) degree 1 primes in L over

We write (m, s) = mi + sj for some i,j € Z, and then (y/z%)™ = a™+sig(x)I
has valuation (m,s) in F,(z) (with respect to z). So at any place of K above (z)

there is an element of valuation (m—nf), and thus any prime over (z) has ramification

m

degree e > sy This means every prime of L over (z) must be completely ramified

from L to K, and thus there are exactly (m, s,qg— 1) degree 1 primes in K over (z).
The lemma follows. O

3. MAIN THEOREM

Throughout this section, we fix an integer n > 2. We say a polynomial f € F,[z]
is nth power free if f is not a multiple of the nth power of any positive degree
polynomial in F,[z]. Let

F :={f €F,lz] | f is nth power-free}

and Fg be the elements of F of degree d. We write x1,...,z, for the elements of
F,.

Theorem 3.1. Let k1, ..., kq be integers and (g,m) = 1. Then

lim #{f € Fa | for each i, Cy has k; points with x = x;}
d— oo #-Fd

where the X; are independent and identically distributed random variables with

= Prob(X; = k; for all 1),

1

. - _ 1 1—q—
0 with probability (1 (m7q_1))

1_q7‘n, Y
X; = § 1 with probability q;i;(f

qfn )
. 7 — -1
(m,q — 1) with probability m%,
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where when (m, g—1) =1 the last two probabilities are added to give Prob(X; = 1).
Also,

lim #{f € Fa| for each i, C; has k; points with x = x; for all i}
d—o0 #Faq
= Prob(X; = k; for all 7),

where the X; are independent and identically distributed random variables with

1 1—¢ !
0 with probability Z q ® (1 — : ) : qiw
0<s<n—1 (m,s,q—1) —q

Xj= > ¢ °(1—q")

N with probability N =
—q

0<s<n-—1
(m,s,q—1)=N

We have the same results if we restrict to f such that Cy (or Cy) is irreducible or
geometrically irreducible.

When ¢ =1 (mod m) and m = n, Theorem Bl reduces to [Xiol0, Theorem 1.1].

3.1. Notation. For a prime h € F,[z], we write h®||f if h*|f and h**T! { f. For
s=(81,...,84) € N9, let

F={feF| (x—w)*|f forall i),

and F3 be the elements of 75 of degree d. Note that if some ; > n, then F* is
empty. We use V to denote the set of monic polynomials in Fy[z], and V; C V to
denote those of degree d.

We define the zeta function

1
C(S) — H (1 _ q—sdeg(P)) = ﬁ
PEF,[a] —1
P is monic irreducible

and the Mébius function for f € F[x]

(f) = 0 if f is not square-free,
U= (—1)* if f is the product of k distinct irreducible factors.

3.2. Lemmas. The following is an analog of [KR09, Lemma 5] (which is the special
case n = 2). We count the number of nth power-free polynomials interpolating
given values.

Lemma 3.2. Let x1,---,x; € Fy be distinct elements, and fix any a1, --- ,a; € Fy.
Then

d—1 -1
B € Fs| fla)=ar, - fla) = ar} = <<(i><+q)> Lo,

where the constant in the O is absolute.
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Proof. By inclusion-exclusion, we have

#{f € Fal f(x1) =ar,-, f(a) = a}
= Z p(fo)#{f1 € Fylw]a—ndeg(fo) | fo(z;)" fi(z;) = aj for 1 < j <1}

f2EV
0<deg(f2)<d/n

= > u(f)# N € Fyltlamndes(ss) | frl@) = aj/faz)" for 1 <j <1},

foEV
0<deg(f2)<d/n

If fo(z;) =0, then by convention, there are no f; such that fi(z;) = a;/f2(z;)".

If D > [, there are (g—1)gP~* degree D elements of F,[x] that interpolate [ given
values because each interpolation point imposes a linearly independent condition
on the coefficients of a monic polynomial of degree D (by the Vandermonde deter-
minant). If > D+ 1, then D + 1 of these conditions are still linearly independent
on the set of (not necessarily monic) polynomials of degree at most D, and thus
there is at most 1 polynomial of degree D interpolating [ given values.

We split the above expression into two sums depending on the degree of fo, and
thus the above is

- ) w(f2)(q — 1)gt—mdeall2)=l 4 o 5 )

faEV f2EV
0<deg(f2)<(d—1)/n (d—1)/n<deg(f2)<d/n
fa(z;)7#0 for 1<5<1 Ja(=;)#0 for 1<j<i

We bound the error term by counting all monic polynomials of degree at most
d/n to see that the above is

= > p(f2)(q — 1)g*= 8=t O(g¥™)
feEV
0<deg(f2)<(d—1)/n
fa(x;)#0 for 1<5<1

=Y plR)a— g ) — gt
f2€V
fa(x;)#0 for 1<5<1
X > p(f2)(g = 1)g ™80 1 O(¢"™).

foEV
(d—1)/n<deg(f2)
fo(z;)#0 for 1<5<1

We bound the middle term by counting that there are at most ¢* monic poly-
nomials of degree i, and summing the geometric series to obtain that the above
is

=" > p(f2)(g = 1)g ™82 + O(g¥m ).
fa€V
fa(z;)#0 for 1<5<1
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‘We have
> p(f2)(q — 1)g~"4EU2) =(q — 1) 11 (1— g mdeeP)y
J2€V PeF, [z
fa (mj)yé02 for 1<5<1 P is moneic ilgrlducible
P(xz;)#0 for 1<;<I
=(g—1)¢(n) M1 —-¢ ™"
Thus
d—1
q (q - 1) d/n+1
#{f e F 1) =ay, -, fx) ===+ 0(q .
el fa) =, fm) = a} = s =+ 0@™)

O

Now we refine our interpolation count to Fj. For g € F,[z], we write g|;=,, for
the evaluation of g at =z = ;.

Lemma 3.3. Let ay,...,aq GIE‘Z and 0 < s1,...,8¢ <n—1. Then
/ N R () (A=Y s5)/n+1
#{feF;| ——— =aq; for all i} = + O(q 2 si)/n+t ,
Vel eoom., = ema g T )

where the constant in the O is absolute.
Proof. For any f € F°, we write f = g[[,;<,(z —x;)*". Then,
/

. . Q;
. a; if and only if g(z;) Mo o)
Furthermore, if h € Fy[z] is nth power free with no linear factors, then
h1li<icy(z — ;)% € F° since the s; <n — 1.

So, by writing f = g[[,<;<,(z — 2;)*", we have

/ .
eFy| ——— = a; for all i
@
=#{9€ Fa_y sl 9(z) = —ZS for all i}
e [1; (@i — ;)%
and then we apply Lemma |

Lemma 3.4. We have that #F4 = (¢—1)(¢? — ¢ ") = ¢%(¢—1)/¢(n) for d > n.

Proof. By counting all monic polynomials of degree d, we have

1 . 1
1— qt - Z(qt) - H 1— tdeg(P) :

d>0 PeF,[x]
P is monic irreducible

By counting nth power-free monic polynomials, we then have

Z ﬂtd _ H (1 + des(P) 4ot t(n—1) dcg(P))

q—1
d PeF,[z]
P is monic irreducible
H 1—¢n deg(P) 1— qtn
- 1—¢des(®) — 1—gqt
PelF,[x] t q
P is monic irreducible

We conclude that #F; = (¢ — 1)(¢? — ¢*"*!) = ¢%(¢ — 1)/¢(n) for d > n. O
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See also [VW12, Proposition 5.9(a)], which gives a much more general proof of
this kind of identity (with the line replaced by any variety), and without using the
Euler product.

3.3. Proof of Theorem [3.I] We are now ready to prove our main theorem, which
we do by reducing it to the interpolation counts of Lemma [3.3]

Proof of Theorem Bl We will first see that for f € Fy with (z — z;)®||f and

[Eeran = a, the number of points on Cy with x = z; only depends on s
v T=x;

and a. If s = 0, then if a is one of the % mth powers in Fy, then there are

(m,q — 1) points on Cy with & = z; (the number of mth roots of an mth power in
Fy, i.e. choices for y given z = x;). If s = 0 and a is one of the (¢ —1)(1 — m)
non-mth powers in Fy, then there are 0 points on Cy with z = z;. If s > 1, then
all ¢ — 1 values of a give 1 point with « = x; (as necessarily y = 0).

Let ¢(s,k) be the set of a € F; such that for any f € F with (z — z;)°||f, we

have that = a implies that C; has k points with £ = x;. From the

(x—z;)° r=x;

above we see that

(-1 - —L=) ifs=k=0,

~ (mg—1)
a1l ifs=0and k= (m,qg—1),
(1) #ols, k)= " |
qg—1 if s>1and k=1, and
0 otherwise.

Applying Lemma [3.3] we have

#{f € Fa| C; has k; points with « = z; for all ¢}

= Z #{f € F3| Cf has k; points with = x; for all i}

0<s1,...,5¢q<n—1

= Z Z #{fE}—;ﬁ

0<s1,...,8¢<n—1 (a1,...,aq) €[], ¢(si,ks)

d=3"si—q(, _
> S (e o T)

0<s1,...,8¢<n—1 (a1,~~7aq)€1_[i P(si,ki)

d=>2si—q (4 _
o X (g voueEm) 2

0<s1,...,5¢q<n—1

= q; for all i}

T=T;

d=>si—q(, g
_ ¥y (qc(n)u _Elqn)}]) n O(qw—zsn/nﬂ)) <H #q&(si,ki)) :

0<s1,...,8q<n— i=1
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Thus we have, by Lemma [3.4] for d > n,

#{f € Fa| Cy has k; points with « = «; for all ¢}
#Fd

—Ssi—q q
= 2 (—ﬁ Ep— +o<q-d+1+<d-28f>/”+l>> (H #as(sl-,ki))
=1

0<s1,...,8q<n—1

q n—1
o #o(si, ki) —d+1+(d— 5;) /n+14g+n
—II(E: s g ) TOu ).

i=1 \s;=0

lim #{feFa| Cy has k; points with x = x; for all i} H <Z #o(s4, k;) )) '

d— oo #]:d sitl 1 q-

i=1 sL—O

From equation ([I]) we have that

1 1 L . _
(1 oty ) =i if ks = 0,
nzl _ #H#P(si ki) q;i;?;n if k; =1 and k; # (m,q— 1), and
sim0 I —q ) ﬁ% if ki = (m,q—1) and k; # 1, and
~Zn -1 .
ql qqn + (mq 1) —  ifk,=1=(m,q—1),

which, plugged into equation (2)), proves the first statement of Theorem B.1

If a degree d polynomial f in F4[z] is an rth power in F,[z] for some r > 1, then
f = cg” for some ¢ € F, and monic g € F,[z], and so there are at most g/t of
these polynomials f of degree d. So, in Fy, we have at most

qu/iJrl _ O(qu/Q)
i>2
polynomials whose power over Fq is not relatively prime to m. Using Lemma [3.4]
we see that in the limit as d — oo, these polynomials will not contribute to the
total proportion. By Lemma [271] this gives that the geometrically reducible C; do
not contribute in the d — oo limit, giving the last statement of the theorem.
Let i = {f € Fa | the power over F, is relatively prime to m}. Lemma

shows that for f € Fj such that (z — z;)®||f and = a, that the

_

(x—z;)s J——

number of points on C'y with = x; only depends on s and a. More explicitly, it

shows that —4—1
(m,s,q—1)

x = x; and the other (¢ — 1)(1 — m)

Let é(s, k) be the set of a € IFy such that for any f € Fj with (z —x;)®[|f, we have

of the ¢ — 1 possible values of a; give (m, s,q — 1) points with

values of a; give 0 points with = = z;.

that ﬁ = q implies that é'f has k points with x = ;. From the above
v r=x;
we see that
1 e
’ (m?s,;ql%) if k=(m,s,q—1).
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As above, we have

. #{f € Fa| Cf has k; points with 2 = 2; for all 4}
lim
d—o0o #]:d

_H Z s?f? = Z)n)

sl—O

From equation (B we have that

1
>, <1* - >1 9 itk =0, and
#¢ Si ) 0<s<n—1 (m7 S, q — 1) 1— qg "

—s -1
Z .s+11_q ny q (1—(] ) fk,‘:N
s ! 2 NI e
0<s<n—1
(m;s,q—1)=N
which gives the second statement of the theorem. O
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