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ABSTRACT. A class of pseudoconvex domains in C™ generalizing the Hartogs
triangle is considered. The LP boundedness of the Bergman projection associ-
ated to these domains is established, for a restricted range of p depending on
the “fatness” of domains. This range of p is shown to be sharp.

1. INTRODUCTION
For k € Z*, define the domain €, C C? by
(11) Qk = {(21722) S (C2 : |Zl|k < ‘ZQ| < 1},

and call 2, the fat Hartogs triangle of exponent k. When k = 1, (L)) is the classical
Hartogs triangle, a well-known example of a pseudoconvex domain with non-trivial
Nebenhiille. As k — oo, Qi becomes “fatter”, filling out the product domain D x D*
in the limit, where D = {z : |z| < 1} is the unit disc and D* = {2z : 0 < |z| < 1} the
punctured unit disc in C.

The purpose of this paper is to establish how the Bergman projection acts on
the Lebesgue spaces LP (€). If AP () C LP () denotes the closed subspace of
holomorphic functions, let By : L?(€;) — A%(Q4) denote the Bergman projection
(orthogonal projection) associated to g. Our main result is:

Theorem 1.2. The Bergman projection By, is a bounded operator from LP () to

AP(Qy) if and only if p € (2,5%22, %T+2)

The most notable aspect of our result comes by comparison with the known
behavior of the Bergman projection associated to smoothly bounded, pseudoconvex
domains. There is no general result for all such domains, but LP mapping properties
of the Bergman projection have been determined for large classes of domains, a
subset of the family of finite type domains defined in [4]. See [17], [13], [15], [16],
[9] for the principal results. In all these cases, the Bergman projection is bounded
on LP for all 1 < p < co. In two more recent works, [6] and [I2], the Bergman
projection is also shown to be bounded for the full range 1 < p < oo on some
domains with less smooth boundary, but only for strongly pseudoconvex domains
in this class. Our domains §2; are bounded and pseudoconvex. But in contrast
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to the situations above, the boundary of €, b€k, has a serious singularity at the
origin. Indeed, bQ); cannot be represented as the graph of a continuous function
in a neighborhood of (0,0). This boundary singularity causes the limited range of
L? boundedness in Theorem [[.2] though our present understanding of this matter
is only phenomenological. Determining how the type of boundary singularity of a
domain limits LP mapping behavior of its Bergman projection remains an intriguing
open problem, and is highly connected to many other questions in complex analysis.
We do point out that our result shows a somewhat surprising degeneracy of an
analytic property relative to limits of domains. Namely, note that the range of
LP boundedness for By in Theorem shrinks to 2 as k — oo, even though the
domains €, tend set-theoretically to the domain D x D*, whose Bergman projection
is LP bounded for all 1 < p < oo.

Several interesting, recent papers overlap with our work. Zeytuncu, [19], con-
structed bounded domains in C™ whose Bergman projection is only bounded on L?
for a restricted range of p, namely a Holder symmetric interval of values centered
at 2. He also constructed domains whose Bergman projection is only bounded on
LP for p = 2. In [I], Chakrabarti and Zeytuncu consider the classical Hartogs
triangle, 21 above, and prove L? boundedness for the Bergman projection corre-
sponding to Theorem for the case k = 1. They also observed a new phenomena
on Bj related to its weighted L” mapping behavior. In [2], Chen generalizes the
Hartogs triangle differently than (1), essentially considering domains of the form
{(#1,22) € A X C:|p(21)] < |22 <1} for ¢ : @ — D a biholomorphic map onto
D C C. He then obtains LP boundedness of the Bergman projection for the same
restricted range of p as [I] shows for the Hartogs triangle. Earlier examples of re-
stricted LP mapping behavior of the Bergman projection on specific domains were
given by Lanzani and Stein, [11], and Krantz and Peloso, [10].

The situation considered in this paper differs from that in [I] and [2] in one
important respect: the domains 2, are not biholomorphic to D x D* if k > 1.
Indeed, the first author shows in [5] that the Bergman kernel associated to 2 has
zeroes if k > 1, while the Bergman kernel of D x D* is known to be zero-free.
Thus, to prove Theorem we must directly address the Bergman projection on
Q, rather than transfer to D x D* as done in [I] and [2].

There is a general, though technical, point in our proofs below that seems worth
noting. Once the crucial estimate on the Bergman kernel of Qy, (22), is in hand,
we focus on suitably decomposing €2 in order to get the desired integral estimates.
This basic method is derived from [I5], and is used particularly in Lemma
and Lemma [34l The method displays the interplay between the singularity of the
Bergman kernel and the shape of €, most clearly, thus showing how to generalize
the mapping result to other kernels or to the Bergman kernel on domains other
than Q. For an example of the former, see Corollary The semi-classical proofs
of the LP boundedness of By — for 2 the disc in C, the ball in C™, or the polydisc in
C™, see [18], [8], [2] — are based on power series computations and the asymptotics
of the Gamma or Beta functions, which are less amenable for generalization to
domains without circular symmetry.
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2. PRELIMINARIES

If @ c C" is a domain, let O(Q) denote the holomorphic functions on 2. The
standard L? inner product will be denoted

(2.1) (f.9) = /Qf-ng

where dV denotes Lebesgue measure on C". L?({)) denotes the measurable func-
tions f such that (f, f) = || f||> < oo and A%(Q2) = O(Q) N L*(Q).

The Bergman projection associated to £ will be written Bg, or B if Q is clear,
and is the orthogonal projection operator B : L?(Q) — A%(). It is elementary
that B is self-adjoint with respect to the inner product (ZII). The Schwarz kernel
of Bg is the Bergman kernel, denoted Bgq(z, w), which satisfies

Bo/(z) = /Q Bo(sw) f(w)dV(w), [ e LA(Q).

For p > 0, denote

17(9) = {f : ( / prdV)% = 1Ifl, < oo}

and let AP(Q) = O(Q) N LP(Q).

Finally, we use the following notation to simplify writing various inequalities.
If A and B are functions depending on several variables, write A < B to signify
that there exists a constant K > 0, independent of relevant variables, such that
A < K - B. The independence of which variables will be clear in context. Also
write A &~ B to mean that A < B < A.

2.1. The Bergman kernel on fat Hartogs triangles. The Bergman kernel for
the fat Hartogs triangle of exponent k € Z1 is explicitly computed in [5], and its
formula underlies the work done in this paper. Let By denote the Bergman kernel
on €, and for simplicity write s := 21w, t := z9ws. Then

Pr(8)t% + qr(s)t + s¥pi(s)
km2(1—t)2(t —sk)2

where pi and ¢ are polynomials given by

Bi(z,w) =

k—1 k
pi(s) = Z n(k —n)s" L, qu(s) = z:(n2 + (k —n)?s*)sn L

n=1 n=1
Since Q is a bounded domain where |s|* < [t| < 1, it follows that By satisfies the
crucial estimate
i
2.2 B < — .
( ) ‘ k(Z,’U})|N |1—t|2|t—$k|2
2.2. Boundedness and dual spaces. The fact that the Bergman projection is
self-adjoint, together with Holder’s inequality, shows that the range of p for which
B is L? bounded is symmetric about L?:

Lemma 2.3. Let Q be a bounded domain and let p > 1. If B maps L?(€2) to AP(§2)
boundedly, then it also maps LI(2) to A4(§2) boundedly, where % + % =1.
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Proof. This follows from a standard duality argument. Let f € L9(2). Then
IBfll, = sup [(Bf,g)l= sup [(f Bg)|

lgll,=1 lgll=1
< sup ([[fllqlIByllp) S 1 f]la-
lgll, =1

O

2.3. A version of Schur’s lemma. The term on the right-hand side of the esti-
mate (2.2) is not integrable on Qj, which prevents the classical Young’s test for LP
boundedness to be used in our case. See, e.g., [7] Theorem 0.10 for Young’s test and
[3] for some generalizations of it. However, the bounding term just barely fails to
be integrable; a computation shows that its L' norm (in w) is essentially bounded
by —logd(z) near 0, where §(z) is the distance of z to b€2;. In this situation, a
substitute for Young’s test, due to Schur, can be used to give LP boundedness. See,
e.g., [15]. We shall need a modification of Schur’s lemma, which relates the range
of exponents € of the auxiliary function and the mapping classes LP.

Lemma 2.4 (Schur’s lemma). Let Q& C C" be a domain, K be an a.e. positive,
measurable function on QxQ, and IC be the integral operator with kernel K. Suppose
there exists a positive auziliary function h on €, and numbers 0 < a < b such that
for all € € [a,b), the following estimates hold:

/Kz w)h(w) =< dV (w) S h(z) ",
/K Z, W) T dV(z) S h(w)™".

Then K is a bounded operator on LP(QY), for all p € (aTer, atdy,

a

Proof. Let p and ¢ be finite conjugate exponents, and temporarily say that ¢ < 2 <
p. Let g € LP(Q2), and s € [a,b) be a yet to be specified number. Then Holder’s
inequality gives

K < ([ K agwrhwavw) ( K(z,wm(wwdww))m

Q
< ([ K wlatwrrhw /s v ) )z,

Now integrate in the z variable to find

P z,w p sp/q sp/q
[ @ ave //K )] g(w)Ph(w)*P/Th(=)~P/1 AV (w) dV (2)

¢

< / lg(w)? dV (w),

where the last line is guaranteed to hold if and only if we can choose s € [a, b) so
that S;’ € [a,b) as well. This is equivalent to saying ap =a(p—1)<bie p< “T*'b.
Now let g € L?(Q2) and repeat the estimations above with p and ¢ switched. This
time, we are able to conclude that [|K(g)|lq < [lgllqs provided that we can choose
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s € [a,b) so that %q € [a,b) as well. This is only possible if b;q =b(g—1) > a, ie.
q> ‘IT“’. We finish by removing the restriction that p > 2. O

Remark 2.5. In practice, the auxiliary function h(w) will vanish on the set where
the kernel K (z,w) is singular (or large, as a function of z). Thus the product
K(z,w)h(w)~¢ is more singular than K (z,w), but its L' norm in w is now algebraic
rather than logarithmic in 6(z). See Remark B3

3. LP MAPPING PROPERTIES

3.1. Non-L? boundedness.

Theorem 3.1. Let p > 1 be any number outside of the interval (Qkkf;, 2k+2) Then

the Bergman projection By, is not a bounded operator on LP ().

Proof. In [5] it is shown that the set of monomials of the form z® for the multi-
indices o € Ay = {(a1,02) : a1 > 0, a1 + k(o +1) > —1} form an orthogonal
basis for A%(Qy). Therefore, we can write the Bergman kernel as

z%w®
Bk(zu w) = Z P P

C
aEAg ko

where ¢, o is a normalizing constant. Now set f(z) := Zg; this is a bounded function
on Q, so f € LP() for all p > 1. Tt follows that

BN = [ Bl v = [ 3 S fw)avi)
=3 z—a/ﬂ ot wyt dV (w)

C
aEAy k.o

z » .

= E 2—/ rite “glo‘lrzaﬁle 02(a2+1) o dir d

c
acA, ka Qp

o 27 27
= Z z_ (/ e_ielﬂ’l d91) (/ e—i02(0(2+1) d92)
Ck,a 0 0

aEAy
. (/ r1a1+1rgcz+2 d?“)
Wi
e
=
where wy, = {(r1,72) € R? : ry > 0,7F < ry < 1}. Here C is a constant, and we
used the fact that 6 integrals vanish unless ay = 0, a3 = —1. Thus,
1 1 .
By (f p%/ — / r1r2dr—47r2/ riry Pdr
|| ( )Hp |22| T o 2
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This integral diverges when p > 222 50 By (f) ¢ LP(Qy) for this range of
p. Lemma 23 says that By also fails to be a bounded operator on LP () when
pe (1,22 O

3.2. An estimate related to Bp. As a prelude for constructing the auxiliary
function needed in Schur’s lemma, we first establish an integral estimate on the
Bergman kernel of the unit disc in C, Bp(z,w). Note the piece of the integrand
below (1 — |w|?) corresponding to the defining function for D. The factor |w|~"
in the integrand is needed because of a Jacobian factor in the proof of Lemma [3.4]
below.

Lemma 3.2. For z € D, the unit disk in C, let e € (0,1) and 5 € [0,2). Then

_ ’LU2 —e€
zpe) = [ S o v £ - )

Proof. This result has been re-discovered many times; see for instance [18], [20],
[2], with a proof based on power series. We give a different proof here.
First consider the case when |z| < . Then |1 — zw| > 1 — |2w| > 3, and so

T, 5(2) < 4 /D (1= Jwl?)~Jw| = dV (w)

1
= 47r/ (1—uw) " u P2 du < .
0

Since this integral is bounded by a constant independent of z, the desired estimate

holds.
Now let |z| > %, and for the rest of this proof let ¢ := ﬁ Now split up the

integral into two pieces, called I; and I5:

— ’LU2 —€ — |w 2\—e€
Zep(2) :/ < uhﬂ_ﬁ dV(w)+/ uhﬂ‘—ﬁdv(w)

1= 2P wlse 11— 20P
= Il + 12.

For I, notice that |1 — zw| > 1 — |zw| > 1, and thus
I < 4/ (1 — |w?)~|w|™? dV (w) < 4/ (1= |w?)~¢|w|™? dV (w) < oo,
lw|<e D

and so [; satisfies the required estimate.
It remains to be seen that Iy does too. Since % < |z| < 1, it must be that

3 < ¢ < 1, and consequently, 1 < |w| < 1 throughout all of I. So for 8 € [0,2),
we have that 1 < |w|~# < 4. This lets us make the estimate

I < 4/ wdww).
Jw|>c

|1 — zw|?

Now,

(1—|wf)~* /1 2y ¢ /27T do
= 1 —
/|w>C 1 — zw]|? dv (w) . rd=r7 o 1—2r|z|cosf + r2|z|? dr

—2/17"(1—7"2)6 /F d0 dr
L o 1—=2r|z|cosf+r2|z2|
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Now, estimate the integral in brackets by using the fact that sin¢ > ? for ¢ €
[0, 7], along with the half-angle formula:

/7r do </7r do
o 1—2r|z]cosf + r2?|z|? o (1—7|z])2 + 2%

P
T do
= (1 _T‘|Z|)_2/ T2/ 8 N2
0 1+F(177’|z|)
< du
<-ra [
e [

SA=rlz)h

Therefore, we have that

1
I, < / r(1-— T2)76(1 — 7"|z|)71 dr.

For reasons that will soon be apparent, we want to have |z| in the bounds of our

integral. Unfortunately, |z| and ¢ = ﬁ aren’t comparable quantities. So we make
one more trivial over-estimate on Iy and split this into two pieces, called J; and Js:

2] 1
BS [ =) ) N [ ) e el ar
0 \

2|

= J1 + JQ.

Now for Jp, since 0 < r < |z|, we can say that

|| 1 -l
Ji < / r(1—rlz))"tdr = ——/ uwtdu
0 |z /1

S @)
Finally, for J,, since we know that r < 1,

Ty < (1— |2 /| P =) dr < (1— [2) 7 (1 [22)1¢

z|

S-leP)e,

~

This means that Ir < (1 — |2|?)~¢. Therefore, Z. 5(z) satisfies the desired estimate
for all z € D. ]

Remark 3.3. Now that we’ve done an explicit computation, we can illuminate Re-
mark 2.5l Let 6(z) = dp(z) denote the distance of z to bD, and |Bp| be the integral
operator with kernel |Bp| &~ |1 — zw| 2. With a slight modification to the proof of
Lemma [3.2] we see that for z sufficiently close to bD,

(i) Bp|[1](z) S —logé(z) and

(ii) [Bp[[07] (2) S 67(2).
Further, the inclusion of an integrable singular function with singularity away from
bD doesn’t change these asymptotic estimates:

(i) |Bp| [W} () < —logd(z), Be€[0,2), and
(v) Bp| M) (=) S67(2). Be(02).




2192 L. D. EDHOLM AND J. D. MCNEAL

These inequalities hold in much greater generality, i.e., for many 2 C C™ and Bgq
besides Q2 = D.

3.3. The auxiliary function for Schur’s lemma. An auxiliary function adapted
to the domain € for which we can apply Schur’s lemma is now constructed. The
function h in the following lemma essentially measures the distance of z € € to
the boundary.

Lemma 3.4. Let k € ZT, h(z) = (|22]* — |z1|2k)(1 — |22]?), and By(z,w) denote
the Bergman kernel of Q. Then for all € € [2, o ) and any z € Qy, we have that

Br|(h)(2) 12/ B (2, w)[h™(w) dV (w) S h™(2).
Qp
Proof. From estimate (2.2]), we see that

‘Bk‘(h_e)(Z) < /Q |22/LD2‘(|U}2|2 — |w1|2k)_6( |w2|2)_6 dV(w)

~ |1 — 221Wa|?|20wo — 2Fw}|?

:/* |zo2|(1 — |EU2| )€ {/W (|w2|f - \wl\fZ)* dV(wl)]dV(wg),

|1 — zows|? |22t — 2Fwk|2

where the outside integral is the over region D* := {ws : 0 < |ws| < 1} and the
integral in brackets is over the region W := {w; : |wi| < |ws|'/*}, where wy is
considered to be fixed. Denote the integral in brackets by A and focus on this:

1 wh [\ ¢ k|72
R Sy b I L B T P L
|22 [?wo|2+2€ /w ( wa ) Z2Ws (wn)
Make the substitution v = —+. This transformation sends W to k copies of D,
the unit disc in the u-plane. Lemma now yields

‘Q/k 2 / (1 —ul?) 2/k—2

A= ul?F2 4V (u
k|za|? 11— 212_1 |2 ll )

‘w2‘2/k 22 2¢ (1 Zl )

|22 2

‘wz‘z/k—Z—Qe

= WU@F — |z ]?) 7

This means that

—€ €e— —€ 1 —Jws]?)~¢ —1—2¢
O B e e e I e P
D* |1—ZQ’U}2|
< Ll (a2 = | )5 (1 — [2a?),

where the last line holds if and only if the conditions on Lemma hold. This
happens when 2 — 1 — 2¢ > —2, i.e. &2 > ¢, Finally,

Brl(h™)(2) < 227 (|22l = 1) (1 = [22f*) 7 < h(2) ™

for all z € Q;, whenever € > % This completes the proof. O
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3.4. Proof of Theorem With the tools above in hand, the proof of our main
result is easy to conclude:

Proof. Combining Lemma [B4] and Schur’s lemma (Lemma 24) yields that the
operator |By| is bounded from LP(£2) to LP(Qy) for p € (%, 242) A fortiori,
By, is bounded from LP () to AP(§2) for p in the same range. Notice that because
of the conjugate symmetry of By(z,w), it is sufficient to establish just one of the
estimates to apply Lemma [2.4]

On the other hand, Theorem B.Ilshows that p € (QkkT"’QQ, Lk”) are the only values
for which By, is bounded on LP(;). This completes the proof. O

The exact same proof yields a more general version of half of Theorem

Corollary 3.5. Let p € (215“%22, %T+2) Using the previous notation, if K(z,w) is

any kernel on Qy, satisfying

i

K <\
‘ (Z’w)|~ |1—t|2|t—8k|27

then the operator
K1) = [ 1K ) fw)aV )
maps LP (Q) to LP () boundedly.

3.5. Dual space of AP. The L? boundedness of B in Theorem [[.2] yields a simple

characterization of the dual space of AP (), for p € (2,;“%22, %T+2) Namely, the

graded Bergman spaces AP (€)) are Holder-dual, precisely like the ordinary LP
spaces, for these p.

Let AP(2)* denote the bounded linear functionals on AP () and, for £ € AP(2)*,
let [|€]lop = supyj s, =1 [€(f)| denote the usual operator norm.

Theorem 3.6. If Q. denotes the domain ([I1I), then for p € (215—;52, 2HE2) it holds
that

AP ()" = AT (), where 1 + 1_ 1.
p q

Moreover, for each 1 € AP (Q)", there exists a unique hy € A% (Qy) such that

37) () = (f.hy)
with []lop = [y,

Proof. Tf h € A?(Qy), Holder’s inequality implies that the linear functional
5% [ f-hdm
Qp
is bounded and ||€||op < [|R]|4-
Conversely, if 1) € AP ()", the Hahn-Banach theorem extends v to a functional

U e LP(Q)" with ||¥]l,p = [|¥]lop- The Riesz representation theorem gives a
gy € L1(2y) such that

U(f)=(f.9¢) feLP(),
and [|gyllq = [[¥[op-
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The idea of the proof is very simple. If gy also belongs to L?(€2;), set hy = Bygy.
Then for f € AP(Qy) N A%(Qk), the self-adjointness of B gives
V(f) =U(f) =(f 99)
= <Bf ) 9w>
= <faBg1l)> = <f7h’¢1>a
thus h,, represents the functional ¢ ald (8.1). The issue is that both LP(€Qy), LY(Q)
C L?(Q4) only when p = ¢ = 2, so g and a general f € AP(Q;) are not simultane-
ously in the domain of B.
However, a slight modification of this basic idea yields the result. Suppose first
that p € [2, &;ﬂ) and let f € AP (Qg). Then f € A% (Qy) since Q. is bounded.
As gy € L9 and ¢ is in the allowable range, Theorem says that hy = Bgy €

A9 (Qy), and consequently the inner product (f, hy) is well-defined. Since Bf = f,
we have

()= | [-90

Qp
(38) -/ (f B(s ) ) v (w)) g5 V()

We now want to apply Fubini’s theorem to the last integral. This is justified since
Corollary says the operator

gy — /Q By (2, 0)] |94 (2)] dV ()

maps L7 () to L7 () boundedly. It follows that

@[ s ([ B w2 () ) aviw

Qe
= [ s avw = k)

as desired,

Ifpe 2,5—;32, 2} instead, run the argument above backwards, starting with

)= [ @) [ Bl 2au(x)av () dvw)
and see that (31) holds in this case too. O

4. CONCLUDING REMARKS

1. Theorem holds for k € ZT. If , is the fat Hartogs triangle of exponent
r € (1,00), it is reasonable to expect a restricted range of p for which the Bergman
projection B, is a bounded operator on LP(€2,.). In fact, Theorem [B.1]is still valid
for non-integer exponents, which rules out boundedness for any p ¢ (%, @)
It would be interesting to deduce an analog of estimate (2.2), which could help us
see which exponents work.

2. For Qy, k € Z™T, the proof of Theorem [3.1] shows a single anti-holomorphic
monomial establishes the entire range of p for which the Bergman projection is
not a bounded operator. Thus the LP behavior of By on the anti-holomorphic

subspace AP(Qy,) C LP(Q) determines the behavior of By, on the full space. What
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conditions are needed on a domain Q for this surprising observation to occur?
It’s worth mentioning that if € is a Reinhardt domain containing the origin, the
Bergman projection of a non-constant anti-holomorphic monomial yields 0.

3. Clearly the singularity of b2, at 0 limits the LP mapping behavior of its
Bergman projection, but the exact nature of this type of singularity is unexplored.
How does B change if we replace |21|¥ in definition (LI]) with a more general
¥ (]z1])? What happens on non-Reinhardt domains with this type of boundary
singularity? Can 2 be used as a model domain for a class of invariantly defined
domains in C? with singular boundary?

4. It would be interesting to investigate higher-dimensional domains with anal-
ogous boundary singularities. Chen, [2], introduces a class of domains in C" which
generalize the classical Hartogs triangle. Domains of the form

{(z1, o vzm) ™ <zal™ <o <z <fza] <1}

generalize the Hartogs triangle differently than Chen does, and are the natural
extension of the fat Hartogs triangles to higher dimensions. These domains would
provide an intriguing class of examples from which the interplay between geometry
and function theory might be further understood.

5. We have not addressed endpoint results in this paper, but it is natural to ask:
where does By, map L5+ (Q) and LH (Qx)? For both endpoints, it seems likely
that By maps L" () into weak L", analogous to the weak-type (1,1) mapping
behavior of B known to hold on classes of (smoothly bounded) finite type domains;
see [I4]. For the upper endpoint, it may be possible to say more. Recall that for
D, the unit disc in C, Bp maps L>°(D) onto the holomorphic functions satisfying
sup.ep (1 —|2]?) |f/(2)] < oo, the classical Bloch space. It would be interesting to

find a similar characterization of the range of By acting on L (Q), though the
appropriate “Bloch-like condition” on ) is unclear at this point, partly because
b8y, is not smooth.
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