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ABSTRACT. A subset X of a group G is said to be separable if it is closed
in the profinite topology. Let M = H"™/T" be a closed hyperbolic orbifold of
dimension n > 2. We show that if H and K are abelian subgroups of I" and
g € T, then the double coset HgK is separable in I'. We generalize this result
to cocompact lattices in linear, semisimple Lie groups of (real) rank one.

1. INTRODUCTION

In 1911, Max Dehn posed three important problems in combinatorial group
theory: the word problem, the conjugacy problem, and the isomorphism problem.
It is known that each problem is undecidable in general. However, algorithms have
been developed for many well-known classes of groups. These decidability problems
have been linked to subgroup separability.

Definition 1.1. The profinite topology on a group I' is the coarsest topology in
which every homomorphism from I" to a finite group is continuous. If a subset X
of I' is closed in the profinite topology, then X is called separable. Equivalently, for
every v € I' — X there is a homomorphism ¢ from I" to a finite group such that

o(7) ¢ o(X).

(1) A group T is residually finite if the trivial subgroup is separable in T.

(2) A group I' is subgroup separable or locally extended residually finite (LERF)
if every finitely generated subgroup of I' is separable in T'.

(3) A group I is conjugacy separable if every conjugacy class in I" is separable.

Let I be a finitely presented group. If I' is residually finite, then I" has a solvable
word problem, meaning that there exists an algorithm to decide if a given word in
the presentation of I' is trivial. If I" is subgroup separable, then I'" has a solvable
generalized word problem. Finally, if I" is conjugacy separable, then I has a solvable
conjugacy problem.

Subgroup separability is of great interest in low dimensional topology. If T' is
the fundamental group of a manifold M, then the profinite topology on I" encodes
the finite sheeted covering spaces of M. A precise connection between subgroup
separability and geometric topology is given in [I4]. In that paper, Scott proves
that surface groups, finitely generated Fuchsian groups and fundamental groups of
Seifert fibered 3-manifolds are subgroup separable. There has been recent dramatic
progress in subgroup separability of hyperbolic 3-manifold groups. Agol proved
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that fundamental groups of closed hyperbolic 3-manifolds are subgroup separable
[]. Moreover, Wise proved that fundamental groups of hyperbolic 3-manifolds
containing an embedded geometrically finite surface are subgroup separable [I5].
The picture is more complicated for non-hyperbolic 3-manifolds. For example,
Niblo-Wise showed that the fundamental group of a graph manifold M is subgroup
separable if and only if M is geometric [12].

A related definition is double coset separability.

Definition 1.2. A group I' is double coset separable if for every pair H, K of finitely
generated subgroups of I'; and every g € I', the double coset HgK is separable in
r.

It is known that free groups, finitely generated Fuchsian groups, surface groups,
and fundamental groups of Seifert fibered 3-manifolds are double coset separable
[[1]. In [9], it is shown that if M = H3/T is a hyperbolic 3-orbifold of finite
volume, then for every pair H and K of abelian subgroups of I' and every element
g € T, the double coset HgK is separable in I'. This is used to prove that if M
is a compact, orientable 3-manifold, then 7 (M) is conjugacy separable [9]. In
this paper, we consider double coset separability of fundamental groups of closed
hyperbolic orbifolds of dimension n > 2. In particular, we prove the following
theorem.

Theorem 1.3. Let M = H"/T be a closed hyperbolic orbifold of dimension n > 2.
Let H and K be abelian subgroups of I', and let g € I'. Then the double coset
HgK ={hgk | h € H ke K} is separable in T.

To prove Theorem [[3] we first reduce to the case where M = H" /T is a closed,
orientable hyperbolic manifold of dimension n > 2. Therefore, the non-trivial
abelian subgroups of I' will be free abelian of rank 1, generated by loxodromic
isometries.

Theorem does not follow from the recent work of Agol and Wise. Indeed,
although many examples of closed hyperbolic n-orbifolds are known to be virtually
special [4], it is as yet open as to whether every closed hyperbolic n-orbifold is
virtually special.

This paper is organized as follows. In Section 2 we state algebraic preliminaries.
In Section 3 we prove Theorem [[L3l In Section 4 we discuss some generalizations
of Theorem [[L3l For example, we prove the following corollary to the proof of
Theorem [[.3]

Theorem 1.4. Let T' be a cocompact lattice in SO(n, 1), SU(n,1), Sp(n,1), n > 2,
or F4720, Let H and K be abelian subgroups of ', and let g € T'. Then the double
coset HgK = {hgk | h € H,k € K} is separable in T

The virtually special technology does not apply in the setting of Theorem [[4l
Cocompact lattices in Sp(n,1), n > 2, never virtually inject in a RAAG because
they have Property (T). Cocompact lattices in SU(n,1), n > 2, never virtually
inject in a RAAG because they are Kahler [13].

2. ALGEBRAIC PRELIMINARIES

In this section we state three propositions that will be used in the proof of
Theorem [[.3l The first proposition is well known. The second two propositions are
from [g].
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Proposition 2.1. Let R be a finitely generated ring in a number field k, and let
Z1,T2, ... ,; be non-zero elements of R. Then there exist a finite field F' and a
ring homomorphism n: R — F such that n(z;) # 0, for each 1 < i < j.

For a proof of Proposition 2] see Lemma 4.2 of [10]. We now state a general-
ization of Proposition 2.1

Proposition 2.2. Let R be a finitely generated ring in a number field k, let § be a
non-zero element of R that is not a root of unity, and let x1,x2, ... ,x; be non-zero
elements of R. Then there exists a positive integer n with the following property.
For each integer m > n, there exist a finite field F' and a ring homomorphism
1 : R — F such that the multiplicative order of n(0) is equal to m and n(x;) # 0,
foreach 1 <i<j.

For the proof of Proposition see Corollary 2.5 of [g].

Proposition 2.3. Let R be a finitely generated ring in a number field k. Let X and
w be non-zero elements of R such that \ is not a multiplicative power of w. Then
there exist a finite ring S and a ring homomorphism n : R — S such that n(\) is
not a multiplicative power of n(w).

For the proof of Proposition 23] see Corollary 2.8 of [§].

3. PROOF OF DOUBLE-COSET SEPARABILITY

In this section we prove that double cosets of abelian subgroups of hyperbolic
n-orbifold groups are separable. For the proof will use the following proposition
from [I1].

Proposition 3.1. Let Gy, H and K be finitely generated subgroups of a group G
and set Hy = HN Gy and Ko = KN Gy. If [G : Go| is finite and if HyKy is
separable in Gy, then HK 1is separable in G.

For a proof of Proposition Bl see Proposition 2.2 of [11].

Theorem 3.2. Let M = H"/T be a closed hyperbolic orbifold of dimension n > 2.
Let H and K be abelian subgroups of I', and let g € I'. Then the double coset
HgK = {hgk |he€ H,k € K} is separable in T.

Proof. Since finitely generated Fuchsian groups are double coset separable [I1], we
may assume that the dimension of M is greater than or equal to 3.

As noted in [I1], since the profinite topology on I is equivariant under left and
right multiplication, the double coset HgK is closed in I' if and only if H/IK =
¢ ' HgK is closed in I'. Therefore, to prove the theorem, it suffices to show that if
H and K are abelian subgroups of I', then the double coset HK is separable in T'.

By Selberg’s Lemma [2], T" has a subgroup of finite index I’y which is torsion free.
We may assume that I'g consists of orientation-preserving isometries of H". Let
Hy = HNI'g and Ky = KNI'y. By Proposition Bl if HyK) is separable in I'g, then
HK is separable in I'. Therefore, we may assume that I" is torsion free, and thus is
the fundamental group of an orientable, hyperbolic manifold of dimension n > 3.
Since abelian subgroups of fundamental groups of closed hyperbolic n-manifolds are
separable [7], we may assume that H and K do not commute. In particular, both H
and K are non-trivial. Since M is closed and I is torsion free, the non-trivial abelian
subgroups of I' are free abelian of rank 1, generated by loxodromic isometries. Let
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H' be the maximal abelian subgroup of I" containing H. Then H has finite index in
H'. Let {a1,as2, ... ,am—1} be a set of non-trivial coset representatives of H'/H.
By [7], H is a separable subgroup of I'. Therefore, there exists a subgroup 'y
of finite index in T" such that H C Ty but Ty N {a1,a2, ... ,am_1} = 0. Then
'y N H' = H. In a similar way, define K’ and choose I'k of finite index in T such
that Tk N K’ = K. Let ' = T'g NT'x and set Hy = HNTy and Ko = K NTy.
Then T’y is a subgroup of finite index in I, Hy = H' NIy and Ky = K’ NTy. By
Proposition Bl by replacing I" with Ty, if necessary, we may assume that H = (h)
and K = (k) are maximal abelian subgroups of T'.

Since M is a hyperbolic manifold of dimension n, there exists a discrete, faithful
representation of I" into SO(n, 1;R). Since n > 3, it follows from Mostow Rigidity
that the trace field of T,

Q(trT') = Q(tr (v) [y €T),

is a number field. We may conjugate T' in GL(n + 1,C) to lie in a finite field
extension of Q(trT") [3]. Therefore, we view I' C SL(n+ 1, F') for some number field
F. Let Ty and T} be the linear transformations in SL(n + 1, F') associated to h
and k, respectively. Since h and k are loxodromic, T}, and T}, are semisimple. (See
Proposition 3.2.3 of [B].) Let {Ag, A1, ... ,A\n} and {wo, w1, ... ,w,} denote the
eigenvalues of T}, and T}, respectively. There exists a natural number m such that
the quotient of any two distinct elements of {w{*, wi”, ... ,w} is not a root of
unity. Since K is a separable subgroup of I', there exists a subgroup I'g of finite
index in I" such that I'o N K = (k™). By Proposition B, by replacing I" with I'g,
if necessary, we may assume that the quotient of any two distinct eigenvalues of T}
is not a root of unity.

Let L be the field obtained by adjoining the eigenvalues of T}, and T}, to the field
F'. Since the eigenvalues of T}, and T} are algebraic numbers, L is a number field.
The transformations T}, and T} are diagonalizable over L. Since T}, is diagonalizable
over L, there exists P € GL(n + 1,L) such that P~'hP is a diagonal matrix.
Denote this diagonal matrix by Dy,. Since T}, is diagonalizable over L and P~'kP €
SL(n+1, L), there exists A € GL(n+1, L) such that A='P~'kPA = Dy, where Dy,
is a diagonal matrix. Then P~ 'kP = AD;A~!. Define an isomorphism v from T’
into SL(n+1, L) by (I') = P~'T'P. Let R be the ring generated by the coefficients
of the generators of ¥(I") over Z. Note that the eigenvalues of T}, are contained in
R. By expanding R, if necessary, we may assume that the eigenvalues of T} and
the entries of A are contained in R. By replacing our original representation of I"
into SO(1, n; R) with the new representation v of T into SL(n + 1, R) we now have
the following assumptions:

(1) The group I € SL(n + 1, R), where R is a finitely generated ring in a
number field L.

(2) The subgroup H = (h) = (Dy), where D), is a diagonal matrix with eigen-
values {Ag, A1, ... , A}

(3) The subgroup K = (k) = (AD,,A™1), where Dy, € SL(n+1, R) is a diagonal
matrix with eigenvalues {wg, w1, ... ,wy} and A € GL(n + 1, R).

(4) The quotient of any two distinct elements of {wp, w1, ... ,wy} is not a root
of unity.

(5) H and K are distinct maximal abelian subgroups of T'.
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To prove that the double coset HK = (Dj)A(Dy)A™! is separable in T, let
B eT — HK. We will find a group homomorphism from I" into a finite group such
that the image of BA does not lie in the image of (Dp)A(Dy). Then the image of
B does not lie in the image of H K, as required.

Write
ZToo ZTo1 .- Lon
T 11 . I
BA — 0 n ,
Tno Tnpi --- Tnn

and note that the set (Dy)A(Dy) has the form

)\(S) 0 0 ce 0 app ao1 ce QaQn (.U(t) 0 0 ce 0
t
0 )\‘i 0 ‘e 0 aijp aii ‘e A1n 0 w1 0 ‘e 0
s t
0 0 0o ... A Ano Api  ---  Qpp 0 0 0 ... w,
S t S t S i
ano OUJO aopi 00.)1 e aon Own
appMfjwh  apAiwt ... a AW
10410 T In1%n 1 where s,t € Z.
)\s t )\s t /\s t
AnoApWo  AnlA,Wp e ApnAp Wy

Since H and K do not commute, ¥ = AD,A™! is not a diagonal matrix. Since
the set of generalized permutation matrices is the normalizer of the set of diagonal
matrices, this implies that A is not a generalized permutation matrix. Therefore,
there exists a row of A with at least two non-zero entries, a;; and a;, j # [. For
any such pair, we prove the following.

Claim. Let a;; and ay;, j # [, be two non-zero entries in a row of A. Then at least
one of the following conditions is satisfied:

1. There exists a group homomorphism from I' into a finite group such that
the image of B is not contained in the image of H K, which completes the
proof of the theorem.

2. The corresponding entries x;; and z; in BA are non-zero and

Lij il c <w_]>

ZilQij wi
Proof of the Claim. Suppose that z;; = 0. Since the determinants of T}, and T}, are
equal to 1, A; # 0 and w; # 0. By Proposition 2] there exist a finite field F' and
a ring homomorphism 7 : R — F' such that n(a;;) # 0, n(\;) # 0 and n(w;) # 0.
The map n induces a group homomorphism

7:T—=SL(n+1,R) — SL(n+ 1, F).
Suppose that 7(BA) € 7({Dp)A(Dy)). Then there exist integers s and ¢ such that
7(BA) = (D AD}).
By equating coefficients,
0= n(zij) = nlagAjw)),

a contradiction. We conclude that T(BA) ¢ 7((Dp)A(Dy)), and thus 7(B) &

7(HK). Therefore, condition 1 is satisfied. For the remainder of the proof we may
assume that x;; # 0. Similarly, we may assume that z; # 0.
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Suppose that condition 2 is not satisfied, meaning that x;;a, /x;a;; is not a mul-
tiplicative power of w; /w;. Then by Proposition 23] there exist a finite ring S and
a ring homomorphism 7 : R — S such that n(wijaﬂ/xﬂaij) is not a multiplicative
power of 1(w;/w;). The map 1 induces a group homomorphism

7:T < SL(n+1,R) — SL(n+ 1, 8).
Suppose that 7(BA) € ({Dp)A(Dy)). Then there exist integers s and ¢ such that
7(BA) =7(D, ADy).
By equating coefficients,
n(wij) = U(az‘jApr and n(z;) = U(ail/\fwzt)-
By dividing,

n(zij /) = n(aij/aa)n(w; /)",

a contradiction. We conclude that T(BA) ¢ 7((Dn)A(Dy)), and thus 7(B) ¢
(HK). This completes the proof of the claim.

For the remainder of the proof, we may assume that condition 2 of the claim
holds for any pair of non-zero entries in any row of A. Therefore, given a pair of
non-zero entries a;; and a;, j # I, there exists an integer ¢(a;;, a;;), depending on

a;; and a;;, such that
tlaij,a;
ij i (wj) ()
L1 Q5 wi
Case 1. There exists an integer o such that, for any pair of non-zero entries, a;;
and a;;, j # 1, in a row of A,
to
Tijai (ﬂ )
T4l Q5 wi

The matrix BAD, "*A~! = Bk~ is not diagonal. If Bk were diagonal, then
Bk~ would commute with H. Since Bk~% € I' and H is a maximal abelian
subgroup of I, this would imply that Bk—!0 = h® for some sy € Z. But then B =
h%k'o € HK, a contradiction. Let y;;, @ # j, be a non-zero entry of BAD,:%A’1
that does not lie on the diagonal. By Proposition 2], there exist a finite field F
and a ring homomorphism 7 : R — F such that 7(y;;) # 0. The map 7 induces a
group homomorphism

7:I—=SL(n+1,R) — SL(n+ 1, F).
Since 7(yi;) # 0, M(BAD, " A~') is not a diagonal matrix. We will show that

N(BAD; ") & 1({(Dn)A(Dy)).
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Suppose, to the contrary, that ﬁ(BAD,;tO) = 7(Dj AD}), for some integers s and
t. Then

n(zoowy ) n(worw; ©) ... n(@onw, ™)
n(ziows ©)  nlEnw®) ..o n@mw,™)
U(«Tnowo_to) n($n1w1_t°) e n(fnn‘*”;to)
n(aooAgws)  naotA§gwi) ... n(aonAgwy,)
_ | nlaoAiwg)  mlanAiwi) ... namAiwy)
n(anO/\iwé) 77(‘%1)‘%“{) s n(ann/\iw;)

Let {ai;,au}, j # I, be a pair of non-zero entries in any row of A. By equating
coefficients,

n(zijw; ) = n(a;Ajwh) and nzaw; ) = n(agAjwy).

By dividing,

n(w)) _ n(wiaq) (U(%‘))to _1

= =1
n(wp)  n(@aai;) \ n(w)

We conclude that for any pair {a;;, a;i} of non-zero entries in any row of A, n(w?) =

n(wf). For each row i of A, choose a non-zero entry a;; and set

d; = n(/\fwﬁ).
The element d; is well defined by the argument above. Then

n(aooAgws)  naoAgwi) .. nlaonAjws,)
H(BAD; ) = (DyADY) — n(aoAiwy)  manAiw)) ... nlaAiwy) |
n(anoAZWf)) n(anl)‘fzwi) e n(ann}\zwi)
do 0 0 0 ?’](Cloo) ?’](ClQl) I n(aon)
0 d1 0 0 ?’](Cllo) ?’](Clll) I 77((11”)
0 0 0o ... d, n(ano) n(an1) .. M(ann)

Thus, ﬁ(BAD,;tOA_l) is a diagonal matrix, a contradiction. We conclude that
n(BAD, ") ¢ 7((Dy)A(Dy)), and thus 7(BA) ¢ 7((Dp,) A(Dy)). This implies that
7(B) ¢ HK, as required.

Case 2. There does not exist an integer ¢y such that, for any pair of non-zero
entries, a;; and a;, j # 1, in a row of A4,

to
Tijai (w_j>
T4 Qg wi

By assumption, given a pair of non-zero entries a;; and a;;, j # [, there exists
an integer t(a;;, a;;), depending on a;; and a;, such that

t(aij,ai)
TijGil (ﬂ) ’
Li1Qij Wi



2334 EMILY HAMILTON

If wj; = Wi, then xijail/xilaij = 1. This implies that
t
Tija4) Y
— = (—) , for every t € Z.
L1 Qg5 wy

Therefore, in this case, there must exist two pairs {a;j, ai} and {ayw, Gyw } of non-
zero entries in rows of A such that t(a;j, @) # t(Guv, Guw), Wj # wi, and wy, F wsy.
Our assumptions at the beginning of the proof then imply that w;/w; and w,/w,,
are not roots of unity.

Let p be a prime that does not divide ¢(a;;, a;) — t(Gyp, Guw). I p is sufficiently
large, then by Proposition [Z.2] there exist finite fields F; and Fy, and ring homo-
morphisms

m:R— Fy and s : R — Fb,

such that the multiplicative orders of 71 (w;/w;) and na(wy/wy) are equal to p.
The ring homomorphism

?’]2171><’I722R—>F1 XF2
induces a group homomorphism
7:T—=SL(n+1,R) = SL(n+ 1, Fy X Fy).

Suppose that 7(BA) € 5({Dr)A(Dy)). Then there exist integers s and ¢ such
that

7(BA) =7(D}, ADy).
By equating coefficients,
n(zi;) = nlaighjwt), n(za) = nlaarjwy)
and
N(@uw) = NauwwAiwy), M(Tuw) = N@uwAywy)-
By dividing,

() = s = )™

and

() == Gen)

aijaail)

Therefore,

t(uw,Cuw)

m(w; fwn) = mn(ws /)" and 02(wy/we)" = 12wy /we)
This implies that
t = t(aij,ai) (mod p) and t = t(ayw, Guw) (mod p).

Thus p divides t(ai;, @) — t(ayw, Guw), & contradiction. We conclude that 77(BA) ¢
7((Dp)A(Dy)), implying that 7(B) ¢ HK, as required. O
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4. GENERALIZATIONS OF THEOREM

In the proof of Theorem B2l we used the assumption that M = H" /T is a closed
hyperbolic orbifold of dimension n > 3 to draw the following conclusions:

1. T is finitely generated and there exists a discrete, faithful representation p
from T" into GL(m, C), for some natural number m.

2. The trace field of p(I") is a number field.

3. If T is torsion free, then the non-trivial abelian subgroups of p(I") are free
abelian of rank 1, generated by semisimple linear transformations.

4. Cyclic subgroups of p(T") generated by semisimple linear transformations
are separable in I'.

Conditions 1, 2 and 4 are true under the weaker assumption that M = H"/T
has finite volume. Therefore, we have the following corollary to the proof of Theo-
rem

Theorem 4.1. Let M = H" /T be a finite volume hyperbolic orbifold of dimension
n > 2. Let H and K be cyclic subgroups of I, generated by loxodromic isometries,
and let g € . Then the double coset HgK = {hgk | h € H,k € K} is separable in
r.

All four conditions are true for a class of cocompact lattices in semisimple Lie
groups. Therefore, we have a second corollary to the proof of Theorem

Theorem 4.2. Let T be a cocompact lattice in SO(n, 1), SU(n,1), Sp(n,1), n > 2,
or F4720. Let H and K be abelian subgroups of I', and let g € I'. Then the double
coset HgK = {hgk |h € H,k € K} is separable in T.

Proof. Cocompact lattices in SO(2,1) are double coset separable [I1]. Let G be
one of SO(n,1), n >3, SU(n,1), n > 2, Sp(n,1), n > 2, or F;?°, and let T be
a cocompact lattice in G. If suffices to verify the four conditions above. Since
I" is cocompact, I' is finitely generated. Since G is a semisimple Lie group that
is not locally isomorphic to SL(2,R), and T is a cocompact lattice in G, by work
of Calabi-Vesentini, Selberg, Calabi and Weil, the defining embedding of I" in G is
locally rigid. (See Theorem 3.1 of [6].) It follows that the trace field of I" is a number
field. Since I' is cocompact and G is of (real) rank one, the non-trivial, torsion free,
abelian subgroups of I' are free abelian of rank 1, generated by semisimple linear
transformations. Condition 4 follows from the proof of Theorem 2 in [7]. |
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