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ABSTRACT. In this paper we prove that the duals of the quantum reflection
groups H;\,"' have the Haagerup property for all N > 4 and s € [1,00). We
use the canonical arrow 7 : C(H]S\,Jr) — C’(SIJ\;) onto the quantum permutation
groups, and we describe how the characters of C(H;\,"') behave with respect
to this morphism 7 thanks to the description of the fusion rules binding irre-
ducible corepresentations of C(HJS\,"') as in Banica and Vergnioux, 2009. This
allows us to construct states on the central C*-algebra C(H]S\;r)o generated
by the characters of C(HI‘S\,+) and to use a fundamental theorem proved by
M. Brannan giving a method to construct nets of trace-preserving, normal,
unital and completely positive maps on the von Neumann algebra of a com-
pact quantum group G of Kac type.

INTRODUCTION

A (classical) discrete group I' has the Haagerup property if (and only if) there is
a net (p;) of normalized positive definite functions in Cy(I") converging pointwise
to the constant function 1. There are many examples of discrete groups with the
Haagerup property. All amenable groups have this property. The free groups
Fy are examples of discrete groups with Haagerup property (see [14]) but which
are not amenable. Thus, one says that the Haagerup property is a weak form
of amenability. This property is also known as a “strong negation” of Kazhdan’s
property (T'): the only (classical) discrete groups with both properties are finite.
Another weak form of amenability is the weak amenability, see below for examples
in the quantum setting. One can find more examples and a more complete approach
to the problems and questions related to the Haagerup property, also called “a-T-
amenability”, in [9].

The Haagerup property has many interests in various fields of mathematics such
as geometry of groups or functional analysis. We can mention groups with wall
space structures (see [10] and [§]) as illustrations of the interest in the Haagerup
property with respect to the theory of geometry of groups. In functional analysis,
the Haagerup property appears in questions related to the Baum-Connes conjecture
(see [15]) or in Popa’s deformation/rigidity techniques (see [17]).

In [6], a natural definition of the Haagerup property for compact quantum groups
G of Kac type is proposed: G has the Haagerup approximation property if and only
if its associated (finite) von Neumann algebra L°°(G) has the Haagerup property
(see also Definition [[T]). We use this definition with a slight modification: the dual

Received by the editors March 8, 2013 and, in revised form, September 5, 2013.
2010 Mathematics Subject Classification. Primary 46L54, 16T20; Secondary 46L65, 20G42.

(©2015 American Mathematical Society
2017


http://www.ams.org/proc/
http://www.ams.org/proc/
http://www.ams.org/jourcgi/jour-getitem?pii=S0002-9939-2015-12402-1

2018 FRANCOIS LEMEUX

G of G has the Haagerup property if L>°(G) has the Haagerup property, so that
this definition is closer to the classical case where G is a classical discrete group.
The author of [13] proposes another definition for the Haagerup property of discrete
quantum groups: G has the Haagerup property if there exists a net (a;) in co((G)
which converges to 1 pointwise and such that the associated multipliers m,, are
unital and completely positive. These approaches are equivalent in the unimodular
case. We refer the reader to [II] for more information on the Haagerup property
in the more general context of locally compact quantum groups.

In [6] and [7], the author shows that the duals of the compact quantum groups
O3, Uy, and S5, introduced by Wang (see [20] and [21]) have the Haagerup prop-
erty. In fact, in [7], it is proved that any trace-preserving quantum automorphism
group of a finite dimensional C*-algebra has the Haagerup property. In [13], us-

ing some block decompositions and Brannan’s proof of the fact that O;{[ has the
Haagerup property (precisely, that some completely positive multipliers can be

found), the author proves that O is weakly amenable. In fact, it is also proved in
[13] that the Uy, U - Z*O is weakly amenable, and an argument of monoidal equiv-

alence allows us to prove, in particular, that SJJ{[ is weakly amenable too. In [12],
a definition of property (T") for discrete quantum groups and some classical prop-
erties for discrete groups are generalized. For instance, discrete quantum groups
with property (T) are finitely generated and unimodular.

The aim of this paper is to prove that the duals of quantum reflection groups
HJS\,JF, introduced in [1I], have the Haagerup property. It is a natural generalization of
the case s = 1 treated in [7] (since H}VJF = S;). However, this generalization is not
immediate. As a matter of fact, the sub C*-algebra generated by the characters
is not commutative, so the strategy used in [6] and [7] does not work anymore.
However, a fundamental tool of the proof of the main result of our paper is [6]
Theorem 3.7].

What also motivates our paper is the fact that quantum reflection groups are
free wreath products between Zs and S3; (see [5] and Theorem [[I7] below), and
the result proved in our paper naturally leads to the following question: is it true
that if I' is a discrete group which has the Haagerup property, then r Lw Sj\', has the
Haagerup property? One can notice the similarity with the result in [10] concerning
(classical) wreath products of discrete groups. If I', T are countable discrete groups
with the Haagerup property, then I' IV also has the Haagerup property. However,
this similarity is formal. In our paper we are considering (free) wreath products of
groups whose duals have the/@agerup property.

Our proof of the fact that H ]SV+ has the Haagerup property relies on the knowledge
of the fusion rules of the associated compact quantum group H fv+, determined in
[]. Indeed, there is no general result about fusion rules for free wreath products of
compact quantum groups yet.

The rest of the paper is organized as follows. In Section [l we recall the definition
of the Haagerup property for compact quantum groups of Kac type, and we give
the result of Brannan concerning the construction of normal, unital, completely
positive and trace-preserving maps on L>°(G) (see Theorem [[LZ). We also give a
positive answer to a question asked in [23], in the discrete and Kac setting case,
concerning symmetric tensors with respect to the coproduct. Then we collect some
results on Tchebyshev polynomials. Some are already mentioned and used in [6],
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but we give suitably adapted statements and proofs for our purpose. Thereafter,
we recall the definition of quantum reflection groups Hf\f, and we describe their
irreducible corepresentations and the fusion rules binding them. We also recall that
at s = 1, we get the quantum permutation groups S]‘\",. In Section 2] we identify
the images of the irreducible characters of C(Hjy') by the canonical morphism onto
C (SX,) In Section[3, we prove that the duals of the quantum reflection groups H ]SV+
have the Haagerup approximation property for all N > 4.

1. PRELIMINARIES

Let us first fix some notation. One can refer to [6], [L9], [I6] and [25] for more
details. In this paper, G = (C(G), A) will denote a compact quantum group, where
C(G) is a full Woronowicz C*-algebra. Furthermore, every compact quantum group
G considered in this paper is of Kac type (or equivalentely, its dual Gis unimodular);
that is, the unique Haar state h on C(G) is tracial. (We recall that L°°(G) is defined
by L>®(G) = C.(G)" = m,(C(G))", where (L*(G), ) is the GNS construction
associated to h.)

1.1. Haagerup property for compact quantum groups of Kac type.

Definition 1.1. The dual G of a compact quantum group G = (C(G),A) of Kac
type has the Haagerup approximation property if the finite von Neumann algebra
(L*°(G), h) has the Haagerup approximation property, i.e. if there exists a net (¢,)
of trace-preserving, normal, unital and completely positive maps on L>°(G) such
that their unique extensions to L?(G) are compact operators and (¢,) converges to
id () pointwise in L?-norm.

One essential tool to construct nets of normal, unital, completely positive and
trace-preserving maps (we will say NUCP trace-preserving maps) is the next the-
orem proved in [6]. We will denote by Irr(G) the set indexing the equivalence
classes of irreducible corepresentations of a compact quantum group G and by
Pol(G) the linear space spanned by the matrix coeflicients of such corepresenta-
tions u®, o € Irr(G). If a € Irr(G), let L2(G) C L*(G) be the subspace spanned
by the GNS images of matrix coeflicients ug;, i,j € {1,...,dq}, of the irreducible
unitary corepresentation u® (d, = dim(ug;)), and let p, : L*(G) — L2(G) be
the associated orthogonal projection. Then L?(G) = 1% — Deocrrrc L2(G). We
denote by C(G)y C C(G) the C*-algebra generated by the irreducible characters
Xoo = Z?;l u$ of a compact quantum group G and by xg the character of the
associated conjugate corepresentation u®.

Theorem 1.2 (|6l Theorem 3.7]). Let G = (C(G), A) be a compact quantum group
of Kac type. Then for any state ¢ € C(G)g, the map

T¢ = Z w(ta) DPa

d
aclrr(G)

is a unital contraction on L*(G) and the restriction of Ty to L°(G) defines a
NUCP h-preserving map still denoted T .

The averaging methods used to prove this theorem allow us to answer, in a
restricted setting, a question asked in [23].
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Let G = (C(G),A) be a compact quantum group. Then consider the C*-
subalgebra C(G)central == {a € C(G) : A(a) = ¥ o A(a)}, i.e. the C*-subalgebra
of the symmetric tensors in C(G) ® C(G) with respect to A (¥ denotes the usual
flipmap ¥ : C(G)®C(G) = C(G)®C(G),a®b— b®a). In [23], the author also
defines Pol(G)central := {a € Pol(G) : A(a) = ¥ o A(a)}. We recall the question
asked by Woronowicz (see [23], Proposition 5.11):

Question 1.3. Is Pol(G) centrar dense in C(G) centrar (for the norm of C(G))?

The answer is yes, at least in the Kac and discrete setting. We simply denote
by ||.|| the norm on C(G). It is clear, and proved in [23], that Pol(G)central =
span{xq : & € Irr(G)} where xo = f;l ug; denotes the character of an irreducible
finite dimensional corepresentation (u%) So the problem reduces to proving that
C(G)central C spﬁ”’”{xa : o € Irr(G)}, the other inclusion being clear.

Theorem 1.4. Let G, = (C(G,),A,) be a compact quantum group of Kac type
with faithful Haar state. Then Pol(Gr)CentmlH'H = C(G,)central-

Proof. We first note that A, preserves the trace in the sense that (h ® h) o A, =
h. As a result, the Hilbertian adjoint A¥, of the L2-extension of A,, is well-
defined, and we have ||AX(z)|| < ||z|| for x € C(G,) ® C(G,) with respect to the
operator norms (note that this is particular to the tracial situation). Since A
clearly maps the subspace Pol(G,) ® Pol(G,) of L*(G,) ® L*(G,) to Pol(G,), it
also restricts to a contractive map from C(G,) ® C(G,) to C(G,), still denoted
AY. Now we put E = AfoX oA, : C(G,) - C(G,). We have ||E|| <1, and for
a € C(Gy)central;s E(a) = A¥ o A(a) = a so that C(Gy)eentral C E(C(G,)).

But, on the other hand, for any matrix coefficient of a finite dimensional unitary
corepresentation (ug;), we have

E(u$)=AfoX oA (uf}) = AfoX <Zu?k ® ugj> = A* (Z ug ®u$k> .
k

k

We compute A% (Zk up; ® u;)‘k) using the duality pairing induced by the inner
product coming from the Haar state h: let § € Irr(G,); then for all 1 <p,q < dg:

003040
(s (o)) =5 (oot oui), - s
k h [o

1Lk

Sii >

— (B Y

= Upg» 7 Xa ) -
< pq da h

Then summarizing, we have E(u%) = Z”' Xa € Pol(G;)centra, ||E|] = 1 and
E|pol(G,)eonias = td. Thus we obtain a conditional expectation E : C(G,) —
Pol(GT)CemmlH'H = span”'”{xa : a € Irr(G,)}. But we have C(Gy)central C

E(C(Gy,)), and the result follows. O

Notation 1.5. We will denote by Pol(G)y and C(G)g the central x-algebras and
C*-algebras generated by the irreducible characters of a compact quantum group

G.
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1.2. Tchebyshev polynomials.
Definition 1.6. We define a family of polynomials (A;):cn as follows: Ag =1, A; =
X and for all t > 1,
(1.1) A1 Ay = Apr + Ay
We call them the dilated Tchebyshev polynomials of second kind.
We will use the following results on Tchebyshev polynomials A;. The second one

is based upon a result proved in [6] Proposition 4.4], but suitably adapted to our
purpose.

Proposition 1.7. For all t,s > 1 we have AyAs = Aprs + Ay 145 1.
Proof. This result is easily proved by induction on ¢ > 1. O

Proposition 1.8. Let N > 2. For all x € (2, N), there exists a constant ¢ € (0,1)
such that for all integers t > 1 we have

Ay() <(§J“
Ay(N) —\N/
Proof. First, we follow the proof of [6, Proposition 4.4] and introduce the function

q(z) = 2Hvr=1 V;L‘L, for x > 2. Then an induction and the recursion formula () for
the polynomials A; show that for all ¢ > 0, we have

q(x)"™* — q(z)~!

q(z) —q(z)!
Then, using the same tricks as in [6], we get that for all fixed z € (2, N) and all
t>1,

0<

Ai(z) =

—2t—2
Now notice that the factor % is less than 1 because ¢ is increasing.

t
L+ y/T=3 | 1 - ()2
q( )72 0
1+ /1_% 1—gq(x) t—00
14+,/1- 4%

since the last factor does not depend on t and ——= < 1. Hence, there ex-
P 1+,/1—ﬁ

Furthermore, we have

A t
ists to such that () < (£> for all ¢ > tg. It remains to show that there

A(N) N
A
exists ¢ € (0,1) such that (2) < (%)Cto for all t = 1,...,tg — 1, since for
Ai(N)

€T Ct() € ct
all 0 < t < to, (N) < (N) . To prove that such a c exists, we notice
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that max { i*((ﬁ)) t=1,...,tg— 1} := D < 1 since the Tchebyshev polynomials
are increasing on (2,+o00). Hence, it is clear that we can find ¢ > 0 such that
T\ cto
— > D. (]
(¥) =
Remark 1.9. (1) In [0, Proposition 6.4], the exponent is better (there is no

Nt
constant ¢), but there is a constant multiplying (N) . Our version allows
an easy proof of Proposition B.3] below.

(2) The previous proposition gives information on the behavior of the dilated
Ay(x)
A,(N)
tial decay with respect to t > 1. We will also need some information on
this quotient when z € (0,2) and N = 2. That is the aim of the next
paragraph.

Tchebyshev polynomials on (2, +00): the quotient has an exponen-

The polynomials A; are linked to the Tchebyshev polynomials of second kind
U, by the following formula: V¢ € N,z € [0,1], A;(22) = U(z). Indeed, we recall
(see [I8] for more details) that the Tchebyshev polynomials of second kind U, are
defined for all z € [-1,1] by

in((t+1 in((t+1)0
(1.2) Uy(x) = sin((t + 1) arccos(x)) sm((' +1) )’ with = cos(6).
V1= 22 sin(0)

In particular, Uy = 1, Ui(x) = 2z and for all ¢ € N*,U;(1) = t + 1. Then one

can check that for all t € N and = € [0,1]: 22U (z) = U1 (z) + Up—1(z).

Proposition 1.10. Let x € (0,2). Then for any integer t > 1,

Ai(x) 1 |sin((t+1)0) .
‘At(Q) 1| s |0 VT =cos(d)
. . . A(z)
In particular, there exists a positive constant D < 1 such that ¥Vt > 1, A—(Q) <D
t
Ay(x)
and — 0 as t — oo.
A4(2)

Proof. First, by what we recalled above, we can write i ) =

Thus, if x = 2cos(f), we have by the relation (L.2)

‘At(ﬁ)
Ai(2)

1
Tt+1

sin((t + 1)6)

sn(0) | o

t—o0

On the other hand, on [0, 1], the polynomials Uy, > 1, have ¢ + 1 as a maximum,
only attained in 1. Then, it is clear that for all ¢ > 1 and = € (0, 2):

A(z)  U(3)
0< 10 = t+21 < 1.

So the existence of the announced constant D is clear. O
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1.3. Quantum reflection groups. In this subsection, we recall the definition
of the quantum reflection groups H]S\,Jr and the particular case of the quantum
permutation groups Sy5. We also recall that C(Hy") is the free wreath product of
two quantum permutation algebras. At the end of this subsection, we recall the
description of the irreducible corepresentations of C(H}'") together with the fusion
rules binding them.

Definition 1.11 ([I, Definition 11.3]). Let N > 2, s > 1 be integers. The quantum
reflection group HY' is the pair (C(H}"), A) composed of the universal C*-algebra
generated by N? normal elements U;; satisfying the following relations:

(1) U = (U;;) is unitary,

(2) ‘U = (Uj;) is unitary,

(3) pij = Ui;U}; is a projection,

(4) Uj; = pij,
together with the coproduct A : C(HY") — C(HY") @ C(H¥T) given by

A(U;;) = ZUM ® Up;-
k

Remark 1.12.

or s = 1 we get the quantum permutation group . us the definition o
1) F 1 we get th ion g S7%. Thus the definition of
S may be summed up as follows (see also [21]): S3; is the pair (C(S7), A)
where
a 1s the universa -algebra generated by elements v;; suc
C(S5) is the universal C*-algeb d by N? el ; such
that the matrix v = (v;;) is unitary and v;; = vj; = vfj (ie. visa
magic unitary).
(b) The coproduct is given by the usual relations making v a corepresen-
tation (the fundamental one) of C(S%).
or s = 2, we find the hyperoctahedral quantum group, 1.e. the easy
2) F 2 find the h hedral i h
quantum group Hy studied in [22].
ere is a morphism — of compact quantum groups: one
3) There i hism C(Hy") — C(SF) of g
only has to check that the generators v;; of C(S}C) satisfy the relations
described in Definition [[LT1T] which is clear.

Notation 1.13. We will denote by 7 : C(H3) — C(S5%) the canonical arrow men-
tioned in the remark above.

Here are the results concerning the irreducible corepresentations of C (SIJ{,):

Theorem 1.14 ([3, Theorem 4.1]). There is a mazimal family (v(t))teN of pairwise

inequivalent irreducible finite dimensional unitary representations of S]J{, such that:
(1) v =1 and v is equivalent to 1 @ v,
(2) The conjugate of any v®) is equivalent to itself; that is, v ~ v VYt € N,
(3) The fusion rules are the same as for SO(3):
2 min(s,t)

W g® @ wlHh,
k=0

We denote by xj = de’ o™ the character associated to v(*).

i=1 Y
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We will need the following proposition, proved in [7]:

Proposition 1.15. Let x be the character associated to the fundamental corep-
resentation v of C(Sy;). Then, x* = x, and there is a *-isomorphism C*(x) =
C(SH)o = C*(xt : t € N) ~ C([0, N]) identifying x+ to the polynomial I, defined
by HQ = 1,H1 =X—1and Vvt Z 1,H1Ht = Ht+1 +Ht +Ht_1.

Remark 1.16. (1) The recursion formula defining the polynomials II; is the one
satisfied by the irreducible characters x;.
(2) The polynomials A; and II; are linked by the formula: II;(z) = A (/).

Before describing the fusion rules of C(H¥"), we recall that these compact quan-
tum groups are free wreath products:

Theorem 1.17 ([4] Theorem 3.4]). Let N > 2. Then we have the following iso-
morphisms of compact quantum groups:

- C(HY) = C(Zs) % C(Sy) = CH(ZEN) x C(SY)/ < [z, vij] = 0 > where 2;
is the generator of the i-th copy Zs in the free product Z:N.
- In particular C(H3) ~ C(Zs) % C(Z2), C(H3T) =~ C(Zs) *4 C(Ss).

Let us now give the description of the irreducible corepresentations of C' (HJSV+)

Theorem 1.18 ([4, Theorem 4.3, Corollary 6.4]). C(HY") has a unique family
of N-dimensional corepresentations (called basic corepresentations) {Uy : k € Z},
satisfying the following conditions:

(1) Up = (U}) for any k> 0. (4) Uy,...,Us—1 are irreducible.

(2) Uy = Upys for any k € Z. (5) Uy =1 po, po is irreducible.

(3) Up =U_y, for any k € Z. (6) po,Us,...,Us—1 are inequiva-
lent corepresentations.

Notation 1.19. We will denote the basic irreducible corepresentations of C'(Hjx")
by pt,t €{0,...,s — 1}, with p, = Uy Vt € {1,...,s — 1} and py = Uy © 1 (where
Uo = (Us;U))-

The proof of the first three assertions follows from the definitions of corepresen-
tations of compact quantum groups and of the definition of C(H ]SVJr) The proof of
the last three assertions is based upon Woronowicz’s Tannaka-Krein duality (see
[24]) and methods inspired by [2], [3] and [I]. Now, we can give the description of
the fusion rules.

Theorem 1.20 ([4, Theorem 8.2]). Let M be the monoid M = (a,z : 2° = 1) with
involution a* = a, z* = 2z~ ', and the fusion rules obtained by recursion from the
formulae

(1.3) vaz' @ Zaw = vaz" Vaw @ §iy 4o (v W).

Then the irreducible corepresentations ro of C(HY") can be indezed by the ele-
ments o of the submonoid S generated by the elements az'a,i =0,...,s — 1, with
imwvolution and fusion rules above.
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Remark 1.21.
(1) S is composed of elements af12z71 ... z/xk-1qLx with
- J;, L; > 0 integers.
- Ly, Lk odd integers and all the L;’s, i € {2,..., K —1}, even integers.
- Except if K = 1; then Ly is an even integer.
(2) With this description, we can identify the basic corepresentations intro-
duced above: the corepresentation r,: is the corepresentation py = (Uj; UZ*])
61 and for t # 0, rg.t, is the corepresentation p; = (Ufj)
(3) In Proposition 211 we will use the suggestive notation

vaz'"Vaw = (vaz' @ 2 aw) © 6;1j0(v @ w),
which simply means that we have the relation (L3]) in the monoid S.

(4) If a = alr2v ... 2/k-14Fx € S then the conjugate corepresentation of 7,
is indexed by @ = atxz=x-1 =gl

We end this subsection by the following proposition, which summarizes the re-
sults above:

Proposition 1.22. The canonical morphism m : C(Hy") — C(S%) maps all the
corepresentations Uy, t € Z, onto the fundamental corepresentation v of C’(SX,); n
other words, it maps all p; = Tasta,t # 0, onto v and py = 142 onto v,

2. CHARACTERS OF QUANTUM REFLECTION GROUPS
AND QUANTUM PERMUTATION GROUPS

As announced in the introduction, we find the images of the irreducible characters
of C(H3") under the canonical morphism 7 : C(H5") — C(S¥).

Proposition 2.1. Let x, be the character of an irreducible corepresentation ro of
C(HY"). Write a = al129t ... z0x=1al%. Then, identifying C(S5)o with C([0, N]),
the image of xa, say P, satisfies

k
Po(X?) = (xa)(X?) = _HAl,i (X).

Proof. We shall prove this proposition by induction on the even integer Zle l; us-
ing the description of the fusion rules given by Theorem [[.20] the recursion formula
satisfied by the Tchebyshev polynomials, Proposition [[.7] and Proposition

Let HR(A) be the following statement: 7(x,)(X?) = Hle A, (X) for any a =
alrzdr .. z0k=1g! such that 2 <37, 1; < A

Let us begin by studying simple examples (and initializing the induction).

Consider the element aza. Then, the irreducible corepresentation 7., (written
p1 in Notation [I9) is sent by 7 onto v = 1 ® v(!) by Proposition Thus, in
terms of characters, we obtain by Proposition

T(Xaza) (X) =14 (X = 1) = X = Ay(X),
ie.
Paza(X?) = X2 = 4,(X)A1(X).
Actually, this holds for all elements o = az’a, j € {1,...,s — 1}, since every
irreducible corepresentation 7, is sent by = onto 1 @ v, as is re.q.
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Consider the element a?. Then, the irreducible corepresentation 7,2 (written pg
in Notation [LT9) is sent by 7 onto v(). Thus 7(x,2)(X) = X — 1, i.e.

Ppe2(X?) = X2 — 1= Ay(X).

To prove HR(2) one has to show that 7(x42)(X?) = A2(X) and 7(Xq.i4)(X?) =
A1A1(X) for all j € {1,...,s — 1}, which is what we have just done above.

Now assume HR()) holds: 7(xs)(X?) = Hle Ay (X) for any B = alizi ...
2Ik—1g!e guch that 2 < >:li < A We now show HR(A + 2).

Let a = af2z/t .. al®, with >, L; = A+ 2. In order to use HR()), we must
“break” « using the fusion rules as in the examples above. Then, essentially, one
has to distinguish the cases Lx = 1,Lx = 3 and Lxg > 5 (in the case Lxg > 5
we can “break o at a“%”, but in the other cases we must use a’5 -1 or aFx-2 if
they exist, that is, if there are enough factors a’i). So first, we deal with two
special cases below in order to have “enough” factors a” in a in the sequel. We use
the fusion rules described in Theorem (and the notation described after; see

Remark [[27]).
-IfK=1,ie Lg=X+2, J; =0 Vi, write:

o = a)\+2 _ (a)\ ®a2) o (a)\—l ®a) _ ((],)\ ®a2) @a/\ @a)\_2.
Then using the hypothesis of induction and Proposition [[L7, we get

T(Xa)(X?) = ArA2(X) — AN(X) — Ax—2(X)
= AxA2(X) = (AN(X) + Ax—2(X))
= AxA2(X) — Ax1A1(X)
= Ax12(X).
(Notice that if A = 2, one has A —2 =0 and a* = (a?> ® a®) © (a ® a) =
(a® ® a?) © a® © 1 so that the result we want to prove is still true.)
SIfK =2,J:=J; #0, write a = a"127a’?. Wehave i + Ly = A +2>4
and Lq, Lo are odd; hence Ly or Ly > 3, say Ly > 3. Write
aleJaLz — (a2 ® a]L172ZJa‘L2) e (a ® aLlfszJaLz).

If L; = 3, then the tensor product a ® a”*3z7a’? is equal to az’a’?;

hence a = a3z‘]aL2 satisfies

T(Xa)(X?) = A2 A1 AL, (X) — A1 AL, (X)
= A3(X)AL,(X).
If Ly >3 (i.e. L1 >5), then the tensor product a ® a’1 =327 a2 is equal
to at1=2z7al2 @ at1427al2. We get
T(Xa)(X?) = AsAp, —2AL, (X) = AL, 2 AL, (X) — Ar,—a AL, (X)
— Ap, (X) AL, (X).
- From now on, we suppose that there are more than three factors a* in a,

i.e. K > 3. We will have to distinguish three cases: Lx = 1,Lg = 3 and
Lg > 5.
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If 5< Lg <), L, write Lx = mg + 2. Then we have mg > 3, so

abrzlialx =qlrght | gmet?
= (a2 a™K ®a?) o (a2 a™ T ®a)
= (a2t ™K @a?) e a2 MK galiy a2
Then

T(Xa)(X?) = A, o AL A A2(X) = ALy oo A (X) — Ay oo A e —2(X)
=Ap, ... AL, AL (X).
If mg =1, i.e. Lg =3, we proceed in the same way using
alrzv 7R3 = (ol la®a?) o a2 L 2R,
To conclude the induction, one has to deal with the case Lx = 1. We

have to distinguish the following cases:
If Lg_1 > 4. We have

abrznatr-rgIrorg = (afr L abE1T @ azdK1a)
O (b2t atr172 @ 2 r1g)
= (el alx 1Tl ® azr-1q)

oalizt | glr-172 kg,

Then
W(Xa)(XQ) = AL1 e ALK,lflAlAl(X) — AL1 e ALK,172A1(X)
= AL1 AN ALK,lAl(X)-
If Ly 1 =2and Jx_1 + Jxk_2 = 0 mod s, we can proceed in the same
way using
atbrzv . atr-2 r-2g2 0Kk
= (b2 alx-2pIr-2q @ a2k -10) @ P12t L gPr—2H

@aleJl aLK—2*1

The last case to deal with is Lx_1 = 2 and Jx_1 + Jx_2 # 0 mod s,
and again we can conclude thanks to

alrzv | plr-2g20mo1g = (ol ol E-2 K20 @ a2 MK 1)

o) aleJl L aLK—2ZJK—2+JK—1a.

As a corollary, we can get the result also proved in [4] (see Theorem 9.3):

Corollary 2.2. Let ro be an irreducible corepresentation of C(Hy') with o =
a2 . a'%. Then

k
dim(ry) = H A, (VN).
i=1
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Proof. We have dim(ra) = €5 gty (Xa) = €o(s+) © T(Xa) since 7 is a morphism of
N N

Hopf algebras. But the counit on C (SIJ{,)O is given by the evaluation in N. Indeed,

an immediate corollary of Theorem [[.T4] and Proposition [[LT8is €(I1;) = II;(N) for

all polynomials II; which form a basis of R[X]. Now by the previous proposition,

7(xa) (@) = [Ti2; An, (va); then e gty 0 m(xa) = [Ty Ai (V). O

3. HAAGERUP PROPERTY FOR QUANTUM REFLECTION GROUPS

In this section we show that duals of the quantum reflection groups C(Hy") =
C(Zs) # C(SF), s > 1, have the Haagerup property for N > 4.

We still denote by 7 the canonical surjection 7 : C(Hx') — C(SF;) and by
Y, = ev, the states on C(Sk)o ~ C([0,N]) used to show that C(S5;) have the
Haagerup property (see [7]). Essentially, we are going to use both morphisms
m, %, in this way: we can define states ¢, composing these maps, ¢, o 7w, where 7
sends characters of C(Hy") on characters of C(S7%). Thus, we obtain states on the
central algebra C'(Hy')o and, after checking that these states have some decreasing
properties, we can use Theorem and conclude.

Lemma 3.1. Let v, x € [0,N], be the states given by the evaluation in x on
the central C*-algebra C(S%)o. Then for all x € [0,N], ¢, = b, o 7 is a state on
C(H{ )o-

Proof. One just has to note that 7 is Hopf *-homomorphism and hence sends
C(H3)o to C(S%)o. Then 1, o 7 is indeed a functional on C(Hy)o. The rest is
clear. (]

Notation 3.2. We introduce a proper function on the monoid S (see Theorem [[20)).
Let L be defined by L(a) = Zfﬁl l; for a = a'1 271 ... a'* . Notice that for all R > 0
the set Bp = {oz =ahz . alke  L(a) = Zf;l l; < R} C S is finite. Thus we get
that a net (fy)aes belongs to ¢o(S) <= Ve > 03IR > 0:Va € S,(L(a) > R =
|fol < €). We say that a net (f,)a converges to 0 as a — o0 if (fo)a € ¢o(5).

Proposition 3.3. Let N > 5 and let X, be an irreducible character of C(Hy')
associated to the irreducible corepresentation ro with a = azi1a’> ... alke. Then
for all x € [0, N],

o

_ P2(Xa) _ Yaom(Xa)(X) _ 77 Au(VT)
T dim(ra) dim(ry) -1 AL (VN)

?

Co(x)

Moreover Cy(x) converges to 0 as o — oo for all x € [4,N).

Proof. Let a = al1271 ... a'*«. We obtain the first assertion using Proposition 2]
and Corollary

W(Xa)(X) = Al1 s Alka (\/Y),
ko

do = dim(r) = [[ AL, (VN).

i=1
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By Proposition [[.§] for any fixed z € (4, N), there exists a constant 0 < ¢ < 1

A7) ( Va )C’
such that ———= < | Y= for all { > 1. Then
Ai(VN) vN

Colz) = ?I(XO‘) = ﬁ Al."(ﬁ) < (ﬂ)gzi b (g)%L(a) o

N a—oo

O

Proposition 3.4 (Case N = 4). Let xo be an irreducible character of C(H;™)
associated to the irreducible corepresentation ro with o = al'z7al? ... al%. Then
for all x € ]0,4],

Ca(.’L') — (bm(Xa) %» o Xa H

dim(r,)  dim(ra) palen

Moreover Cy(x) converges to 0 as o — oo for all x € (0, 4).

Proof. The proof of the first assertion is similar to the one of the previous proposi-
tion. For the second assertion, we use Proposition [[LT0] We recall that we proved
in that proposition that there exists a constant D < 1 such that for all € (0,4)
and all [ > 1,

Ai(y/r) <D.
Ai(2)
Let € > 0 and z € (0,4). We want to prove that

(3.1)

ko
(3.2) H < e for o large enough.

By (B1), there exists a K > 0 such that Hl 1 A{f‘ (zg) < e for all & € S with
Ai(Vr)

Ai(2)
all [ > L, since this quotient converges to 0.
Now let o = al1291 ... a'* € S, with L(a) > LK. Then either k, > K or there
exists 49 € {1,...,kq} such that [;, > L. In both case we can get ([B.2]) since

< ¢ for

ko, > K. But by Proposition [[.T0l there is also an L > 0 such that

A (Va) _ A, (V7)
1= =4, )

each factor of the product being less that one. ]
Then we can prove the theorem.
Theorem 3.5. The dual of Hf\,+ has the Haagerup property for all N > 4.

Proof. We follow the proof in [6] for Of;. We prove that the dual of H5" has the
Haagerup approximation property for all N > 4 using both previous propositions.
Consider the net (Ty,) with Iy = (4,N)if N > 5, Iy =(0,4) if N =4 and

Ty, = ), %{gm)pa.

N «
aElrr(Hy)

xeln
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The ¢, are states on C(Hy')o, so, by Theorem [[2] the T}, are aunital contrac-
tions of L2(H3"), and their restrictions to L>(Hy") are NUCP h-preserving maps.
Moreover, Proposition B4 in the case N = 4 and Proposition B.3] in the cases
N > 5, together with the fact that the p, are finite rank operators, show that for
each z € Iy, the operator Ty, is compact. To conclude one has to show that for
all x € Iy,

(33) Ty.a—allz, — 0

for all a € L®(HY") (via a € L®°(HY) — L*(H3')). First let us prove that
it is true for any element a € Pol(Hj'), i.e. any linear combination of matrix
coefficients Uy} of irreducible corepresentations of C(H3') (by linearity, we can
do that only for the elements U}). Notice that if o = a2t ... z7ke-1a'e, then
@ = alkaz7IRa—1  z7iigh = glkaz5=Tka-1  z57J1glt Thus by Proposition B.1]
bz (Xa@) = Yz 0 m(Xa) = Yz 0 T(Xa) = ¢z(Xa). Hence,

k
T A (V)
T, U8~ Uglle = 110G 1z, (1 [ 222 )

¢z Yij J gLz };[1 A ( \/N)
so let  — N and the assertion (8:3) holds for all these matrix coefficients. Now by
L%-density of Pol(H}") and the fact that all T, , = € Iy, are unital contractions
(and thus are uniformly bounded), we obtain that ([3.3) is true for any a € L2(H3").
O

Remark 3.6. In [5], it is proved that there is a *-Hopf algebra isomorphism between
C(H5') and C*(Zs * Zs X Zs) (see Example 2.5 and thereafter in that paper).
Furthermore, the Haar state on C*(Z,) %, C(S5) is given by h = hy ® hy where hy
is the Haar state on C(S5) and hy is the free product of the Haar states on C*(Z,).
Then, it is clear that H§+ has the Haagerup property by the stability properties of
the Haagerup property on groups (see e.g. [9]).

The algebra C(H; ") is more complicated and does not reduce to a more com-
prehensive tensor product as for the case N = 2. We are unable at the moment to
prove that H§+ has the Haagerup property.
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