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HANKEL OPERATORS, INVARIANT SUBSPACES,
AND CYCLIC VECTORS IN THE DRURY-ARVESON SPACE
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(Communicated by Pamela B. Gorkin)

ABSTRACT. We show that every nonzero invariant subspace of the Drury-
Arveson space Hg of the unit ball of C% is an intersection of kernels of little
Hankel operators. We use this result to show that if f and 1/f € Hg, then f
is cyclic in Hﬁ

1. INTRODUCTION

It follows from Beurling’s characterization of the invariant subspaces of the uni-
lateral shift acting on H? = H?(9D) of the unit circle that every such invariant
subspace equals the null space of a Hankel operator. Since the symbols of bounded
Hankel operators on H? are given by BMOA functions, this observation ties the
operator theory surrounding the unilateral shift to the H'-BMO duality and its
connection with Carleson measures. In this paper we will exhibit an analogy of this
for the d-shift and the Drury-Arveson space of the unit ball By = {z € C? : |2| < 1},
d>1.

For some information about the significance of the Drury-Arveson space, we
direct the reader’s attention to the survey article [I5]. The Drury-Arveson space

Hg is the space of analytic functions on B, with reproducing kernel k,,(z) = leww

where (z,w) = Zgzl z;w;. The operator tuple M, = (M,,,...,M,,) acting on H3
is called the d-shift.

Let Rf = Z?:l zig—i denote the radial derivative of a holomorphic function f.
It is well known and easy to check that an analytic function f on B, is in H2
if and only if de |R"f|?(1 — |2]?)?"~9dV < oo for some (or equivalently for all)
n > (d — 1)/2. Here we have used dV to denote normalized Lebesgue measure on
Bgy. In Section 2 of this paper, we provide more detail about the norm on Hg and
its connection to the norms of weighted Bergman spaces.

We will write

Mg ={p € Hol(By) : of € H? for all f € H3}
for the multiplier algebra of H3. It was shown in [I2] that
Mg = H>®By) NCHS,
where H*°(B,) denotes the algebra of bounded analytic functions on By and CH3

is the space of functions b € H2 such that |R"b|*(1 — |z[>)?"~4dV is a Carleson
measure for H2 for some (or equivalently for all) n > (d — 1)/2. Recall that a
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positive measure p on By is called a Carleson measure for a Hilbert function space
H if there is a C' > 0 such that de |f2dp < C||f||? for all f € H; see Section 3 and

Lemmas 3.1l and for more information about the space CH3.

The results of this paper are based on the theory of Hankel operators which
map H into H. Here H denotes a Hilbert space of analytic functions on By such
that Hol(B,) is densely contained in H, and we have written H = {f : f € H} for
the space of complex conjugates of H. The space H is a Hilbert space with inner

product (f, gz = (9. ). f.g € H.
As in [2] or [I4] we define the space of Hankel symbols

X(H)={beH: 3C>0[{pp,b)] < Cllll¢]l Vo, € Hol(Ba)}-

Note that for every b € X'(H) the map (¢, 1) — (@, b) extends to be a bounded
sesquilinear form on H x H. Thus with each b € X (H) we may associate the Hankel
operator Hy, € B(H,H),

(Hop, V) = (o, )3, @, € Hol(Ba).

If # = H?(OD), then this definition of Hankel operator differs by a rank 1 operator
from the common definition as an operator H?(0D) — H?(0D)* C L%(0D). For
the Bergman space L2(By) = {f € Hol(By) : de |f|?dV < oo}, this definition
coincides with what is typically referred to as the little Hankel operator.

It is known in many cases that Carleson measures can be used to describe X' (H).
In particular, this is known to be true for H?(0By), L?(By), and the Dirichlet
space of one variable, D = {f € Hol(D) : f' € L?(D)}. In fact, X(H?*(0B,)) =
BMOA(B,;) and this equals

{b € H*(0By) : |Rb|*(1 — |2|*)dV is a Carleson measure for H?(0By)}

(see [6] or [19], Theorem 5.14). Similarly, X (L2(By)) is the Bloch space
B = {b € Hol(By) | sup |Rb(2)|(1 — |2]?) < oo}
z€By

(see, e.g., Corollary 1 of [I7] together with Theorem 3.5 of [I9]), and one easily
checks that this coincides with

{be LZ(B,) : |Rb]*(1 — |2|*)?dV is a Carleson measure for LZ(B,)}.
Furthermore, in [2] it was shown that for the Dirichlet space
X(D) ={be D :|b|*dA is a Carleson measure for D}.
For the Drury-Arveson space we will prove the following:
Theorem 1.1. CHﬁ - X(Hg) C B.

This theorem implies that My C X (H3), and it is this observation that will be
important for the rest of the paper.

We use Lat(M,, H3) to denote the lattice of invariant subspaces of the d-shift.
One checks that for i = 1,...,d one has

(Hb(zif),a)g = (Hpf, ﬁ)g for all f € H and ¢ € Hol(By).

This implies for each b € X(H2) that ker H, € Lat(M,, H7). Moreover, we have
the following theorem.
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Theorem 1.2. If (0) # M € Lat(M,, H3), then there are {b,}n>0 C X(H3) such
that
M = m ker Hy,, .

n>0

We mentioned before that it follows from Beurling’s theorem that every invariant
subspace of the unilateral shift (M., H?) equals the kernel of a bounded Hankel
operator. Similarly, it was shown in [I0] that every invariant subspace M of the
Dirichlet shift (M, D) satisfies M = ker H}, for some b € X (D). For the Bergman
space no direct analog of such a theorem can hold (see [I8]). We will present
an example showing that if d > 1 one cannot expect to represent every invariant
subspace as the null space of a single Hankel operator (see Example E3]).

In the later parts of our paper, we will apply Theorem together with the
insight from [6] that X' (#) is the dual of the space of weak products of H. For a
space H of analytic functions on By, the weak product is defined as

HOH= {Zﬁgi fingi € 1oy fillllgill < OO}-

i=1 i=1
A norm on ‘H ® H is given by

|2l = inf {Z I fillllgall = b= Zfigi} :
i=1 i=1

It is known, for example, that H2(0B;) © H?(0B;) = H'(0B4) and L2(By) ©
L2(By) = LL(By) (see [6]). We refer the reader to [6] and [2] for details and further
motivation for weak products.

For the Drury-Arveson space we don’t have a natural candidate for what the
weak product should be, thus we just define

H)=H?o H3.

Note that since 1 € H? we have H3 C H}. Furthermore, we have that (H})* =
X(H3), where the duality is given by Ly(h) = (h,b) gz for b € X(H2) and h =
S i € Hol(By) C H} (see [14], Theorem 1.3).

If Y is a Banach space of analytic functions, then a function f is called cyclic in
Y if the polynomial multiples of f are dense in ). If the polynomials are dense in
Y, then a function is cyclic if and only if there is a sequence {p,} of polynomials
such that p,, f — 1. It is thus obvious from the continuous inclusion H3 C H} that
any f € H2 which is cyclic in H3 must also be cyclic in H}. The following corollary
implies that f € H3 is cyclic in H3 if and only if it is cyclic in H}. For clarity, if
S C Hg, then we write closHiS for the closure of S in HC%.

Corollary 1.3. Let M € Lat(M,, H2). Then
M =Hin closgi M.

We note that this is analogous to Theorem 1.2 of [I0], where the corollary is
proved for the Dirichlet space.

For H?(0D) with 1 < p < oo, the cyclic functions are the outer functions. For
other spaces, such as the Bergman space L2(ID) or the Dirichlet space D, it is an
open problem to characterize cyclicity. For the Drury-Arveson space, we prove the
following theorem.
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Theorem 1.4. If f,g and fg € H3, then fg is cyclic in H3 if and only if both f
and g are cyclic in Hg.

In particular, it follows that if f and 1/f € H3, then f is cyclic in H3. It
was shown by Borichev and Hedenmalm in [4] that there is f € L2(D) such that
1/f € L2(D), but f is not cyclic in L2(D). We will provide details in Section 4,
but it is easy to see that this result implies Theorem 1.4 cannot hold for H?(9By).
For the Dirichlet space, the analogue of Theorem 1.4 was proved in [I3] by use of
cut-off functions and a formula of Carleson for the Dirichlet integral of an outer
function. Our current proof also reproves the Dirichlet space result and it avoids
all those technicalities.

By considering the first radial derivative, it is fairly easy to see that for d < 3,
whenever f € H2 such that 1/f is bounded in By, then 1/f € H3. Thus such an f
must be cyclic in H2. For d > 4 we were able to show such a result only under the
extra hypothesis that f be in the Bloch space B.

Theorem 1.5. If f € H2 N B, and if there is ¢ > 0 such that |f(z)| > ¢ for all
z € By, then 1/f € H? and f is cyclic in H3.

The Corona theorem is known to hold for My (see [7]), thus any multiplier of
Hfl that is bounded below must be cyclic. The inclusions My C H*(B4) C B show
that Theorem generalizes this fact. In Theorem [5.4] we prove another result
that can be considered a generalization of the one function Corona theorem (and
the result is verified for spaces that include cases for which the Corona theorem is
not known to hold).

In order to prove our results it is convenient to consider a one-parameter family
of Hilbert spaces H. for real v > 0. We define H, to be the Hilbert space of analytic
functions in B, with reproducing kernel k3 (z) = m As we will explain (and
is well known), this family includes certain weighted Bergman and Besov spaces.
We have chosen the somewhat nonstandard notation for the parameter because of
our use of reproducing kernel techniques. In this paper our emphasis is on the
Drury-Arveson space, but we note that for 0 < v < 1 the reproducing kernels are
complete Nevanlinna-Pick kernels and all of our results hold in that setting as well.

2. EQUIVALENCE OF BILINEAR FORMS

The family of spaces H., defined above includes several well-studied spaces such
as Hy = H3, Hq = H?*(0By), and Hay1 = L2(B,). Furthermore, for v > d, the
norm on H. can be expressed as

115 = e /| @A V() ey = =1 (=)

(see [19]). In particular, we see that for v > d, the space H, is a weighted Bergman
space.

We will need to make some precise calculations with the inner product on H,,
and we will make use of multiindex notation. Let v > 0, set ap,, = 1, and for k > 1
let

(2.1) am_<7+’f—1) Yy +1) (v +k—1)

k - k!
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Then

Zak'y (z, )\ Zakﬁ Z |Z!' 2207,

k>0 k>0 || =k

Hence for f(z) =", f(a)z* we have

1712 = Z > e

7'Y||k

Note that if f = Zkzo fr, where fi is a homogeneous polynomial of degree k, then

(22) 1712 = S 0AlR = 30 1l
kv

k>0 k>0

It follows from the definition of the radial derivative R = Zz 1 %5 d that for
any multiindex a we have that Rz = |a|z®. Hence Rf =3, kfi and

(RF, ) = (F.Ra)y = 3 ——(fi i)

k>0 k,y

whenever the series converges.
We further note that (21J) implies that an analytic function f is in #. if and
only if Rf € H42. Thus if n > 1, then f € H? if and only if R"f € Hi42,.

Lemma 2.1. Let b € H3. Then the following are equivalent:
(a) b€ X(H7),
(b) there is an integer n > 0 and a C > 0 such that

(e, R"b)nr1| < Cllellall¢lly for all @, € Hol(Ba),

(c) for all integers n > 0 there is a C' > 0 such that

(e, R"b)nr1| < Cllollall¢lly for all ¢,4 € Hol(Ba).

Proof. Tt is trivial that (c) implies (a) and that (a) implies (b), hence we only need
to show the implication (b) = (c¢). This will follow if we show that for each integer
n > 0 there is a ¢ > 0 such that

1
(2.3) (1), R"b)nt1 — n—H«ow,R"*lbm < cllellullllafolls-

Let f € Hol(By), and let b = > k>0 bk and f =3, - fi be the homogeneous
expansions of b and f. We know that R"b € H!'T2" for each n > 0, thus the series
(fsR"b)nt1 =2 150 akk:+1 (fx,br)1 converges absolutely.

Ak,n42
Since i =1+ n+1

one easily proves from (Z2]) that

n n 1 n
<f7 R b>n+1 = <f; R b>n+2 + n——|—1<f’ R +1()),,_,_2.
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Thus

kn
<> ——lfllalibgls

k>0 k.n+2

ak72k2n )
<Ifll2 | Y- —5=—lbwll}

k>0 k.n+2
< c[lfll=1[oll2
< e[l fll21bllx

for some ¢ > 0. The second to last inequality follows since for each n we have
ki1 ~ (k+1)" as k — oo (see e.g. [10], p. 58). Thus there is a ¢ > 0 such that

ak’kan .
for all £ > 0 one has - < g

In [14] (see Theorem)1.4), it was shown that for any reproducing kernel Hilbert
space H (k) with reproducing kernel k one has a contractive inclusion H (k) ©H (k) C
H(k?). We apply this with k = k!, the Drury-Arveson kernel, to obtain ||¢¢|l2 <
llellll]r for all ,9p € Hol(Bg). Inequality (23) then follows by substituting
f = @ in the earlier estimate. ([l

n 1 n
<f7R b>n+1 - n——|—1<f’R Jr1b>n-i—2

1/2

3. HANKEL OPERATORS AND CARLESON EMBEDDINGS

We start by stating a special case of a theorem from [5]. Note that if n € N;n >
(d—1)/2 and b € Hol(By), then the Carleson measure condition

[FPIR"BI2(1 = |2%)?"~dV < C||f|1%2
Bg

says that the function R"b defines a bounded multiplication operator from H2 to
Hypt1. It was shown in [5] that this condition on b is independent of n, that one
may even take any n € N, and that the analogous statement holds for all H,, v > 0.

Lemma 3.1 (Special case of Corollary 3.12 of [5]). Let v > 0 and b € H,. The
following are equivalent:
(a) There are n > 1 and a constant ¢ > 0 such that

|F R Wls2n < el £l for all f € H,
(b) For every n > 1 there is a constant ¢ > 0 such that

[fR"Dlly12n < cllflly for all f € H.

We define the space CH. to be the collection of functions that satisfy (a) and (b)
of the lemma. They are the functions that satisfy a Carleson embedding condition
that is appropriate for the space H.. Also note that the space CH2 equals CH;.
Furthermore, in [5], the authors prove the following inequalities regarding C*, that
will be useful for us.

Lemma 3.2 (Special case of Proposition 3.6 of [5]). Lety > 0. If b € CH., then b
is in the Bloch space B and for each n > 1 and 0 < k < n there is ¢ > 0 such that

I(RE )R EB)|42n < cllfll-
for all f € Hy.
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Proof of Theorem [LIl We start by proving the second inclusion. Let k, be the
reproducing kernel for the Drury-Arveson space and let Rz be the radial derivative
with respect to the W variables. Then Rk, = (ky — 1)k, hence for b € X(H3)

we have
c

1= |w]?*

|Rb(w)| = [{(kw — 1kw, b)| < cllku|* =

It follows that b € B.
We will show now that for b € CH2 = CH; and for sufficiently large n one has

[{(R*" (o), R"B)an41| < Clllla -

Then the first inclusion of the theorem will follow from Lemma [Z.]] and the identity

(¢, R¥"D) 31 = (R (), R™D)3p41-
Let n be a natural number such that n > %X, Then (R*"(py), R"b)3,11 is an
inner product for a weighted Bergman space and

2n
n n 2 n— n
<R2 (fg)vR b>3n+1 = Z( ];:l ) <kaR2 kg,R b>3n+1.
k=0

The theorem will follow, if we can bound each term of the sum. By symmetry,
it suffices to consider 0 < k < m. In this case we have 2(n + k) —d > —1 and
2(2n — k) —d > —1, hence

\(kaR%_kg, Rnb>3n+1| 5 \kaRQ"_kgR”bKl o |z|2)3"_ddV
Bg

1/2
< ([ 1mempa apee -ty
Ba

1/2
(/ |R2"7kg|2(1 _ |Z|2)2(2nk)ddv>
Bg

~ [|RF fR™D]la(nar)+1 [ BZ"F gll22n—r)41
S Mgl

where the last inequality follows from Lemma O

Remark. In [5] the authors characterize certain Toeplitz and Hankel operators on
weighted Besov spaces. The Hankel operators are big Hankel operators, and they
are different from the operators considered here. However, it is notable that for

H = H3 the characterization of the Hankel operators in [5] also involves the space
CH?.

4. INVARIANT SUBSPACES AND HANKEL OPERATORS
The following lemma is elementary; see [10], Lemma 2.2(a).

Lemma 4.1. Ifb e X(H3), then ker H, = [b]i, where we have written [b]. for the

* 7

smallest M} -invariant subspace containing b.

Theorem 4.2. Let M € Lat(M,, H3), M # (0). Then there are {by}n>0 C
X(H3) such that

M= ﬂ ker Hy, .

n>0
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Proof. Let Ppq be the projection onto M. Since the reproducing kernel ky(z) =
ﬁ is a complete Nevanlinna-Pick kernel, we may use Theorem 4.1 in [I1] (also
see the remarks following the proof of Theorem 2.1 in [3]) to see that there are mul-
tipliers ¢, € Mg such that Py =", My, M7 . Applying this relationship to the
reproducing kernels ky, we see that [5(z) = Pff*z()z) S, @n(2)@n(N) is a positive
definite function. Thus, if {e,} is any orthonormal basis for #(l), the Hilbert func-
tion space with reproducing kernel I5(z), then Pukr(2) = 3, en(2)en(M\)ka(2).
Forn €e Nand \ € By set T,k = T(/\)kj\ and extend linearly to the set D of finite
linear combinations of reproducing kernels. By use of the above identity one ob-
tains || Prf]|2 = >0, [|[Tnf||? for all f € D. Thus each T,, extends to be a bounded
operator and it is easy to see that T, = M. . Hence every member of every or-
thonormal basis of H(1) is a multiplier. It follows that every function in #(!) must
be a multiplier of H3.

Of course, for each A € B; we have I, € H(l), hence Iy € M,. Since ky\ € My
this implies that

Prrky =kx — Puyky =kx — kaly € My C X(H?l)

Then M+ = VAGIBd [Prirkrls. It is now clear that there is a countable set
{An} € B, such that

M= ﬂ PMLk)\" ﬂ kerH Lk%n'

n>0 n>0

Example 4.3. Let d > 2 and consider

:{feHdQ:f(O):%(0):0fori:1,...,d}.

Then M € Lat(M,, H?) and dim M+ = d + 1 > 3. The functions in M* are the
polynomials of degree less than or equal to 1. If b is any such polynomial, then
for each 7 we have M} b is a constant function, hence ker Hi- = [b]. is at most
two-dimensional. Hence M cannot be the kernel of a single Hankel operator.

Recall from the Introduction that (H})* = X(H3), where for each b € X (H3)
and ¢, € Hol(B,) the duality is given by Ly(p) = (o1, b).

Lemma 4.4. Let f € H2,b € X(H?2), and ¢ € Hol(By). Then
Lal ) = (Vs = (Hol P

Proof. Let v, be a sequence of polynomials such that ¢,, — f in Hg. Then 1, —
of in H} and Hyp, — Hyf in H3. Hence the lemma follows by approximation
since it is true by definition if f is replaced by . O

Theorem 4.5. Let M € Lat(M,, H2). Then
M=H3in closgi M.

Consequently, a function f € H2 is cyclic in H3 if and only if it is cyclic in H}.
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Proof. 1t is clear that M C H2N closHé/\/l. Let f ¢ M. Then by Theorem[£.2]there
is a b e X(H?) such that M C ker H, and Hy,f # 0. Thus there is a multiindex «
such that (H,f,2%) £0. If f € closHé./\/l, then there are f,, € M such that f,, — f
in H}. This implies that z®f, — z°f in H}. Hence 0 = (Hyf,,2%) = Ly(2° f,) —
Ly(2*f) = (Hyf,z). This contradiction shows that f ¢ closy1 M. O

Theorem 4.6. Let f,g € H3.

(a) If fg € H, then fg e [f]N[g].

(b) If fg € H2 and if f is cyclic in H%, then [fg] = [g].

(c) If fg € H3, then fg is cyclic in H3, if and only if both f and g are cyclic in
2.

(d) If f,1/f € HZ, then f is cyclic in H3.

Note that if f,g € H* N H3, then fg € H3. One can check this by verifying
that for n > (d —1)/2

2n
R fg = Z (an> RFfR*™%g € Hyny.

k=0
Indeed, it is enough to verify the inclusion for each summand individually, and by
symmetry, one only needs to consider the cases 0 < k < n. In those cases one can
use || R2"*g|l4n—ax+1 ~ ||g]l1 and H* C B and hence (1 — |2|?)*|RF f(2)| < ¢ (see
19]).
| ]S)imilarly, we note that if f,g € CHi, then fg € HZ. In this case we have
IR(f9)lls < llgRflls + |l fRglls < oo, hence R(fg) € Hs.

Proof. (a) Suppose that f,g and fg € H2. Since the polynomials are dense in H3,
there is a sequence p,, of polynomials such that p, — f in H2. Then ||p,g— fgll« <
Ipn — fllazllgll sz, hence pog — fg in Hj. Thus

fg € Hin closyi[g] = [g].

Similarly fg € [f].

(b) Now additionally suppose that f is cyclic in H. By (a) we have [fg] C [g]
and it suffices to show that g € [fg]. Since f is cyclic, there is a sequence of
polynomials p,, such that p,f — 1 in H3. Then as in part (a) of the proof it
follows that p,fg — g in H}. Hence g € H3 N closy [fg]l = [fg]-

(c) If fg is cyclic in H3, then by (a) H3 = [fg] C [f] N [g]. Hence both f and g¢
must be cyclic. Conversely, if both f and g are cyclic, then by (b) [fg] = [g] = H3.

(d) follows from (c) by taking g = 1/f. O

Remark. We now show that Theorem [L.6d) does not hold for Hy. The reproducing
kernel for the single variable Bergman space L2 is k,,(2) = (1—wz)~2. By use of the
kernel it is easy to see that the operator T : L? — Hy given by (T'f)(z1,...,24) =
f(z1) is isometric. Now let f € L2 be a function such that 1/f € L2, but f is not
cyclic in L2. The existence of such functions is due to [4]. It is easy to see that
then g = T'f satisfies g,1/g € Ha, but g is not cyclic in Ho.

5. FUNCTIONS THAT ARE BOUNDED BELOW IN By,

It is clear that the case v = 1 of the following theorem when combined with
Theorem [£.6]d) implies Theorem
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Theorem 5.1. Let v > 0. If fe H,NB and % € H, then % €n,.

In order to verify the conclusion of this theorem we will need to work with
R™ (%) for sufficiently large m. For this we will need some preliminary remarks

and a lemma.
Let f € Hol(By) and m € N. We define A,, to be the set of all m-tuples
n=(m,...,nm) which satisfy > /" in; = m, and we write
T, =[@nH™.
i=1
Then Faa di Bruno’s formula for the higher order derivatives of a composition
(see [A]) gives

m (1Y _ m! (=Dt B 1\
f <?>n§nﬁwg(ﬁ> T,(f).

Since ||%||'y ~ HRm}H,YHm and the assumption of the theorem implies that % is a

multiplier of H,42p,, whenever v + 2m > d, it follows that the next lemma implies
Theorem [B.11

Lemma 5.2. Let v >0 and m € N. If f € H, N B, then
1T ()lly+2m < 00
for any m-tuple n = (N1, ..., Mm) € Am.

Proof. Fix n = (n1,...,Mm) € Apn. For j € N, let B; be those |n|-tuples =
(B1,- .-, By) which satisfy |3| = j. Then by writing powers as products of single

terms, one sees that there is a function g : {1,...,|n|} = {1,...,m} which satisfies
T,(f) = [1", R9®) f. Note that this implies that 3!" g(i) = X7, in; = m.
Now choose j > #, and for each 8 € B; choose an index ig such that 3;, >

# > d/2. This is possible since |3| = j. Then 2(8;, + g(ig)) +~ > d. Since f € B,

for any n € N we have that (1 — |z]?)"|R" f(z)| is bounded in By (see [19], Theorem
3.5), hence there is a C' > 0 such that

In|
(1— |Z‘2)(j+m) H |RPTIO £(2)| < O(1 — |Z‘2)Biﬁ+g(ia)|R6iﬁ+g(iﬁ)f(z)|.
i=1
Here we also used that Z‘Zl‘l Bi+g(i) =7 +m.
Finally, by the Leibniz rule, we have that
1Ty (Dllaw2m = IR Ty(F)lly+20m49)
3T oot
_ ° i+g(e
> IR
peBs =t T2(m+3)
|7]
< Z H RPit+a() ¢
pep; Jls=t y+2(m+j)
5 HRﬁtﬁJrg(tﬁ) H
Z f Y+2(Be s +9(tp))

BEB;
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and the result follows since f € H,. |

We mentioned in the Introduction that in the special case of the previous theorem
where f € Mgand 1/f € H*, then by the one function case of the Corona theorem
for M4 one has 1/f € M, (see [7]). That result was also proved by Fang and Xia in
[8]. The next theorem establishes the same conclusion in the context of H.,, v > 0,
and without assuming that f be bounded. The proof is also significantly shorter
than [g].

Lemma 5.3. If0 <~y < 3, then CH, C CHg.

Proof. Set ¢ = f—~ > 0 and let b € CH,. By Lemma Bl with n = 1 this im-
plies that Mgy : H, — H,42 is bounded. Using adjoints and reproducing kernels,
we see that this is equivalent to the existence of C' > 0 such that Ck)*?(z) —
Rb(z)Rb(w)kY () is positive definite. We multiply this by kZ,(z) and apply the
Schur product theorem (see [I], Theorem A.1) and obtain that CkS*2(z) —
Rb(z)Rb(w)kp (2) is positive definite. This implies that b € CHp. O
Theorem 5.4. If f € CH., and if there is a constant ¢ > 0 such that |f(2)] > ¢
for all z € By, then % is a multiplier for H.,.

Proof. If f € CH., then by Lemma [5.3] we have that f € CH,yy for all n € Ny.
Since for large n the space H,4, is a weighted Bergman space, the hypothesis
implies that 1/ f is a multiplier of H o for sufficiently large n. Thus the theorem
will follow inductively from the claim:

Claim: If f € CH4, and if 1/ f is a multiplier of Hy ., 12, then 1/f is a multiplier
of HAH,’,—L.

Let g € Hy4p. Then

9\ ~|r(¢ < | By gRf
! - ! i f?
yt+n Y+n+2 Y+n+2 Y+n+2
S IR lly4nt2 + |9Bf ly+nt2 S N9lly+n-
Here the last inequality follows from Lemma [3.11 |
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