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ABSTRACT. Given k > 0 and an Abelian countable discrete group G with
elements of infinite order, we construct (¢) rigid funny rank-one infinite measure
preserving (i.m.p.) G-actions of ergodic index k, (i7) O-type funny rank-one
i.m.p. G-actions of ergodic index k, (¢i7) funny rank-one i.m.p. G-actions T of
ergodic index 2 such that the product T x T~ is not ergodic. It is shown that
T x T~ is conservative for each funny rank-one G-action T

0. INTRODUCTION

Let G be a discrete countable Abelian group and let T' = (T,)4cc be a measure
preserving action of G on an infinite o-finite standard measure space (X, B, u).
By T~! we denote the “inverse to T” action of G, i.e. T7! := (T_;)4eq. Given
two G-actions S and R of GG, we denote by S x R and S ® R the following product
actions of G and G'x G respectively on the product of the underlying measure spaces:
SXR:=(S¢xRg)gec and S®R := (SgxRp)g.neq. If S and R are both conservative
or ergodic, then S ® R is also conservative or ergodic respectively. However the
product S x R can be neither ergodic nor conservative. If T' x --- x T (k times)
is ergodic but T x --- x T (k + 1 times) is not, then T is said to have ergodic
indezx k. In 1963, Kakutani and Parry [KaPa|] constructed, for each k, an infinite
Markov shift (i.e. Z-action) of ergodic index k. In their examples, the product
T x -+ x T (k times) is ergodic if and only if it is conservative. For a half-century
their examples were the only examples of transformations of finite ergodic index k >
1. Recently another family of Z-actions of an arbitrary finite ergodic index appeared
in [AdSi| by Adams and Silva. That family consists of rank-one transformations T'
with infinite conservative index, i.e. T x --- x T (I times) is conservative for each
I > 0. We extend and refine their result to the Abelian groups containing elements
of infinite order in the following way.

Theorem 0.1. Let G have an element of infinite order. For each k > 0, there
is a rigid funny rank-ond] G-action T of ergodic index k. Moreover, the G-action
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!Funny rank-one means that there is a sequence (F,)3_; of finite subsets in G and a sequence
(An)22; of subsets of finite measure such that Ty A, N T, A, = 0§ whenever g # h € F;, and the
sequence of T-towers {Ty Ay, | g € Frn} approximates the entire Borel o-algebra as n — oco. In the
case G = ZF, if each F, is a cube, then T is said to be of rank one.
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Tx--xTxT ' x---xT is ergodic for every m € {0,1,...,k —1}. Further-

m times k—m times
more, if G = Z¢ for some d > 0, then T can be chosen in the class of rank-one
actions.

We note that T" has infinite conservative index if T' is rigid. We also note that
while the proof of the first claim of Theorem 0.1 in [AdSi] (in the case G = Z) is
somewhat tricky, our proof is shorter and more direct.

In the next theorem we construct funny rank-one actions of finite ergodic index
which are mizing (called also zero type; see [DaSi] and references therein), i.e.
limg_,00 t(Tyg AN A) = 0 for each subset A of finite measure. Thus these actions (in
the case where G = Z) are different from those constructed in [KaPa] and [AdSi].

Theorem 0.2. Let G have an element of infinite order. For each k > 0, there
is a mizing (zero type) funny rank-one G-action T of ergodic index k such that
T x -+ xT(k+ 1 times) is conservative but T X --- x T (k + 2 times) is non-
conservative. Moreover, the G-action T x --- X T x Tt x --- x T~ is ergodic for

m times k—m times
everym € {0,1,...,k—1}. Furthermore, if G = Z¢ for some d > 0, then T can be
chosen in the class of rank-one actions.

In a recent paper [Cl-Va], rank-one transformations T" are constructed such that
the product T x T is ergodic but 7' x T~ is not. This is a partial answer to the
following question of Bergelson (see problem P10 in [Dall): is there a transfor-
mation T with infinite ergodic index and such that 7' x T~! is non-ergodic? The
next theorem extends this result to the actions of Abelian groups and simplifies
the original proof. Moreover, we show (confirming a conjecture from [Cl-Va]) that
these examples do not answer Bergelson’s question completely because the G-action
T x T x T is not even conservative.

Theorem 0.3. Let G have an element of infinite order. There is a funny rank-one
action T of G of ergodic index 2 such that T x T~ is non-ergodic but conservative
and T x T x T is non-conservative. Furthermore, if G = Z% for some d > 0, then
T can be chosen in the class of rank-one actions.

It follows, in particular, that T is asymmetric, i.e. not isomorphic to 7. Thus,
Theorem 0.3 illustrates that even such a simple invariant as “ergodicity of prod-
ucts” can distinguish between 7" and T~!. Of course, this is impossible in the
framework of finite measure preserving actions. For other, more involved examples
of asymmetric infinite measure preserving systems we refer to [DaRy] and [Ry].

It was shown in [CI-Va] that for each rank-one Z-action T, the product T x T~*
is conservative. We generalize this result to the funny rank-one action of Abelian
groups.

Theorem 0.4. Let T be a funny rank-one action of G. Then the G-action T x T~*
18 conservative.

On the other hand, we show that for each infinite measure preserving Markov
shift T of ergodic index 1, the product T x T~! is not conservative (Corollary 3.3).
This was also proved in [Cl-Va] under an additional assumption that T  is “re-
versible” as a Markov shift. It follows from Corollary 3.2 that if an infinite Markov
shift 7 has an ergodic index higher than 1, then T x T—! is ergodic. Hence within
the class of infinite Markov shifts, the answer to Bergelson’s question is negative.
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1. (C, F)-CONSTRUCTION

All the examples in this paper are built via the (C, F')-construction which is an
algebraic counterpart of the classical “geometric” cutting-and-stacking inductive
construction process with a single tower on each step. In this section we briefly
outline the basics of this construction. For a detailed exposition we refer the reader
to [Dal] and [Da2]. Given two finite subsets A, B C G, we denote by A+ B the set
of all sums {a+b|a e A,be B}. If Ais a singleton, say A = {a}, we write a + B
in place of {a} + B.

Let (F)n>o0 and (Cy)n>1 be two sequences of finite subsets in G such that for
each n > 0,

(1_1) Fy = {O}v #Cp > 1,
(1'2) Fn +Cn+1 - Fn+17
(1-3) (Fp+co)nN(F,+)=0 ife,d €Chyqand c# (.

We let X, := F,, X Cpp1 X Cpyo X -+ - and endow this set with the infinite product
topology. Then X, is a compact Cantor (i.e. totally disconnected perfect metric)
space. The mapping

Xn > (fnacn+lacn+27 .. ) = (fn +Cn+1>cn+27 .. ) S XnJrl

is a topological embedding of X,, into X, ;. Therefore an inductive limit X of
the sequence (X,,)n>0 furnished with these embeddings is a well-defined locally
compact Cantor space. Given a subset A C F},, we let

[A]n = {J) = (fnacn+1a-~-) € Xn | fn € A}
and call this set an n-cylinder in X. It is open and compact in X. The collection

of all cylinders coincides with the family of all compact open subsets in X. It is
easy to see that

(Al O [Bln = [ANBln, [AlnU[Bln = [AUB], and
[A]n = [A+ Cryalntt

for all A,B C F,, and n > 0. For brevity, we will write [f], for [{f}]n, f € Fn.
Now we define the (C, F')-measure p on X by setting

#A
A — ———————
and then extending p to the Borel o-algebra on X. We note that p is infinite if
and only if

for each subset A C F,,,n > 0,

. #E,
(1-4) Lo Rt
Suppose that for each g € G,
(1-5) g+ Fn+Cri1 C Fry1  eventually in n.

We now define an action of G on X. Given « € X and g € G, there is n > 0 such
that x = (fn, ¢nt1, Cnt2,.-.) € Xy, and g+ f,, € F,,. We let
Tyx == (9+ fnrCnt1,...) € X, C X.

Then T, is a well-defined homeomorphism of X and T := (T})4eq is a continuous
action of G on X. We call it the (C, F')-action of G associated with the sequence
(Cny Fr—1)n>1- Ttis free. If o,y € X, @ = (fa, cngr1, -2 ), @ = (f',¢ppq,--.) and



2524 ALEXANDRE I. DANILENKO

y = Tyx, then g = (f' — f) + (¢},11 — cng1) + - -. Only finitely many parentheses
in this infinite sum are different from 0. We note that T is of funny rank-one along
(Fn)n>0, because the sequence of F,-towers {T¢[0], | f € F,} = {[f]n | f € Fn}
approximates the entire Borel o-algebra on X as n — oco. It is easy to see that T
preserves p. We note that the action T® T of G x G is also a (C, F)-action. It is
associated with the sequence (C,, x Cp, F,—1 X Fy,_1)n>1. Therefore if A is a subset
of F, x Fy, then we have [A],, = ||, ;) alaln X [O]n.

To state the following lemma we recall the definition of full groupoid. Given a
measure preserving action R = (Ry)geq on a standard measure space (X, u) and
a subset A C X, we say that a Borel map 7 : A — X belongs to the full groupoid
of R (and write 7 € [[R]]) if 7 is one-to-one and 7 € {Ryx | g € G} for all z € A.
Equivalently, there is a partition of A into subsets A4, g € G, such that 70 = Ry
if v € Ay and RgA; N Ry Ap =0 if g # h € G. Some of Ay can be of zero measure.
It follows that 7 preserves p.

Lemma 1.1. Let § > 0, let H be a subgroup of G and let N be an infinite subset
of N.

(i) If for each n € N there is a subset A C [0], and a map 7 : A — [0],, such
that 7 € [[(Th)ner]], p(A4) > 0u([0],) and Tx # x for all x € A, then the
action (Th)nem is conservative.

(ii) If for each n € N and v,w € F, there is a subset A C [v],, and a map
T : A = [w], such that 7 € [[(Th)nen]] and p(A) > du([v],), then the
action (Th)nen 1s ergodic.

Proof. (i) Let B be a subset of X of positive measure. Then there are n € N
and f € F, with u([f], N B) > (1 — $)u([f]»). By the assumption of the lemma,
there is a subset A C [0], and a map 7 : A — [0],, such that 7 € [[(Th)nen]],
w1(A) > 6u([0],) and T # « for all & € A. We define a new map ¢ : TrA — [f],
by setting ¢ := TfTTf_l. Since G is Abelian, ¢ € [[(Th)nen]]. Moreover, gz # x
for all z € Tt A and

We(T;ANB) N B) > Su((fl) > 0.

Therefore, there is h € H such that h # 0 and (T (TyAN B) N B) > 0. Hence
(Th)hen is conservative.

(ii) Let By and By be subsets of X of positive measure. Then there are n € N
and elements v,w € F, with u([v], N B1) > (1 — $)u([v],) and p([w], N Bs) >
(1 — 2)u([w],). By the assumption of the lemma, there is a subset A C [v],, and a
map 7 : A — [w], such that 7 € [(Th)nen]] and p(A) > du([v],). It follows that
w(T(B1N[v],)N[w],NBz) > 0. Therefore there is h € H such that (T, B1NBs) > 0.
Hence (Th)nen is ergodic. O

2. PROOFS OF THE MAIN RESULTS

Fix a Folner sequence (F,)32; in G such that 7y C F, C --- and |J,, F, = G. In
the case where G = Z%, we choose F,, to be a cube for each n. The actions whose
existence is stated in Theorems 0.1-03 will appear as (C, F)-actions associated
with some sequences (C,,, Fj,—1)n>1. Moreover, (F,)5%; will be a subsequence of
(Fn)2,. Therefore in the case G = Z<, the associated (C,F)-actions will be
automatically of rank one. Hence we do not need to prove the final claims of
Theorems 0.1-0.3.
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Proof of Theorem 0.1. (i) Partition the natural numbers N into countably many
subsets N indexed by elements f € G* such that every N, t is an infinite arithmetic
sequence. For each f = (fi,...,fx) € G¥ and each n € N} there is a unique
sequence (dn,j)?:o of non-negative integers such that d,, o = 0and d,, j_1—dy ; = f;
for all j = 1,...,k. Fix an increasing sequence (R,),>o of positive integers such
that 35 oo R, = +oobut Y-, oo R,* ' < 400. We note that then D onen; RF =
+o0 for each f € GF.

To construct 7' we have to define the corresponding sequence (C.,, Fr—1)n>1.
This will be done inductively. We let Fy = {0}. Suppose that we have already
determined the sequence (Cj, F; J)g‘;ll Then we let

Crno:=A{0,an +dn1,....kan +dnr}, Cni:i={wn,2wn,...,(Ry—k—1Lw,},
and C), := Cp o Uy, 1, where the elements a,,w, € G are chosen so that
(2-1) (Chp—C,—Cr+Cp)N(Fp1 — Fumr + Fmq — Frimp) = {0}

Now let F), be an element of (F;);>1 such that F,,_; + F,,_1 + C,, C F,,. Continu-
ing this process infinitely many times we obtain a sequence (C,, Fj,—1)n>1 satisfy-
ing (1-1)—(1-5). Denote by T the associated (C, F)-action of G. Let (X, u) stand
for the space of T. Tt is easy to see that pu(T""AN A) — u(A) as n — oo for each
subset A of finite measure. Hence T is rigid.

Claim 1. T x --- x T (k times) is ergodic.
Take n > 0 and let v,w € F¥. We let f := w —v. Given z € [v],, C X*, we
write the expansion

T = (U, Tpi1, Tng2, ... ) EFF X CF 4 x CE L, x--
and set
Uz):=min{l e NN {n+1,n+2,...} |21 € (Cio\ {ka; +di 1 })*}.
Let A denote the subset of [v], where the map ¢ is well defined. Then

pE(ln \A) (#C)F = (#Cro—1DF AR
P ERR L HOF = 1l (1 Rf)‘o

because ;. Ny R % = 0o. Thus / is defined almost everywhere on [v],,. For I > n,
we set

leNy,I>n leN,I>n

A= {LL‘ €A ‘ f(,T) =land z; = (O,CLl + dl,h ey (]f — 1)(1[ + dl’kfl)}.

Then p* (-, Ai) = ¥ (A)/(k +1)*. We now define a map 7 : | |,.,, A — X* by
setting
Tx = (Ty, X - X Tg)x ifxe A, l>n.

Of course, 7 € [[T' x --- x T]]. Since
a+ (= Dar+dij-1) = f + (a+di) forj=1,... .k,

it follows that (T,, x -+ x T,z = (T, % --+ x Ty, )y, where y = (y;)i>n € FF x
C’,’ijCﬁ“x---,yi =g;ifi >nandi#land y, = (a+di1,... . ka+dig) € Cl’“.
Since y € [v], and f = w — v, we obtain that (Ty, x --- x T}, )y € [w], for each
r € A;. Hence 72 € [w], for each = € | |,.,, A;. Therefore T' x --- x T (k times) is
ergodic by Lemma 1.1(ii).
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Claim 2. The G-action T X --- x T xT7 ! x --- x T7! is ergodic for every m &

m times k—m times

{0,1,...,k—1}. The proof is similar to the proof of Claim 1. There are only a few

points of difference which we specify now. Let f = (frye s Sy —Fmaty oo — )
Replace Ny with J\/']'; in the definition of £. Define

B :={xe€A|l(z)=1and x; = (0,a; + dy1,-..,(m —1)a; + dj ;m—1,
(m+1Da;+dimyt,- - kag +dig)}
Replace A; with B; and T,, X --- X T, with Ty, X -+- x Ty, XT_,, X --- X T4, in
(S ——

m times

the definition of .

Claim 3. T x --- x T (k + 1 times) is not ergodic. Choose n > 0 such that
Z;‘;n(kR—tl)kH < 1. We now let
W= {0} x (Cr '\ Crg!) x (CR\ Cifig) % -+ C [0]n—1 € X*HE
Here 0 denotes zero in G**!. Then
k+1 k1 k+1 k1 k+1
doy = H0-(%0) )=-S(50) =
L) L R, R,

i>n J

Fix h € F,_1 \ {0}. We now show that the (T" x --- x T)-orbit of W does not
intersect the cylinder B := [0],,_1 X - -+ X [0]n_1 X [R]n_1 C X**1. If not, then there
is = (21,...,2"1) € W and g € G such that

(2—2) (Tgxl,...,Tg:L‘kJrl) € B.
Consider the expansions
at = (0,2l 2l 1, ) €0} x Cp x Cryy x -+, 1=1,...,k+]1,
Ty = (0,95, 4t 1, ..) €{0} x Cpy x Cpyy x -+, 1=1,....k, and

Tyt = (hyf it ) € {h} x Cp x Crgr x -+

n

It follows from (2-2) that there are integers Ny > n, [ =1,...,k+ 1, such that

(2-3) 9=t Wl —al), 1=1,..k
) g =h4 SN (Rl gkt
=N (3 i
and yky, # @y, 1 =1,....k+ 1. Then (2-1) yields that Ny = --- = Nj;1. Since

x € W, there exists lp € {1,...,k+ 1} with .Z‘é{}l € Cn,,1- It now follows from (2-1)
that yﬁvl - aclNl = yé{}l - acl]{’,l foralll =1,...,k+ 1. Hence we deduce from (2-3)
that
Ny —1
g— (y]l\,l — x}vl) = (yi—ab), 1=1,...,k, and
Ni—1/ k k

g — (yzlvl - x}vl) =h+ Zz:ln (yi+1 - Ii+1)-
Repeating this procedure at most N3 —n — 1 times we obtain that g = g — h, a
contradiction. (]

Proof of Theorem 0.2. The desired action is constructed in the same way as in
Theorem 0.1 however C), ; is different. We now set

Cri ={Wn1, .., Wn R, —k—1}s
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where the elements w, ; € G are chosen so that (2-1) is satisfied and
(2-4) the mapping (Cp,1 x C,,) \ D 3 (¢,) = ¢ — ¢ € G is one-to-one,

where D is the diagonal in G x G. As in the proof of Theorem 0.1, we denote the
corresponding (C, F')-action by T'. Claims 1-3 from the proof of that theorem hold
(verbally) for the “new” T as well.

Claim 4. T x --- x T (k + 1 times) is conservative.
Take n > 0. Given z = (z!,...,28!) € [0],,, we set

((z) :=min{l >n |z} = =z}
Let A denote the subset of [0],, where ¢ is well defined. Then

P01\ A) o (O — O 1Y _
PF1([0],) =11 (#C)RH1 11 (“R—f)‘o'

I>n leEN},I>n

For each m € N and ¢ € C,,, we let A, . :={x € A|{(z) =m,z}, = c} and fix an
element ¢’ from C,, \ {c}. We now define a map 7 : A — X**! by setting

Te=Tp_e X xXTu_)x ifx€Aye c€Cp, meN.

Since A = | |,,en e, Am.c, it follows that 7z is well defined, 7z € [0], and
T € [[T x -+ x TJ]. Tt remains to apply Lemma 1.1(i).

Claim 5. T x --- x T (k + 2 times) is not conservative.
Choose n > 0 such that > R7*1 <05 and R, > (k+ 1)*"2. Denote by

D, the diagonal in C”;jz, ie. D, :={(c1,...,Chy2) € C’fff |cp =+ =cppa}. We
now let

W= (CFF2\ (G52 U D)) x (CRi\ (Gt g U D)) % -+ C (0],

where 0 stands now for the zero in G¥72. Then

W) I (1_ (’““)kﬁ_w)
Mk+2([0}n—1) S R] R§+2

2(1—2#(1+%))>0.

j>n

We now show that W is a (T x --- x T)-wandering set. If not, then there are
z = (z,...,2"2) € W and g € G such that (T,z!,...,T,2**2) € W. Consider
the expansions

ah = (0,2}, 2l 1,...) € {0} x Cy x Cppy1 x -+ and

Tyax' = (0,95, yhi1s--.) €{0} X Cpy X Cpgey X -+,

l=1,...,k+2. Arguing in the same way as in the proof of Claim 3, we find Ny
such that g = SN (yl — 1), 0 # Y, —al, = yn, —a, foralll=1,... k+2.

Moreover, xlNl € 7C'N171 foralll =1,...,k + 2 because z € W. Then we deduce
from (2-4) that zjy =--- = xf\a&, ie. (x}vl,...,xﬁ,f) € Dy, . Therefore x ¢ W, a

contradiction.
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Claim 6. T is mixing. Let A C F,—1,9 € (Fr,—F)\(Fh-1—F,,—1) and g+ A+C,, C
F,,. Then we have
w(Ty[Alp—1 N [Aln-1) = Z w(lg + A+ n[A+cTn)
c,c’eCp
< #lAn-)#{(e, ) €Cr x Crlge A=At c—C}
- #Cp

We first note that if
(2-5) geEA—A+c—{,

then ¢ # ¢ by the choice of g. If either ¢ € C), 1 or ¢ € Cp 1, then we deduce
from (2-1) and (2-4) that at most one such pair (c,¢’) satisfies (2-5). If both
c¢ Cpyand ¢ & C,, 1, then ¢, € C), ¢ and hence there are no more than k(k+1)
such pairs (¢, ¢’) satisfying (2-5). Hence

k+1)2
(T AL 0 Alo) < S ),
It follows that lim, .., u(T4B N B) = 0 for each cylinder B and hence for each
subset of finite measure in X. O

Proof of Theorem 0.3. Let (d,)52; be a sequence of elements of G in which each
element of G occurs infinitely many times. Let (IV,)52; be a sequence of positive
integers such that ) _ NL < i

Suppose that we have already determined (Cj, F]);l:_l1 Suppose also that d,, €
F,_1— F,_1. We then set

Cn = {en,iu —€n,i, _ln,ialn,i - dn | 1= 17 .. '7Nn}7

for some elements ey, ;, 1, ; of G, 1 <i < N, such that

(2-6) (Cn = Co) N (Froy = Froy + Fyoy — Fyq) = {0}
We call e, ; and —e,; as well as [,,; and —l,,; — d,, antipodal, 1 < ¢ < N,. If
c1,...,¢4 € Cy,, c1 and ¢4 are antipodal and ¢y and c3 are antipodal, then
(c1 —c2) — (c3 —cq) € {0,dyp, —dy }.
We introduce the following conditions on C,,. Let ¢1,...,cq4 € Cy,.

(2—7) If0 75 (61 — 62) — (03 — 64) elb,  .—F,_1+F,_1— Fn—l;

then ¢; and ¢4 (and ¢y and c¢3) are antipodal, and
(2-8) the mapping (Cp, x C,)\D 3 (¢,c') — ¢ — ¢ € G is one-to-one.
It is straightforward to verify that there exist e, ,ln:, 1 < ¢ < Ny, such that
C,, satisfies (2-6)—(2-8). Now let F,, be an element of (F;);>1 such that F,, D
Fo1+ F,1+C, and d,y; € F, — F,. Continuing this construction process

infinitely many times we obtain a sequence (Cy, Fj,_1),>1 satisfying (1-1)—(1-4).
Let T denote the (C, F)-action of G associated with (C,, Fr,—1)n>1-

Claim 7. T x T is ergodic.
Take m > 0 and vy, ve, w1, ws € F,,. There is n > m such that d,, = wy — wy +
v1 — vg. Let
Ny,
A= |_| [’Ul + D+ lnﬂ]n X [’Ug + D — 6n7j}n C ['Ul]m X [’Ug]m,
ij=1
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where D := Cpy1 + -+ + Cp—1. Define a map 7 : A — [w1]m X [wa],, by setting
T(@,y) = (Twi—vi+en ;—tni® Tws —v1+en j~10.Y)
ifexevi+ D+, and y € [vg + D — e, ], Indeed, since
Twy—viten j—lni V1 + D +lniln = [w1 + D 4+ ey j]n and
Ty —viten—lni V2 + D = enjln = [wo 4+ D+ (=lni — dp)]n

foralli,j =1,..., Ny, it follows that 7 is a bijection of A onto 7(A) C [w1]m X [W2]m.
Of course, 7 € [[T x T]. It is easy to compute that

(1 x p)(A) = (1 x p)([v1]m X [v2]m)/16.
By Lemma 1.1(ii), the action T x T is ergodic.
Claim 8. T x T~ is not ergodic. Fix f; € F; \ {0}. We let
Z = {(z,7) € [0]1 x [0]1 | ; and Z; are not antipodal for each j > 0},

where x = (0,29, 23,...),Z = (0,%2,T3,...) € F} X Cy X ---. It is easy to compute
that

(i 0(2) = (1=4 % 5 ) (0l x 0

Hence (pu x p)(Z) > 0. We show that U,co(Ty x T-g)Z N ([0]: x [f1]:) = 0. If
not, there is (z,7) € Z and g € G such that T,z € [0]; and T, € [f1]1. Since
Tyx = (0,25, 2%,...) € Fy xCyxC3x--- and T_ o4& = (f1,Th,...) € Fy xCyx -+,
there are integers M7 and M such that

g= (xg—x2)+~-~—|—(a:§\/[1 —xp,) and
—g=fi+ @ —T2) + -+ @y, — Tas)
with zp, # o, and Za, # T, It follows from (2-6) that M; = My. Since
xp, and Ty, are not antipodal, we deduce from (2-7) and (2-9) that xp, — 2}, =
Ty, — Tpr,. Hence (2-9) yields that

(2-9)

h=(xzy—x2) 4+ -+ (xp,—1 — &y, ;) and
—h=fi+ @ —%2) + -+ (@Thy 1 — Tar 1),
where h = g + zp, — 2. Continuing this way several times, we find L €
{2,3,...,M;} and f € G such that
f=@h—a2)+ -+ (2, —2r) and
—f=hHh+@-22)+ -+ @ —71L)
with zp, — 2 # %} — %, xp — 2 # 0 and ¥} — T # 0. If such an L does not

exists we then obtain that f = 0 and hence f; = 0, a contradiction. However then
it follows from (2-7) that ¢;, and ¢, are antipodal, a contradiction again.

Claim 9. T x T x T is not conservative. Let
W= {(z,y, 2) € [0]o x [0]o X [0]o | ®j # y;,y; # 2j,x; # z; for each j > 0},
where z;,y; and z; are the j-th coordinates of =,y and z viewed as infinite sequences
from {0} x Cy x Cq X ---. Then
3 1
(,uxux,u)(W)>l——Z—>O.
4 4~ N;

3>0
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We claim that W is a wandering subset for T'x T'x T'. If not, there is (z,y,2) € W
and g € G such that

(2-10) Ty, Ty, TyZ € [0

We write the expansions x = (0, z1,z2,...), y = (0,%1,%2,-..), 2 = (0,21, 22,...),
Tyx = (0,20,25,...), T,y = (0,9),05,...) and Tyz = (0,2],%5,...) as infinite
sequences from {0} x C; x Cy x ---. Then (2-10) and (2-6) yield that there is an
integer M such that
9= (w1 — 1) -+ (@ — 2nr),
(2-11) 9= —y)+-+Wu—yu) and
g=(1—2)+ -+ (2 — 2m)
with 2, —apm # 0, ¥y —ym # 0 and 29, — 2y # 0. If 2, — 2 = Yy — Y,
then zp = yam by (2-8) and hence (x,y, z) € W. Therefore o, — xp # Yy — Y-
In a similar way, y); — ym 7# 25y — 2m. However then (2-11) and (2-7) yield that
xp, and yj, are antipodal and zps, and yj, are antipodal. This is only possible

if xpr, = zp, and hence (x,y, z) € W, a contradiction.
The fact that T x T—! is conservative follows from Theorem 0.4. O

Proof of Theorem 0.4. For each n > 0, we let

A= || [dnrr ¥ [lngr C 0] x (0]
c#¢' €Cnia
and define a map 7 : A — [0],, x [0],, by setting
T(2,y) = (Te—ex, Te_wy) if x € [cns1,y € []nt1-
Then 7([c]nt1 X []ns1) = []nt1 X [c)ns1, T € [[T x T71]] and

)00 (00, % [00,) = 500 % (0L x L)

b ) = (1= g —

By Lemma 1.1(i), T x T~ is conservative. O

3. ON “SYMMETRY” OF MARKOV SHIFTS

In this section we consider only the case where G = Z. We first recall some basic
definitions and properties of infinite measure preserving Markov shifts.
Let S be an infinite countable set and let P = (P, 4)apes be a stochastic

matrix over S. Suppose that there is a strictly positive vector A = (Ag)ses
which is a left eigenvector for P with eigenvalue 1, i.e. AP = A. Moreover,
assume that 7 _¢As = oo. Consider the infinite product space X := S% and
endow X with the mﬁnite product Borel structure. Let T denote the left shift
on X. Given sg,...,s; € S and | € Z, we denote by [so,.. .,sk}é"’k the cylinder
{z = (zj)jez | x1 = S0,..., %14k = Sk}. Define a measure ppy on X by setting
wpa([so, - - .,sk]f'k) = AsyPsy.s1 -+ Ps, 1.5, for each cylinder [so, .. }Hk Then

pp,y extends uniquely to the Borel o-algebra on X as a o-finite inﬁmte measure
which is invariant under 7. The dynamical system (X, ppx,T) is called an infinite
Markov shift.
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Lemma 3.1 ([Aa], [KaPal). (X, up,T) is conservative and ergodic if and only if
the following two conditions are satisfied:

(i) P is irreducible, i.e. for each a,b € S, there is n > 0 such that Pé;? > 0,

and
(ii) P is recurrent, i.e. » Péz) = oo for some (and hence for each in view
of (i)) a € S.

If (ii) does not hold, then (X, ppx,T) is not conservative.

Here P(™) means the usual matrix power P--- P (n times).

Let ¢ : X — X denote the flip, i.e. (oz), := x_, for z € X and n € Z.
Denote by A = (Agp)apes @ matrix over S such that A, = A, if @ = b and
Aoy = 0if a # b. Tt is straightforward to verify that oTo~t = T~ A1 P*A is
a stochastic matrix and ppy 0o 0 = pp-1p«p . Given two infinite Markov shifts
which are defined on the spaces (S, up,») and (SZ, jup, », ), their Cartesian product
is an infinite Markov shift defined on the space ((S x S1)Z, upgp, Ax A, ), Where the
matrix P ® P; is defined over S x S1 by (P ® P1)(a,a,),(b,61) = Pap(P1)ay b -

Corollary 3.2. Let (X, pupx,T) be an infinite Markov shift and let 0 < m < k.
Then the transformation T % --- x T x T™1 x -+ x T is conservative and ergodic

m times k—m times
if and only if T x --- x T'(k times) is conservative and ergodic.

Proof. Fix a € S. Then

(PE™ @ (AT P A=) (P (PR = (P = (PO
Hence by Lemma 3.1(ii), the stochastic matrix P @ (A1 P*A)®(k~™) is recurrent
if and only if the stochastic matrix P®* is recurrent. In a similar way one can check
that P2 @ (A~'P*A)®(* =) is irreducible if and only if so is P®*. O

The following assertion follows from Lemma 3.1 and Corollary 3.2.

Corollary 3.3. Let T be an ergodic conservative infinite Markov shift of ergodic
index one. Then T x T~ is not conservative.

We note that Corollary 3.3 was proved in [Cl-Va] under an extra assumption
that P = A~1P*A.

4. OPEN PROBLEMS AND REMARKS

(1) Given p > k > 1, is there a mixing rank-one infinite measure preserving
transformation of ergodic index k such that T' x - -+ x T'(I times) is conser-
vative if and only if I < p? Theorem 0.2 provides an affirmative answer to
this question if p = k + 1.

(2) Is there a rank-one infinite measure preserving transformation 7' such that
T x T~ is ergodic but T' x T is not?

(3) Is there a rank-one infinite measure preserving transformation 7" such that
T x T x T is ergodic but T x T~ is not?

(4) We note that Theorem 0.4 extends naturally to the ergodic infinite measure
preserving actions of finite funny rank (see [Da2] for the definition).
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(5) It would be interesting to investigate which indexes of ergodicity and conser-

[Aa]

[AdSi]

[Cl-Va]

[Dal]

[Da2)
[DaRy]
[DaSi]
[KaPa)

[Ry]

vativeness are realizable on the infinite measure preserving transformations
which are Maharam extensions of type I11; ergodic non-singular transfor-
mations (see [DaSi| for the definitions).
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