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ABSTRACT. In this article we will get the estimate of the expected distribution
of critical values of Gaussian SU(2) random polynomials as the degree is large
enough. The result about the expected density is a direct application of the
Kac-Rice formula. The critical values will accumulate at infinity, then we will
study the rate of this convergence and its rescaling limit as n — co.

1. INTRODUCTION

Random polynomials and random holomorphic functions are studied as ways to
gain insight for problems arising in string theory and analytic number theory [5]
TTI16]. In [14] Kac studied and determined a formula for the expected distribution
of zeros of some real Gaussian random polynomials. His work was generalized to
complex random polynomials and random analytic functions throughout the years;
we refer to [3L4L6LI3,17] for more background and results.

1.1. SU(2) polynomials. When the random polynomial is defined invariant with
respect to some group action, the problem can turn out to be particularly inter-
esting; we refer §2.3 in [I3] for examples. In this article we will study a special
family: the Gaussian SU(2) random polynomials. This is of particular interest
in the physics literature as the zeros describe a random spin state for the Majo-
rana representation (modulo phase) on the unit sphere [11].

Given a probability space 2 and {a; };?‘;0, a collection of i.i.d complex random

|22

variables with density Le~l#l" on it, the family of SU(2) random polynomials is

defined as

) pu(2) = Z (1)

Although this polynomial is defined on C, we may also view it as an analytic
function on CP' = C U oo with a pole at co.

Various properties of the zeros of random SU(2) polynomials have been studied
such as the distribution of zeros and the two points correlation function [3IT]. First,
zeros of these polynomials are uniformly distributed on S2? = CP' with respect to
the Fubini-Study metric, i.e., the average distribution of zeros is invariant under
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the SU(2) action on CP' [I3]. To be more precise, let us denote
an = Z 52
2€CP': p, (2)=0
as the empirical measure of zeros of Gaussian SU(2) random polynomials and define
the pairing
(Zp,,0) = > #(z), where ¢ € C=(CP").
zeCP: pn(z)ZO

We define the expectation

1 2
(EZ,,.,¢) :=E(Z,, ,¢) = py /(Cnﬂ Z o(2) e—lal dlyy - dly,,

2€CP: p, (2)=0
where df,, = Q%.daj A da; is the Lebesgue measure on C.
Then the expected density of zeros is calculated in [3] as
EZ, =nwrs,
in the sense that
E(Z,.,¢)=n - pwrs, where ¢ € C°°(CP'),

where wpg is the Fubini-Study form on CP* [10].

We can also study the two points correlation function of zeros of SU(2) poly-
nomials and its scaling property. We define the two points correlation function as
31

Kn(z,w) :==E(Zp, (2) © Zp, (w)),
such that for any smooth test function ¢1(z) ® ¢2(w), we have the pairing

(Kn(z,w), 01(2) @ ¢2(w)) = E((Zp,, ¢1)) ((Zp,,, d2)) -

If we scale the two points correlation function by a factor %, then we have

z  w (sinht? 4+ t2) cosht — 2t sinh t 1
Kn( =, L) = cosh oL,
NV sinh ¢ NG
where ¢ = @ and |z — w] is the geodesic distance of z and w on CP'. Tt is easy
to see that

Z W 2 4 5
— —) =t — =t Ot t 0
Ja R =t g O) as

which implies zeros repel each other. We refer to [3[I1] for more details.

K (

1.2. Main results. In this article we will study the expected distribution of non-
vanishing critical values of |p,| as n tends to infinity.

Note that the modulus |p,| is a subharmonic function, thus there is no local
maximum; local minimums are all zeros and thus nonvanishing critical values are
obtained only at saddlepoints [7]. Hence, the expected density of nonvanishing
critical values of |p,| that we study in this article are in fact the expected density
of values of saddlepoints of |p,|.

The nonvanishing critical values of |p,| are obtained at points

(2) {zeC: p,=0and p, #0}.
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A random polynomial p,, has no repeated zeros almost surely, which implies that
the set ([2)) is almost surely equivalent to

(3) {zeC: p, =0}

i.e., (nonvanishing) |p,| and p,, have the same critical points almost surely.
Hence, we will first get the expected density of critical values of p,, in Theorem
I As a direct consequence, we can apply the polar coordinate to get the expected
density of nonvanishing critical values of |p,,| in Theorem 2
We denote the empirical measure of critical values of p,, as

(4) Cpn = Z 51071(2)'
z: pl (2)=0
We now define the pairing
(5) Cop®) = D dpa(2)), Vo(z) € CZ(R?),
z: pl, (2)=0

where C2°(R?) is the space of smooth functions on R? with compact support.
We denote D, (z) as the expected density of critical values of p,, in the sense
that

(6) E(C., ) = [E o(2)D,, (2)dls, Vo(x) € C(R2),

whereas d/, is the Lebesgue measure of C.
Those definitions also apply to the empirical measure of the nonvanishing critical
values of |p,| which is

(7) Cloal = D Slpuls
z: p,,=0

which is a measure defined on the nonnegative real line R .
We define its expectation as

(8) (ECp,.15 9) :=E(Clp,|>¢) = /OOO o(x)Dyy, dz, ¥ d(z) € CZ(Ry),

where dz is the Lebesgue measure on R.

In this article, we will first get the exact formula for the expected density D, in
Proposition [[l by the Kac-Rice formula (see section §2)), then we study the asymp-
totic behavior of I, as n — oco. Our main results follow.

Theorem 1. The expected density D, of the empirical measure Cp, of the critical
values of p,, satisfies the estimate

l—e el 1 [t
©) D, = % + _/ e—(s—slogs)bc\zds +0(1) as n — oo,
T ™ Jo
for any x € C.

As proved in Proposition[I] the density D), d¢, only depends on |z|, i.e., the mod-
ulus of |py,|, thus we can rewrite it as D, (|z|)|z|d|z|df under the polar coordinate.
If we integrate on € variable, then

27
(10) Dyp, | = /O Dy, (

a|)|zdf = 2m|x[Dy, (

)
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will be the density of critical values of |p,|. Thus we get

Theorem 2. The expected density D, | of the empirical measure C),, | of the non-
vanishing critical values of |py| satisfies the estimate
2(1 — e=*%)

1
(11) D, () = ——>+ 23:/ e (s—slogs)z® gg 4 o(1) as n — oo,
r 0

for any x € R
The decay of Dy, |(x) is of order 1/x as = goes to infinity, thus the total mass on
the interval [a, 00) is infinity for any a > 0, i.e., the critical values will accumulate

at infinity as n — oco. In order to study the rate of this accumulation, we consider
the distribution function Fj,(x) of the probability density

D‘p | 1
rl — E E 1) .
n—1 n-1 (p’:() ‘pnl)

Next, we will show that the critical values are spreading out exponentially.

1—e

1-e ife
Theorem 3. For any fized e >0, F,(e" * ) — 0 and F,(e" * ) = 1 as n — oo.

Then the modulus of critical values of p,, will mainly concentrate in the interval
[e"% , e”%] as n large enough. Thus we need to consider the following rescaled
probability density to get more information about this convergence

Ry(x) = (Fu(e?))".
Then we prove that R, (x) satisfies the rescaled limit

Theorem 4.

e’ if x >0,
7}1—{[;0 R, (z) = {lim, o D, (1) if 2 =0,
0 ifx <0,

where lim,,_,oo Dy, (1) is the constant given by the leading term in (@) evaluated at
1.

1.3. Further remarks. First note that our setting is different from the one in [5].
For example, in [5], critical points of SU(2) polynomials are defined to be the points

{zeCP': V'p, =0},

where V' = % - ﬁiczl‘zg is the smooth Chern connection on the line bundle O(n) —

CP' with respect to the Fubini -Study metric and p,, is a global holomorphic section
of the line bundle O(n) — CP' [I0]. By choosing such a smooth Chern connection,
the expected distribution of critical points is also invariant under the SU(2) action
[5]. But in this article, the critical points are defined by the usual derivative

Ipn
{zeC: 5 0}.
In fact, the derivative % is a meromorphic flat Chern connection on O(n) — CP*
with a pole at co. Under this setting, the expected density of critical points is not
SU(2) invariant; we refer to [I2] for more details.
Our second remark is as following. In [§] and [9] the authors studied the expected
density of nonvanishing critical values of the pointwise norm of Gaussian random
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holomorphic sections of the positive holomorphic line bundle over compact Kéahler
manifolds. Now let us briefly explain the main result in [8] and [9] and compare
it with Theorem 21 Take Gaussian SU(2) random polynomials (sections) p,, for
example. We equip the line bundle O(n) — CP' with a Hermitian metric A" =
e~ where ¢ = log(1 + |2|?) is the Kihler potential of the Fubini-Study metric.
Then the pointwise h-norm of the holomorphic section |p;,
defined on CP"' [I0], and hence the critical points of |p,,

= |pn|e_% is globally
nn are defined as

6|pn|h"

¥, = pt, 22
{zeC 9

=0}.

We define the (normalized) empirical measure of critical values of |p,,

1
Clpn‘h" = E <Z 6|pnhr”> )

ZEXy

hn as

which is also a measure defined on R .
Then the expectation of C|,, |, satisfies the estimate

e 1
(12) ECpp, | =@ (20244877 )" +0(-), s eRy,
n

as n large enough. In fact, this estimate is universal: it holds on any Riemannian
surfaces [8], [9].

Thus, the (normalized) density EC,|,. is decaying exponentially as x is large
enough, which is quite different from the behavior of (nonnormalized) density EC,, |

in Theorem This is mainly because of the connection we choose: the usual

derivative % in this article is a meromorphic flat connection on CP' with a pole

at oo, while in [§] and [9] the proof of (I2) relies on a choice of smooth Chern
o nzdz

connection V' = 2= — T4

2. KAC-RICE FORMULA

In this section, we first review the Kac-Rice formula for a stochastic process,
referring to [IL[I4[15] for more details. Then we generalize the formula to the
expected distribution of critical values of p,,.

The Kac-Rice formula is as follows: let f(z) be a real valued stochastic process
indexed by a compact interval I C R. Then the Kac-Rice formula for the expected
number of zeros is

E#{zel: f(z)=0}= / / lylp= (0, y)dydz,

where p,(0,y) is the joint density p.(z,y) of (f, f') evaluated at (0,y). If f is a
Gaussian process, then the joint density p.(z,y) is determined by the covariance
matrix of (f, f/) [I.

The proof of this formula is explained in more detail in [I]. The idea of the proof
is based on the observation that

#lzel: f(z)=0} = / 8ol F ()| F(2)]dz.
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We take expectation on both sides to get

E#{zeT: f(z) =0} = /I /R /R b0 2)p= (2, )y |dedydz

- / / lylp- (0, y)dydz.
IJR

Thus the expected density of zeros of f is given by

(13) B % o] = ([ 0.ma) a

z€I: f(2)=0

If f(2) is a complex stochastic process indexed by a compact complex domain, the
above formula reads

(14) B X o) =(fuke0nm)a.

z€I: f(z)=0

where df, and dl, are Lebesgue measures on C. Compared with ([I3), we get |y|?
since a one-dimensional complex random process is a two-dimensional real random
process. In fact, this formula is based on the definition of the delta function and
the identity

#eels 1) =0 = [ Bz ndf = [ arE)Ir P
I
The formula arises when we take expectation on both sides.

2.1. Kac-Rice formula: Revisited. In this subsection, let us get the formula for
the expected density of critical values of a (real or complex) stochastic process f
by the method of Kac and Rice.

For simplicity, let us first consider a smooth real Gaussian process f € C*(I),
where I is a compact subset in R.

Let © C R be a compact subset. Let us denote the set of critical values in © as

Co=1{z€1l: f(z) €0, f'(2) =0}

Let us denote the measure p(z)dr on O as

z)dx = (Z 5f(z)>

z€Co

E << > 5f(z)7¢>> = /edw(fﬂ)dl"

z€Ceo

in the sense that

where ¢ is any smooth test function defined on ©.
Then we have the following lemma.

Lemma 1. Let us denote p.(x,y,&) as the joint density of (f, f', f") at z. Then

) do = ( /] |s|pz(:c,0,5)dsdz) dr,

where dx, d&, and dz are Lebesgue measures on R.
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Proof. We will first do a formal calculation:

15 (Y SGed@)= Y 6f() = / Nireord(F(2)(dr"

feo, /=0 fe€o, f/=0
By taking expectation on both sides and considering df’ = f”dz, we have
(16)

]E< > 5f<z>,¢(w)> :/R,,/I/]Rg /Ry P=(,Y, &)X (0} 0(2)d(y) €| dydEdzda

feo, f'=0

(17) - /@ ( / / épz<x,o,f>|f|d§dz> o()dz

(18) - /@ o(2)u(x)d.

This calculation requires justification in (IH), ([I8), and ([I7). The way to rigor-
ously do that is to approximate the § function by a sequence of simple functions
and do a verbatim repetition of the proof in [I, Theorem 11.2.3,Corollary 11.2.4].

From (I8)) to the conclusion, one needs to prove that the density on both left and
right hand sides are continuous. To prove the continuity of u, it is again repeating
the argument in [I, Theorem 11.2.3, Corollary 11.2.4]; see [II, Section 11.4] and [2]
for details. O

In the proof of Lemma [Il we have assumed I and © are compact subsets in R.
But the proof of Lemma [I] can be generalized to the SU(2) random polynomials
Pn, which are a collection of complex Gaussian stochastic processes indexed by C.

The generalization of © to be C only requires picking up a sequence of discs
centered at the origin with radius m € {1,2,...} and taking limit in weak sense.
And the generalization from I to C is the same.

However, we do need to modify the pairing by choosing the test functions ¢(z)
in the smooth compact supported space C2°(R?) in order to change the order of the
integration on C. Following the proof of Lemma[Il we have

Lemma 2. The expected density of critical values of py, is

(19) D, dt, = ( /@ /@ £|2pz(x,o,£>dégdfz) dt,,

where dly, dl¢, and dl, are Lebesgue measures on C and

1 S
(20) Pz($>07§)—mexp —< 0],A;

)+ ()

is the joint density of (pn,pl,,Dll), where A, is the covariance matriz of (pn,pl,, D).

MmO R

Proof. The proof of this formula is the same as the one in Lemma [l

We start with a disk U in place of I, take ® C C compact, and write Cg =
{zeU: f(2) €O, f'(2) =0} again. Then we have
(21)

(Y o) = 3 GUE) = [ xiseord DI G ).

feo, f'=0 feo, f'=0
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Taking expectation on both left and right hand sides and noting df’ A df’ =
|f"|2dz A dz = |f|dL, we have

E< 3 af<z>,¢<x>>= [E m /U /@ /C P Ok tacor AW E il

f€eo, f/=0
-/, </U/c p*ﬂﬁﬂf)lf?d&dfz) o)t
3

- / o) () des.
©

The justification process here is the same as in Lemma [I]
The lemma follows if we replace f(z) by p,(z). Since p, is a Gaussian process,
the joint density p.(z,y,£) is uniquely determined by the covariance matrix of

(P D)y D) O

3. PROOF OF MAIN THEOREMS

3.1. The density D, ,. In this subsection, we will derive the exact formula for I,
based on Lemma 2l We prove

Proposition 1. The expected density of the empirical measure of Cp, is given by
the formula

1

" T rnt2

Thus Dy, is a function only depending on |x|.

Proof. By Lemma [2] in order to compute the expected density of critical values of
Dn, we first need to compute the covariance matrix of (py,,p.,, plr).
By definition, the covariance matrix of the Gaussian process (pn, pl,, ph) is given
by [1L5]
E(pnpn) E@nPn) E(pnpn),
A= | E(pnp,) E(ppp,) E(pppy),
E(pnpr)  E(pnpy)  E(phpr)
The covariance kernel for the Gaussian process p,, is

E(pn(2)Pn(w)) := Uy (2, w) = (1 4+ zw)".
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Then we can express each entry in the covariance matrix as follows:

E(pnPn) = In(z,2) = (1 + |2[*)",

I
E(p,,pn) 0 "8(5 )\z:w = nw(1 + 20)" oy = nz(1 + |2)2)" 1
2
Il
Eipm) = S|y = nln— D@1+ 20125 = n(n — DZ2(1 4 [2f2)
0411, (z, w) e _ _
E(p,p! n =n(1 "2((n -1 1 _
(PhP}) Seon =w = M1+ 20)" (0 = 1)zw + 1 4 20) =
= n(n|z|* + 1) (1 + [2[*)" 72,
031, (2, w)
117 n\<» o . _\n—3 — _
E(p,p),) 2200 lo=w = n(n — 1)(1 + 20)" "0 (nzw + 2)|.=w
=n(n—1)(1+|2*)""*2(n|2]* + 2),
—_ 0L (z,w
E(pnp)) = —a%((a% )|z=w

— n(n —1)((n — 2)(n — 3)2@2(1 + z0)"
+4(n —2)zw(1 + 20)" "3 + 2(1 + 20)" )| .=
=n(n—1)1+|2>)" 4 (n(n - 1)|z|* +4(n - 1)|2]* + 2).
These show the covariance matrix is

Az = (1+])"

1 n(n—1)z2
1+| 1+z[? (1+]2[?)?
% nz ntn®|z|? 2n(n—1)z+(n—1)n’z|z|?
1+]z]? (1+]z[*)? (1+]z[)?
n(n—=1z> 2n(n—1z+(n—1)n3z]z]> 2n(n—1)+4n(n—1)2%|z]>+n%(n—-1)2|z|*
(1+[2[?)? (1+[z[?)® (1+[z[2)*
Hence
2n3 — 2n?
23 det A, =(1 2y —
( ) € z ( + |Z| ) (1 + ‘Z|2)67

which never degenerates when n > 1. We denote

x
Q. (z,8) —:< 0],A7!

MmO R
~—

3
Then by direct computations, we rewrite.
_ @[
Qz(xag) - det Az

n® |zt 2nt (|22 —|z| D +n’ (2] —2|22+2) —2n®  (n®—n?)z? -

> z (L+=[2)° (1+]z[*)* L

g ’ (n®—n?)z? n g
(1+[=[%)* (1+]21%)?

(note we only need to calculate the four corner entries of the inverse matrix). We
expand this expression and further rewrite Q,(x,&) as

(‘\/nQ—nz R R ——

2

(24) €1+ 21

+2(n2” + 1)|96|2> -

1+|\ vn2 —n
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By Lemma ] the expected density of critical values of p,, is given by the formula

25 dledl,.
(25) D)= [ [ ol
Let us integrate ¢ variable first. Plugging (24) into (25), we can rewrite (23] as

nlzl2+1 |2

(26) D,, () = /K e DT
() =75 | B gAY

where K, is the following integral in & variable:
=2 1 2
n? —nz°r + ———=E(1 + |2]7)

K, / 1 _ o €[2de
exp 1 n ‘Z| ) n2 =, £

We will first make the exponent into a perfect square. We change variables ¢ —
=61+ [2]*)? to get
(n”

w-n? oy 1
(1+|Z|2)8/<c p{ 21+ J2]%)"

Further, we changing variable £ — v/n2 — nzz? + £ to get
2

KZ:M/QXP i ‘5 /n —nxz‘dﬁg
(1+121?)* Je 2(1+ |2[?)

This turns into a Gaussian integral. Noting that the first moment terms are equal
to zero after expanding the norm square, we have

P (a0

K, =

2
n2 — nrz> +§‘ } |€|2dle.

_ 2yn(, 2 2,4 2y2n
== TR 21+ )" (n® = ) af*[[ + 4(1 + |2%)*"] .
If we change variable r = 1 + |z|?, we can rewrite
(n2 _n)2 n n
K, = T [2r"(n® — n)|z|*(r — 1) 4 4r*"]

and )
. _ nlz["+41 2 n(r—
det A, = r3776(203 — 2n?), e Tl = o B,
Now we plug these two lines back into formula (26) and use the polar coordinate
dl, = %drd@, integrate on ¢ variable, we can rewrite D, as

n—1 /oo (n2 _ n)r"(r _ 1)2\x|2 + 2r2n ein(r;i)Jrl‘zF
1 p3n+2

dr.

(27) Dpn =

s

There are two parts in the numerator. We integrate by part to simplify the first
term in the numerator. Note that
n(r—1)+1 n(r—1)+1
de= =T lel” — e‘T‘m?[r_"_l(n2 —n)(r —1)|z|*]dr
then the first part is equal to

2
n—l/oo (n® —n)r™(r — ) ‘a:| _wmzdr
1

T T.3n+2

n—1 /°° (r— l)d EETCESSES UL
= e [l

T prtl

o0
_n—-1 [ n_ n+ 1] e
T ,r.n+1 ,r.n+2 :
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Hence, the density (271 is further simplified to be

n—1 [Fnr—1)4+1 _nc-nt1 2
Dy, (z) = T /1 otz ¢ e,

which completes the proof. O

3.2. Proof of Theorem [I. Now we turn to the proof of our main Theorem [l
We denote ¢t = % and
n(r—1)+1 e n
yn(t) = %:nt L (n—1)t",
then we have t € [0,1] and y,(¢) € [0, 1] with y,(0) = 0 and y,, (1) = 1.
Substituting nr=1)+1

rn

by yn(t), we rewrite D, in Proposition [ as

Y T
1

s 72

1
- / yn(t)e 0Ol gy,
T 0

(28)

where in the last step we change variable ¢t — %
The trick to estimate D, is to calculate

1
2
gn(|2[?) = /0 Ol gy,

Integrating by part, we have
1
nllal?) = [ e T
0

1
= ¢ lol? +/ ty;(t)|x\2e*y"(t)‘””|2dt
0

1
= el 4 n(n — 1)]af? / e O R
0

2 2 ! 1 2
— ol —|—7’L|:E| / (nt"_ _(n_l)tn)e—yn(t)\ﬂ dt
0
1 2
—n|x|2/ Loyl
0

1
— el n|x|2/ yn (e~ Ol dt — |2 by (Jaf?)
0

2
2 ™|T
=€ . + ’I’L|——|1Dpn - ‘x|2hn(|x|2)7

where we denote
1
(29) hn(‘.’lj‘|2) = n/ tnflefyn(t”f‘zdt_
0

Thus,

(30) Dp” _ n—1 (gn(|$2) —e || " hn(|x|2)> )
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We claim
lim g, (jaf?) = 1.

This is quite straightforward. As Ve € (0, 1), we rewrite

1 1—e 1
gn(|z]?) :/ e*yn(”'m‘zdt:/ +/ :
0 0 1—e

Since y,,(t) — 0 uniformly on [0,1 — €] as n — oo, thus

1—e¢ l1—e
lim eIl gy — / lim e ¥l gp — 1 _ ¢,
0 0

n—oo n—roo

For the second integration, since y,(t) > 0 on [0, 1], we have fll_e ezl gt < ¢
Hence we get

1 1
l—e< lim [ e kP < Tim [ e vn®llg <.

n—o0 J0 n—=0 Jo

As € is chosen arbitrarily, letting € — 07 yields the claim.
Now we estimate ([B0) to be

n—1(1- e*|x‘2
Dy, = < + hn(|2]?) +0(1)>

nw ||

(31)

1—e ol h 9 1

W + =hn(Jz|7) +o(1)
as n — 0o.

We now turn to estimate h,(|z|?). Change variable s = t", h,, will be rewritten
as
1
/ ezn(S)\xIst,
0

where

zn(8) = —ns"n + (n—1)s.
It is easy to check that
Zn(s) < Znt1 (5)

for any fixed s € [0,1]. Thus we have z,(s) monotone increasing to —(s — slog s)
as n — oo; hence, h,(|z|?) will satisfy

n—oo

1
i ha(of?) = [ emmom el g
0
This will give us the estimate
1
hn([af?) = [ e os10890F ds 4 o1
0

as n — oo. Hence, we further estimate ([31]) to be

L—e el 1 1 log )]
Dp, = —5— + —/ e~ (s=slogs)lzl g +o(1) as n — oo,
|| T Jo

which completes the proof of Theorem [Il
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4. GROWTH OF CRITICAL VALUES AND RESCALING LIMIT

By Theorem [ the expected density of the modulus of critical values is 1/x
decay as n large enough, which implies that the integration of the density over the
interval [a, 00) is infinity for any a > 0 large enough, i.e., critical values accumulate
at infinity as n tends to oco. In this section, we will consider the rate of growth of
the critical values and its rescaling limit.

4.1. Rate of growth. We consider the distribution function F,(z) of the proba-

bility density
Dy, | 1
n—1 = n — 1E( Z 6‘pn|)

p, =0
‘We write the distribution function as
x ]D)| [ 2T r
2 F,(z) = Pl dy = D d
(32) @)= [ etay= 2 [,

by relation (I0I).
Using identity ([28) and integrating by part, we will have

Fo(z)=1- gn(‘$|2)
Now we turn to prove Theorem [

Proof. We only need to prove gn(e"He) — 0 and gn(enlfe) — 1. Let us apply the
dominated convergence theorem to g, (n'*¢). We have

L. lim (t)e”liE
hm gn(n1i€) = / e n~>ooyn dt
0
For the “+” part, we know that for any fixed 0 < ¢t < 1,
lim g, (e = lim (0" = (n— D)M)e” ™ > lim e = o

lim
n—oo n—oo n—oo

For the “—” part, we know that V¢ > 0,

lim yn(t)e”Hé < lim nt" e T =0,
n—oo n—oo
which implies the conclusions. O

4.2. Rescaling limit. As illustrated by Theorem [ we need to consider the re-
scaled distribution

Fn(x) = Fn(e%)
and the corresponding rescaled probability density

1
Rn(.’lf) = (Fn(.’l,'))/ — nenw/ yn(t)e—yn(t)e"“”dt
0

by relations [28) and ([B2), where y,,(t) = nt"~! — (n — 1)t" € [0, 1].
Now we prove Theorem [l

Proof. For x =0, we have
1
lim R,(0) = lim ny, (t)e O at

n—roo n— oo 0

= lim —~D, (1) =n lim D, (1),

n—o0 1, — n—00

where lim,,_, D, (1) is a constant given by the leading term in ().



500 RENJIE FENG AND ZHENAN WANG

For = < 0, we have

1 1
0 < lim nyn(t)e™ e YO g < lim nyn(t)e"*dt
1
< lim nedt < lim ne"® =0,
n—oo 0 n—oo
which implies
(33) nl;ngo R, (xz) =0 for z < 0.

Now we consider the case for x > 0. We integrate by part

1 1
[ e O = e s [y e 0
0 0

1
= e —I—/ n(n — 1)t — ")emTemvn D™ gy
0

1
e " + Ru(z) — / nt" e e yn (O™ gy
0

2 e 4 Ry(z) — Qu(x).

Thus we have

1
(34) Ro(z) = / e 0O gt 4+ Qp () — e
0

nx

For z > 0, the third term e~ ¢"" — 0 as n — 0.
Now we claim that

1
(35) / e O gt 5 e Qu(x) = 0
0
as n — oo.
If the claim holds, we will get
(36) lim R,(z)=e"? for z >0,
n—oo

which completes the proof of Theorem [
We now prove the first claim: For any ¢t < e™%,

lim y,(t)e™ < lim nt" 'e™ = 0;
n— oo n— oo

for any t > e 7,
lim y,(t)e™ > lim ¢" e = co.
n—o00 n—r00

Therefore, by the dominated convergence theorem, we have

—x

1 e
lim e Un(Me" gy — / 1dt = e 7.
0 0

n— oo

Now we prove @, (z) — 0 as n — co. By changing variables, we write @Q,, as

1
Qn(x) :/ n(tez)nflefn(te“”)"’le’”Jr(nfl)(tem)”d(ter)
(37)
:/ nrn—le—nr’“lew—&-(n—l)r" dr.
0
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We separate the integral fOeT in @, to be

1 e”
Qn(x) = / +/ = Il,n + I2,n-
0 1

First note Iy ,, > 0, I, > 0. We rewrite

1
Iin :/ nrn—le=nr" e (=1 g,
’ 0
(38) 1 e 1
:/ e~ U € +(n— )udu,
0

where we change variable u = r™.

Since e* > 1 strictly, we must have —nu"7 e® + (n—1)u - —o0 as n — co. By
the dominated convergent theorem, we have I ,, — 0 as n — oo.

For the second integration, we further separate

1+€ e®
(39) I2,n :/ +/ = IS,n + I4,na
1 1+€

where we choose 1 > ¢ > 0 such that 1 + 3e < €”.
For the first part, since e > 1+ 3¢ > 1 + €, we have

" =ne® + (n—1Dr) <" Henr(1+€) + (n—1)r) = —r"(1 + ne),
thus

1+€
I S/ e—r"(1+ne)+logn+(n—1)logrdr.
1

But —r™ + (n— 1)logr < 0 for r > 1; and —r"ne + logn < —ne +logn — —co as
n — oo. Thus, I3, < nee™ " — 0 as n — oo.
For the second part in ([B9]), we have

x T

€ €
1 _,.on—1_z _1y.n 4 -1z
/ el et (=" gy S/ nr e ¢ dr
e 1+e

x

e

n—1_x

:/ e(n—l)logr+logn—r e dr.
1+e€

But for r € [1 + ¢, €], we have
—r" e 4 (n—1)logr +logn < —(14+€)" te” + (n — 1)z + logn — —oo

as n — oo. Hence, the I, will tend to 0 as n — oo. Therefore I5 ,, tends to 0 as
n — oo.
Now we must have lim,,_, o Qn(2) — 0, which completes the claim. a
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