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ABSTRACT. In this paper, we prove that the second eigenfunctions of the p-
Laplacian, p > 1, are not radial on the unit ball in RV, for any N > 2. Our
proof relies on the variational characterization of the second eigenvalue and
a variant of the deformation lemma. We also construct an infinite sequence
of eigenpairs {7, ¥n} such that ¥, is nonradial and has exactly 2n nodal
domains. A few related open problems are also stated.

1. INTRODUCTION

Let By C RY be the open unit ball centred at the origin. We consider the
following eigenvalue problem:

~Ayu = MNu[P"2u  in By,

(1.1) u=0 on JdB,

where A,u = div(|Vu[P~2Vu) is the p-Laplace operator with p > 1 and X is the
spectral parameter. A real number A for which (IT]) admits a nonzero weak solution
in W, *(By) is called an eigenvalue of (I, and corresponding solutions are called
the eigenfunctions associated with .

For p = 2, it is well known that the set of all eigenvalues of (1)) can be arranged
in a sequence

O<AMi<XA<A...>

and the corresponding normalized eigenfunctions form an orthonormal basis for
the Sobolev space WO1 ’2(31). Further, using the Courant-Weinstein variational
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principle (Theorem 7.8.14 of [4]), these eigenvalues can be expressed as follows:

A 1= inf / |Vul?dz, k=1,2,3,...,
{ul{ur,...;up—1 }llull,=1} J B,

where u; is an eigenfunction corresponding to A;. For p # 2, using the Ljusternik-
Schnirelman theorem, an infinite sequence {uy, } of eigenvalues of (L)) is provided in
[8]. Possibly a different sequence {\,} of variational eigenvalues of (1)) is provided
in [5]. We stress that a complete description of the set of all eigenvalues of (L))
for p # 2 is a challenging open problem. Nevertheless, a complete description of
the set of all radial eigenvalues {v,} (an eigenvalue with a radial eigenfunction) of
(T is given in [3]. The authors of [3] showed that A is a radial eigenvalue of (L.T])
if and only if the following ODE has a nonzero solution:

=V PR (1) = N ()P Pu(r) (0, 1),
(1.2) u'(0) =0, wu(l)=0.

Regardless of the methods by which the eigenvalues are obtained, one can uniquely
identify the first two eigenvalues of (I1]) as below:

A1 = min{\ : A is an eigenvalue of (L1},
Ao = min{A > A; : A is an eigenvalue of (L))}

It is well known that the eigenfunctions corresponding to A; are radial and
keep the same sign on B;p. All other eigenfunctions change their sign on B;. The
structures of the second eigenfunctions are not well understood, except for p = 2.
In this case, the Fourier method for the Laplacian in the polar coordinates gives
the precise form of the second eigenfunctions. In particular, it is evident that the
second eigenfunctions are not radial. One anticipates the same results as well for
p#2

In [13], Parini proved that the second eigenfunctions are not radial in a special
case, where Bj is the disc (B; C R?) and p is close to 1. In [I], this result is
extended for every p € (1, 00) using a computer aided proof. Indeed, these methods
are not readily extendable to dimensions greater than 2. Here, we give a simple
analytic proof for their result which works in all dimensions (N > 2) and for every
p € (1,00). Our proof relies on the variational characterization of Ay given in [5
and a variation of the deformation lemma given in [9]. We also use a result of [2]
that gives the monoticity of the first eigenvalue with respect to annular domains in
Bj. More precisely, for a fixed r € (0,1), let B.(x) C By be the ball with centre
x and radius 7. Then Theorem 2 of [2] gives that A1(B; \ B,(z)) is monotonically
decreasing as |z| — 1 — r. It is worth mentioning that the strict monoticity of
A1(B1 \ B(z)) is still an open problem for p # 2. In [7], the strict monoticity of
A1(B1\ Br(x)) is obtained for certain weighted eigenvalue problems; unfortunately
their results do not fit in our case.

Now we state our main result:

Theorem 1.1. Let By be the unit ball centred at the origin in RN with N > 2 and
let 1 < p < oo. Let Ay be the second eigenvalue of ([Ll). Then the eigenfunctions
corresponding to Ao are not radial.

In this paper we also construct a sequence {7,, ¥, } of eigenpairs of ([II]) such
that the eigenfunction ¥,, is nonradial and has exactly 2n nodal domains. Fur-
thermore, the sequence {7,} is strictly increasing and unbounded. In fact the
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nodal domains can be specified using the spherical coordinate system for RY
which consists of a radial coordinate r and angular coordinates 61, ...,0y_1 where
01,...,0n_2 € [0,7] and Ox_1 € [0,27). By a sector of the ball B; we mean the
set S given by S ={z € By : 0 < 0, < Oy_1 < 6* < 2w}. Now we state our next
result.

Theorem 1.2. Let By C RY. Then for each n € N there erists an eigenpair

{70, U} of @) such that ¥, has exactly 2n nodal domains where each nodal
[B1]
2n °

domain is a sector with measure

The rest of this paper is organized as follows. In Section 2, we consider a Dirichlet
eigenvalue for the p-Laplacian on a general domain and discuss the existence and
the regularity properties of the eigenfunctions. We also discuss the variational
characterizations of eigenvalues and state a version of the deformation lemma. In
Section 3, we give a proof for Theorem [[L.T] The last section consists of a proof
of Theorem and some important open problems related to eigenvalues of the
p-Laplacian.

2. PRELIMINARY

In this section we consider the eigenvalue problem on a bounded domain €2 in
RY:

—Apu = MNuP"2u  in Q

(2.1) u=0 on 0.

)

We discuss the existence and regularity properties of the eigenfunctions of (21II). If
A is an eigenvalue of (21 and u € W, ?(Q) is an associated eigenfunction, then we
have

(2.2) / |Vu|P~?Vu - Vodr = /\/ lulP2uvdz, Yo e WiP(9Q).
Q Q
Now we consider the following two functionals on Wy (Q) :

J(u) = [ |VulPdz, Gu) = [ |ulPdz.
Q Q
Using the Lagrange multiplier theorem, it can be easily verified that the critical
values and critical points of J on the manifold S = G~1(1) satisfy ([22)). Indeed,
the eigenvalues of (21]) and the critical values of J on S are one and the same. The
least critical value of J on § is given by

AL = 522 J(u).

In the next proposition, we list some of the important properties of A\; and the
corresponding eigenfunctions.

Proposition 2.1. Let Ay be the first eigenvalue of (21]). Then
(i) A1 is simple,
(ii) any eigenfunction corresponding to A1 keeps the same sign on Q,
(iii) any eigenfunction corresponding to an eigenvalue X > A1 changes its sign
on €,
(iv) if Q= B,.(0), then the eigenfunctions corresponding to A1 are radial.
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Proof. A proof of (i) (for nonsmooth €2) can be found in Lemma 3.2 of [I0] and
(iii) in Lemma 3.1 of [I0]. For a proof of (ii), see Lemma 2.4 of [12]. Finally (iv) is
evident from (i) and (iii) by noting the existence of a radial positive eigenfunction
for (21 when Q = B,.(0). O

An infinite set of critical values of .J on S are obtained in [8] using the variational
methods. Their approach relies on the notion of Krasnoselskii genus of a symmetric
closed set. For a symmetric closed subset A C S, Krasnoselskii genus of A is defined
as

v(A) :=inf {n € N : 3 a continuous odd map from .4 into R"™ \ {0}}
with the convention inf{(}} = co. For each n € N, let
Eni={ACS: A=A A=—-Aand v(A) >n},
My, 1= Alggn 21615)‘ J(u).

Then pu, is a critical value of J on S (see Proposition 5.4 of [§]). Possibly another
set of critical values is obtained in [5] by considering a special collection of sets with
genus n in S. Note that the unit sphere S”! in R™ has genus n, and hence its
image under an odd continuous map has the same genus. For each n € N, let

Fp i= {A CS: A=h(S""), his an odd continuous map from "' — S} ,

oy = Aiélﬁn 21613 J(u).

Then p is a critical value of J on S (see Theorem 5 of [5]). Since F,, C &,, we
always have p, < pr. It is known that A\; = p; = pf for ¢+ = 1,2. This result for
i = 1 follows as the set {u, —u} lies in both & and F; for u € S. Let u be an
eigenfunction corresponding to As. Then by (ii) of Proposition 2] both «* and

u~ are nonzero. Thus the set A := {auJr +bu™ : falP [t + BPu P = 1} lies
in both & and Fs. Now as J(au™ + bu™) = Ag, we get po < Ao and pi < Ao.
Since there is no eigenvalue between A\; and Ao, it follows that Ay = ps = ps.
In particular, we have the following variational characterization of Ay that we use
later:

2.3 Ao = inf J(u).

23) S

The next proposition is a consequence of the deformation lemma (see Lemma 3.7
of [9]; see also Theorem 2.1 and Remark 2.3 of [6]). Note that J € C' (W, *(Q2); R)
and § is a C'-manifold. Further, J(u) = J(—u) and § = —8.

Proposition 2.2. Let S,J be as before. Let K be a compact subset of S. If
|J (w)||, = e > 0 for all u € K, then there exists a continuous one parameter
family of homeomorphisms ¥ : S x [0,1] — S such that

(i) J(U(u,t)) < J(u) —et, for every u € K, t € [0,1],

(il) U(—u,t) = —VU(u,t), forallu e S, t €[0,1].
In particular, if K € F, and J has no critical point on K, then the set K =
{T(u,1) : u € K} is in F,, and

(2.4) sup J(u) < sup J(u).
we uell
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We also need the following result on the regularity of the eigenfunctions of (2.1))
which is a consequence of Theorem 1 of [11].

Proposition 2.3. Let Q be a bounded domain in RN with smooth boundary. Let
¢ be an eigenfunction of [2). Then there exists a € (0,1) such that ¢ € C1*(Q).

3. RADIAL ASYMMETRY OF THE SECOND EIGENFUNCTIONS

In this section we prove our main result. First we state a lemma that follows
from Proposition 4.1 of [3].

Lemma 3.1. Let v5 be the second radial eigenvalue of ([L2). Then any radial
etgenfunction corresponding to o has exactly two nodal domains — a ball and an
annulus with centre at the origin. In particular, there exists r € (%, 1) such that

A (Br(0)) =72 = A (B1\ B(0)).

Now using the ‘r’ given by the above lemma, we construct a special collection
of sets in Fa. For each n € N U {0}, we construct a special set A, € Fy such
that sup,c 4, J(u) = 72. Let {t,} be a sequence in [0,1 —r) such that £, = 0 and
t, — 1 —r. For each n € NU {0}, let Q,, = By \ B.(tne1), where e; is the unit
vector in the direction of the first coordinate axis. Let u,,v, be the respective
first eigenfunctions on B, (t,e1) and €, satisfying u, > 0 on B,, v, > 0 on Q,
and [lu,l[, = [lvnl|, = 1. By translation invariance of the p-Laplacian, we have
A1 (B (tpe1)) = 2. Further, from Theorem 1 of [2], we also have A1(€,) < 2. Let
U, and vy, be the zero extensions to the entire B;. For each n € NU{0}, we consider

A, = {at, +bvy, : |a|’ + [b]P =1}

One can easily verify that A, € F2 and sup,c 4, J(u) = v2,¥n € NU {0}.
Now we ask the question of whether or not A,, contains a critical point of J on
S. This leads to the following two alternatives:

(i) for every n € N, A, contains at least one critical point of J on S,
(ii) there exists ng € N such that A, does not contain any critical point of J
on S.

In the next lemma we show that alternative (i) does not hold.
Lemma 3.2. Let A, be as above. Then alternative (i) does not hold.

Proof. Let u, and u, be as above. Then u,(z) = ug(z — t,e1), and hence the
sequence {u,(x)} converges to u*(z) = ug(xz — (1 — r)e1) both pointwise and in
Wy*(B;). On the other hand, the sequence {,} is bounded by v, in Wy (By).
Thus, up to a subsequence, v,, converges to some v* weakly in WO1 P(By) and a.e.
in Bj. If alternative (i) holds, then we get a sequence {¢, = @,y + by Uy : |an [P +
|bn|P = 1} of eigenfunctions of (1)) with eigenvalues J(¢,). By Proposition 23]
the eigenfunctions are in C 1(B_1), and hence we must have a,b, < 0. Now we may
assume that a, > 0 and b,, < 0 for each n. Further, the sequences {J(én)}, {an}
and {b,} are bounded. Thus for a subsequence we get J(¢n) — A*, a, — a*
and b, — b* for some A*,a* > 0 and b* < 0. The sequence {¢,} is bounded in
Wy*(B;) and hence up to a subsequence ¢, — ¢* in Wy*(B;) and a.e. in By.
Since anty + b,v, = a*u* 4+ b*v* a.e. in By, we must have

o* = a"u* + b*v*.
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Since each ¢, is an eigenfunction of (I.Tl), it is easy to verify that ¢* is an eigen-
function corresponding to the eigenvalue A\*. Thus by the regularity of ¢*, we must
have a*b* < 0, and hence

a* >0, b"<O.

Let B* = B,.((1 —r)e1) and Q* = By \ B*. Clearly u* > 0 on B* and u* = 0 on
Q*. On the other hand, v* = 0 a.e. in B* and v* > 0 a.e. on Q*. Thus from the
continuity of the ¢* we get

@*(z) >0, Yz € B, ¢*(x) <0, Ve Q"

Now we apply Theorem 5 of [I6] (a Hopf’s lemma type result for p-Laplacian) on
B*U{e1} to get
0¢*
8:1:1

(e1) = ¢ < 0.

Since ¢* < 0 on Q* we also have
0™
()
where 7(z) is the outward unit normal to B; at x. The above two inequalities

contradict the fact that ¢* is in C'(By). Thus we conclude that alternative (i) does
not hold. 0

() >0, Ve € 0By \ {e1},

Proof of Theorem [L1l Let A,, be as before. Thus we have sup,c 4, J(v) < 2. By
the above lemma, the alternative (ii) holds, i.e. there exists ng € N such that A,,
does not contain any critical points of J on S. Thus by Proposition and by
@Z3), we get A,, € F, such that

sup J(u) < sup J(v) <ye.
uejno VEAR,

Now from 23] we get Ay < 7a. O

4. CONSTRUCTION OF NONRADIAL EIGENFUNCTIONS

In this section we construct an infinite sequence of nonradial eigenfunctions of
(CI). First we fix the following conventions. A vector z in RY is always taken as
a 1 x N row vector, i.e x = (x1,72,...,2y). The transpose of z, denoted by z7,
is an NV x 1 column vector. We denote the scalar product in RN by x -y (= xy”).
Let H be the hyperplane given by H = {x € RY : 2. a = 0} for some unit vector
a € RN. Let o be the reflection about H. Then

op(r) =2 —2(x-a)a=2(I —2a"a).

Next we list some of the elementary properties of oy that we use in this article.

(i) op is linear and og = (I —2aTa).

) O'Hil =o0g-.

ii) oy is symmetric and orthogonal.
)

Doy (z) = oy and detDoy(z) = —1, Vo € RN,
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Let O be a bounded domain symmetric about H, i.e, og(0) = O. Let OF :=
{reO:x-a>0}and let O~ = gx(OF). Let u € Wy P(OF) be a weak solution
of 1)) on 2 = O*. Define u* on O as

u(z), =€t
u*(z) = { 0, z€d(OT)Ua(O),
—u(og(x)), €O,

Clearly u* € VVO1 P(0), and we also have the following lemma:

Lemma 4.1. Let u* be defined as above. Then u* is a weak solution of 1)) on
Q=0.

Proof. Let ¢ € W, "*(O) be a test function. We show that

(4.1) /O IV ()P 2V (¢) - V(a)dz = A /O lu* (2) [P~ 20 () () e

From the definition of u*,
/ |Vu* (2)|P~2Vu* (2) - Vé(x)d
(@]
= /o+ |Vu(z) [P~ 2Vu(z) - Vo(z)dz
+ [V Culon@) PV (ulon () - Vol

Now by noting that Doy () = oy and oy is an isometry we get
/ V(=ulon @)V (—u(on(x)) - Vé(x)dz
=~ [ IVutoutaDon=*Vutonte)on Vo)
—— [ IVulon(e) P *Vulon(a)) -[Vole)onlds,

where the equality in the last step also uses the fact that og is symmetric. Now
the change of variable y = oy (z) along with properties (ii) and (iv) of oy will give

| IV (ulan@) P2V (—ulon(w) oz
- [ VU P2 Vuty) - (Folan () onldy.
Thus
/O |Vu* (z)|P~2Vu* (z) - Vo (x)da
= [ IVu@)lr (o) - (Fo(e) - [Volou()onllde
Let 4(z) = ¢(x) — ¢(os(z)). Then we have

/ V' (2) P2V (2) - Vb(a)dz = /O VU@l Va(e) - Vie)da
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Further,

(4.3) / fu* ()P 20" (2) b() = / () P~ 2 ()
O o+

Clearly ¢ € W, P(O) and hence

(4.4) /O Vu (@) P2V (2) - Vo()de = / ()P (@) de,

O+

since u solves (Z) on Q = OF. Now (@) follows from 2), ([E3) and @4). O

Proof of Theorem [[2 For n € N, we consider the sectors Sy given by S, = {z €
B @ < Oy_1 < %’“},k = 1,...,n. Let Hy be the hyperplane given by
Hy={z RN : 0y, = %’“}, for k =1,...,n. Let 7, be the first eigenvalue for
the p-Laplacian on S; and u; (z) be a corresponding eigenfunction. For i = 2,...,n,
we define wu; recursively by w; = —u;—1(og,_,(z)), the odd reflection of u; about
H;_y. Let DT be the sector given by {z € By : 0 < Oy_1 < 7}. Now we define u*

on DT by

u*(z) =ui(x), z€8;, i=1,...,n.
From LemmaldT] it is clear that u* solves (2.1I) on the union of two adjacent sectors
with A = 7,. Let U; = {z € B; : @ < On_1 < @}, fort=1,...,n— 1.
Then {U;}7=! is an open covering of D*t. Let {¢;}'=}' be a C*-partition of the

unity corresponding to this open covering. Note that for each i, ¢; intersects at
most S; and S;; ;. Since 327" ¢ = 1, we have

/m|Vu*($)l”‘2w*(x)-Vaﬁ(x)dx:/

D

n—1

X |Vu* (z)[P~2Vu* (x) -V(gzﬁ(a:) Z qbi(x))da:
i=1

- i /D V' (2) P72 Vu' () - V(g(2)¢i(2))da.

For a fixed ¢, the product ¢¢; € VVO1 "P(U;). Hence by the definition of * and Lemma
41l we get

[ e @P v @) V@)
= [ 190 @l E9 @) - V() @)as
=7 [ @) (@) (026 () o
U;
7 [0t @I (@) (@) (a))
D+



THE SECOND EIGENFUNCTIONS OF THE p-LAPLACIAN ON A BALL 2511

Thus we get

n—1
()P 2Vt () - z)dx = T, uw* ()P 20 (2) () b (z))da
[, @@ Vo= n [ @b @oma

— 7 /D ) |u*(ac)”2u*(x)(§¢(x)¢i(x))dx

m [t @l (@)o(e)da.
D+
Now define ¥,, on By by

u*(x), € DT,
U,(x)=<¢ 0, z€d(DT)UI(D),
—u*(opm,(x)), €D,

where D™ = {z € By : 7 < Oy_1 < 2w} is the “lower” half-ball and Hj is the
hyperplane corresponding to 6y_1 = 0. Applying Lemma 1] once again, we get
that U, is a weak solution of (II)). Thus we have constructed an eigenpair {7, ¥, }
of () such that ¥,, has 2n nodal domains and each nodal domain is a sector with

B
measure ‘2 il O
n

In the next remark we list some of the interesting open problems related to the
results of this paper:

Remark 4.2 (Open problems associated with (II])).

(1) Payne conjectured (Conjecture 5 of [I4]) that the nodal line of a second
eigenfunction of Laplacian on a bounded domain Q C R? cannot be a
closed curve. In [I5], he proved his conjecture for the special case when 2
is convex in x and symmetric about the y axis. For a ball, his result was
easily obtained by applying the Fourier method to the Laplacian in polar co-
ordinates. We conjecture that the nodal surface of a second eigenfunction
of p-Laplacian on B; cannot be a closed surface in By for 1 < p < oo and
for every N > 2.

(2) For p =2, it is easy to see that Ay = 71. We anticipate the same result for
p # 2 as well. More precisely, the nodal surface of any second eigenfunction
is given by the intersection of a hyperspace with By and the nodal domains
are the half-balls symmetric to this hyperspace.

(3) We have just shown that all the eigenfunctions corresponding to A\ are
nonradial. Is it true that all the eigenfunctions corresponding to the second
radial eigenvalue 7, are radial?

(4) Note that Ag is the least eigenvalue having an eigenfunction with two nodal
domains. For p = 2, it can also be seen that 7, is the maximal eigenvalue
having an eigenfunction with two nodal domains. In other words, the eigen-
functions corresponding to A > v, must have at least three nodal domains.
Is this true for p # 27
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