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ABSTRACT. G. Parisi predicted an important variational formula for the ther-
modynamic limit of the intensive free energy for a class of mean field spin
glasses. In this paper, we present an elementary approach to the study of the
Parisi functional using stochastic dynamic programing and semi-linear PDE.
We give a derivation of important properties of the Parisi PDE avoiding the
use of Ruelle Probability Cascades and Cole-Hopf transformations. As an ap-
plication, we give a simple proof of the strict convexity of the Parisi functional,
which was recently proved by Auffinger and Chen.

1. INTRODUCTION

Consider the mixed p-spin glass model on the hypercube Xy = {—1,1}", which
is given by the Hamiltonian

Hy(o) = Hy(0) + hZUi>

where H); is the centered gaussian process on X with covariance
EHy(o')Hy(0%) = N¢((a',0%)/N).

The parameter £ satisfies £(t) = ZPZQ Bf,tp, where we assume there is a positive €
such that £(1 + €) < oo, and h is a non-negative real number. It was predicted by
Parisi [13], and later proved rigorously by Talagrand [19], and Panchenko [16], that
the thermodynamic limit of the intensive free energy is given by

. 1 HN(O') _ . .
ngnoo N log Z c N ue%’?[fo,l] ,P(M7§7 h) a5

gEXN
Here Pr([0,1]) is the space of probability measures on [0, 1], and the Parisi func-

tional, P, is given by

1 1
P(u; & h) = uu(0,h) — 5/0 ¢ ()0, t]t dt,
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where u,, solves the Parisi PDE:

Ot (t,) + 42 (Duat,2) + 10,1 Guans(1,2))°) =0, (6,2) € (0,1) x B,
u, (1, ) = log cosh(z).

In the case that p has finitely many atoms, the existence of a solution of the
Parisi PDE and its regularity properties are commonly proved using the Cole-
Hopf transformation and Ruelle Probability Cascades. A continuity argument is
then used to extend the definition of u, to general 1 and to prove corresponding
regularity properties. Such approaches do not address the question of uniqueness
of solutions. See [IL2LI5L2T] for a summary of these results.

In this paper, we present a different approach. In Section 2] we prove the exis-
tence, uniqueness, and regularity of the Parisi PDE using standard arguments from
semi-linear parabolic PDEs.

Theorem 1. The Parist PDE admits a unique weak solution which is continuous,
differentiable in time at continuity points of p, and smooth in space.

See Section [2] for the precise statement of this result, and in particular for the
definition of weak solution. Due to the non-linearity of the Parisi PDE, low regu-
larity of the coefficients, loss of uniform ellipticity at ¢ = 0, and unboundedness of
the initial data, the proof of Theorem [ requires the careful application of many
different (though relatively standard) arguments in tandem.

The presentation of a PDE driven approach to the study of this functional is not
only of interest to experts in the field of spin glasses, but may also be of interest
to practitioners of the calculus of variations, PDEs, and stochastic optimal control.
There are many important, purely analytical questions surrounding this functional
that must be addressed before further progress on questions in spin glasses can be
made. See [I820,21] for a discussion. Some of these questions are thought to be
intractable to the methods currently used in the spin glass literature but appear to
be well suited to the techniques of the aforementioned fields. As such it is important
to present the study of this functional in a language that is both basic and palatable
to their practitioners.

Besides its intrinsic interest, the preceding theorem has useful applications to
the study of the Parisi functional. After proving the existence of a sufficiently reg-
ular solution to the above PDE, we can use elementary arguments from stochastic
analysis to prove many important and basic properties of this functional, such as
fine estimates on the solution of the Parisi PDE and the strict convexity of the
Parisi functional itself.

As a first application of this type, we further develop the well-posedness theory
of the Parisi PDE by quantitatively proving the continuity of the solution in the
measure . We also prove sharp bounds on some of the derivatives of the solution.
Such bounds are important to the proofs of many important results regarding the
Parisi functional; see for example Talagrand’s proof of the Parisi formula in [21] and
also [IL2L[18]. They were previously proved using manipulations of the Cole-Hopf
transformation and Ruelle Probability Cascades [2I]. This is presented in Section
24

As a further demonstration how Theorem [0 can be combined with methods
from stochastic optimal control, we present a simple proof of the strict convexity
of the Parisi functional. As background, recall the prediction by Parisi [13] that
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the minimizer of the Parisi functional should be unique and should serve the role
of the order parameter in these systems. The question of the strict convexity of
P was first posed by Panchenko in [I4] as a way to prove this uniqueness. It
was studied by Panchenko [14], Talagrand [I8[19], Bovier and Klimovsky [], and
Chen [5], and finally resolved by Auffinger and Chen in their fundamental work [2].
The work of Auffinger and Chen rested on a variational representation of the log-
moment generating functional of Brownian motion [3l[7], which they combine with
approximation arguments to give a variational representation for the solution of the
Parisi PDE. We note here that an early version of this variational representation
appeared in [4], where it is shown, using the theory of viscosity solutions, to hold
when the coefficient p[0,¢] is piecewise continuous with finitely many jumps.

Since the Parisi PDE is a Hamilton-Jacobi-Bellman equation, it is natural to
obtain the desired variational representation for its solution as an application of
the dynamic programming principle from stochastic optimal control theory. The
required arguments are elementary and are commonly used in studying non-linear
parabolic PDEs of the type seen above. We prove the variational representation in
Section Bl and then deduce from it the strict convexity of the Parisi functional in
Section [41

Theorem 2. The functional P(u; &, h) is strictly convex for all choices of & and h.

The variational representation which was discussed above is given in Lemma [I8
From this it follows immediately that one has the following representation for the
Parisi Formula.

Proposition 3. The Parisi Formula has the representation

o1 Hn (o)
Jim_ Slog 3 e

ogEX N

1 ¢
= inf sup E [log cosh (/ &"(s)p0, sasds +/ V& (s)dWs + h)
0 0

nePr([0,1]) aeAq
1 1
—5/ " (s)u[0, 5] (a2 + s) dé‘} ;
0
where Ag consists of all bounded processes on [0, 1] that are progressively measurable
with respect to the filtration of Brownian motion.
2. WELL-POSEDNESS OF THE PARISI PDE

Let w: [0,1] x R — R be a continuous function with essentially bounded weak
derivative 0,u. We call u a weak solution of the Parisi PDE if it satisfies

. 1 _ 5// (t) )
o_/o /R udhp+ 5= (udend + 11[0.1) (9,0)° 6) dmdt+/R¢(17a;)1ogCOthdx

for every ¢ € C° ((0,1] x R). We now state the precise version of Theorem [I] from
the introduction.

Theorem 4. There exists a unique weak solution u to the Parisi PDE. The solution
u has higher regularity:

o du € Cy([0,1] xR) for j >1,

e 0;07u € L* ([0,1] x R) for j > 0.
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For all j > 1, the derivative &iu is a weak solution to
0u0fu + 0 (0,,00u + (0,410 (9.0)*) =0, (t.2) € (0,1) xR,
u(l,x) = % log cosh z, z €R.

Remark 5. The solution described in [I] can be shown to be a weak solution of the
Parisi PDE, using the approximation methods developed there. It was also shown
in [I] that this solution has the higher regularity described above.

Remark 6. The reader may notice that the essential boundedness of 0,u is not
strictly necessary to make sense of the definition of weak solutions. It is used in the
proof of uniqueness in an essential way, however we do not claim that this proof is
optimal by any means.

Continous dependence is proved in Section 2.4

We begin the proof of Theorem [l After performing the time change t — s (t) =
3 (€ (1) — € (1)) and extending the time-changed CDF 1 [0,57* (¢)] by zero, we are
led to consider the semi-linear parabolic PDE

{&U—Au =m(t)u2, (t,r) e Ry xR,

(1) uw(0,z) =g (x), r € R,

where g (z) = logcoshz and m (t) = p[0,57* (t)] 1,<(¢/1)/2. We carry over the
definition of a weak solution from before: a continuous function u : [0,00) x R — R
with essentially bounded weak derivative 0,u is a weak solution to () if it satisfies

0— /°° / udyp + udard + m(t) (Opu)? ¢ dwdt + / 6 (0,7) g(z)dw
0 R R

for every ¢ € C° (]0,00) x R). Evidently, the existence, uniqueness, and regularity
theory of weak solutions to the Parisi PDE is captured by that of ().

Our proof of the well-posedness of () boils down to the study of a certain fixed
point equation, which we introduce now. Let e!® be the heat semi-group on R, i.e.

(emh) (z

1 |z —y|?
)= Vit /Re (v) dy

Then, u weakly solves (I)) if and only if u satisfies

t
(2) u(t) = et?yg —|—/ elt=2)8m, (5)u? (s) ds.
0
This is an application of Duhamel’s principle (see e.g. [6, Ch. 2]). For completeness,
we present this in Proposition
In Sections 2.TH2.3] below, we prove the existence, uniqueness, and regularity of
fixed points of (@) on a certain complete metric space. The properties of g and m
we will be using are that
e ¢ € L™ and %gELQOL‘X’ for j > 2,
e m is a monotonic function of time alone and ||m|| < 1.
These properties will influence our choice of space on which to study (@). The exact
bound on m does not matter, but we include it for convenience.
Once Theorem Hlis established, one can give a quick proof of the final component
of wellposedness, namely the continuity of the map from p to the corresponding
solution of the Parisi PDE, using standard SDE techniques. This is in Section 2.4l
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The notation <. denotes an inequality that is true up to a universal constant
that depends only on c¢. Throughout the proofs below, we will use two elementary
estimates for the heat kernel which we record here:

1

< —.
~ Vi

2.1. Existence of a fixed point. We prove the existence of a fixed point to (2.
First we show that there exists a solution for short-times ¢ < T; then by using an
a priori estimate we prove that a solution exists for all time.

Short-time existence comes via a contraction mapping argument. Define the
Banach space

X = {y e L® (R)} N {, € L (R)} N {vs € L2 (R)}

with the norm

(3) Hem||LpﬁLp§1 and H@IemHLpﬁLp

11l = 1lleo V l[9lloo V l[thaa] |2,

and for each T" > 0 define the complete metric space
Xp={e"h+¢:¢ecL>(0,T];X)}
N {lpall Lo o,r1xr) < 1B |loos ||daallLoe o,r7s2m)) < 1A [l2}
with the distance
dX’TL (u,v) = [[u = v|[ Lo o,7};)-
The symbol h in the definition of the space refers to the initial data, which is

assumed to satisfy b’ € L> and h” € L2.
Given u € X} define the map

t

(4) Alu] = e'®h +/ e=9%m (s)u2 (s) ds.
0

Lemma 7 (Short-time existence). Let

5) 7. (h) = win {1, [C - (IWlloo +1A"112)] 7}

where C' € Ry is a universal constant. Then for all T € (0,T,),
e (self-map) A: Xh — Xh.
o (strict contraction) There exists o < 1 such that

qu’i (A[u]vA[U])Saqu’i (u,v), ua'UeX%'
Therefore for every T < T, (h) there exists u € X1 satisfying u = A[u].
Proof. First we prove A is a self-map. Let u € X2 and say
t
= Alu] —eBh = / e=98m (s)u2 (s) ds.
0

Note that

t
ww:/ D)2 mul (s) ds,
0

t
1/)m:/ 8ze(t_5)A2mumum(s) ds.
0
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The estimates in (@) and the definition of X2 imply the bounds
1911z o,71xm) S T Iz
192l oo o1 xm) S T2 2,
ez o.11:22)) S TR ool [R”]2-
Therefore there is a universal constant C' € R, such that A : XA — X2 whenever
T < T (h) = (C[|W]]o0) "

Now we prove that A is a strict contraction. Let u,v € X and say

D=Aul-A] = /0 e (s) (u2 (s) — v2 (s)) ds.

The estimates in (B) and the definition of X2 give
iy (Afu] s ALo]) < Cmax{ I oo, T2 |loos T2 (B |41 lloe) } dxcp (1, 0),
where C' € Ry is a universal constant. Therefore, if

7, (h) = min {1, [ (1W]|oe +112”]12)]*}

then A is a strict contraction on X% for all T < Ty ATy. Since T7; < Ty we may
take T, = Tj. O

To prove the existence of a global-in-time solution to (2) we will work in the
space
Xr={c®g+¢:¢eL>(0,T];X)}
defined for each T € R;. Note that X¥ C X, so that by Lemma [7 if we take
T < Ty(g), then there exists u € X satisfying the fixed point equation ([2). To
extend u to all of time we require the following a priori estimates.

Lemma 8 (A priori estimates). Let T € Ry and assume u € Xp satisfies ([2).
Then

[t || Lo (0,17 xR) < 119 |00
ol Lo (0,17 2(R)) < 19”112 exp (19']12.T) -

Proof. The estimate on u, is derived by the maximum principle. By Corollary [IT]
(see below) we have

OFuy (t,x) — Aug (t, ) = 2m (t£) ugOpuy (t,z), Y (t,x) € (0,T) x R,

and by assumption u, is bounded. Now the usual proof of the maximum principle
for linear parabolic PDE in unbounded domains goes through [10].
For the estimate on u,, observe that

t
uy = g +/ A U (s) ds,
0

so by a standard energy estimate (see Lemma [[2] below) we have for almost every
t<T,

t
[ltae |72y (1) < ZHUJCHQLOO([O,T]X]R)/O ltaal 72wy (5)ds + [lg"115.
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The desired result follows from Gronwall’s inequality [6] and the a priori bound on
Ug - O

Corollary 9 (Global existence). For each T € R, there exists ur € Xr satisfying
@). The solutions {ur}rer, so produced agree on their common domains.

Proof. Define the maximal time of existence Ty, to be the supremum over T' € Ry
such that there exists up € Xp satisfying @)). If Ths < oo, then by Lemma [7] we
must have

limsup |[(ur)z|| Lo (jo,71x®) + [|(WT) el Lo (0,77;L2(R)) = 00,
T T

otherwise we could construct a solution extending for times beyond T;. Therefore
by Lemma [8 we must have Ty; = oo.
A quick application of Lemma [I3] shows that ur = up for t < T AT". O

2.2. Regularity of fixed points. One proves the higher regularity of the fixed
point u by a parabolic bootstrapping procedure.

Lemma 10 (Higher regularity). Assume u € Xt satisfies [2)). Then u satisfies

e JJuec L™ ([0,T];L* (R) N L>®(R)) forj > 2,

e dyu e L™ ([0,T] x R) and ,0%u € L> ([0,T]; L* (R) N L™= (R)) for j > 1.
Proof. Let us describe the first step of the argument. Since u € X we have
uy € LS and uy, € L°L2. Our goal will be to deduce u,, € L5 and uy,, € L°L2.
It will be important to note that we are working on the finite-time domain [0, 7] xR,
so that in particular L{°L2 C L2,.

Start by writing

t
Uy = et®g' —|—/ 2 2m, Uy (s) ds;
0
then by Lemma [2 we get u,., € L?,. Since mugug, € LL2, ¢ € L and
t
Ugy = €2 g" —l—/ 0,2 2mu gy, (s) ds,
0

we conclude that u,, € LS. Here we have used that fot Opet=9)2ds « LPL2 —
L2, which follows from (B]).
Now

O (MUgtze) =m (uim + umumx) cL?,
¢
so that ug, = e®¢" + / et=9)89m, (uix + UgUaaz) ds,
0

and finally we conclude wu,,, € L{°L2 using Lemma [[2] again.
The rest of the estimates on 07u are proved in the same way; the 0;07u estimates
follow easily. |

There is a sense in which the weak solution u is a classical solution.

Corollary 11. Let u € X7 satisfy [@). Then for all 5 > 0 we have
e OJu erists pointwise and is continuous,
o the left/right derivatives O dlu exist pointwise, and 8,0Iu exists at conti-
nuity points of m.
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Moreover, we have that
OEOIu (t,x) — Adu (t,x) = m (t£) & [u2] (t,z), V (t,z) € (0,T)xR.

For completeness, we record the energy estimate which was used above. The
proof is standard (see [6]) and is omitted.

Lemma 12. Let h be weakly differentiable with h' € L* and let f € L*([0,T] x R).
Then

t
() = e'®h + / =98 f(s) ds
0
satisfies

19ellT o o722 () F [l 720 715y < NF1Z2 0,77 x) + 101172 )

2.3. Uniqueness of fixed points. Since we used a contraction mapping argument
to construct fixed points for (@) in the spaces X%, we have implicitly demonstrated
a uniqueness theorem there. The following result achieves uniqueness without men-
tion of the second derivative ug,,.

Lemma 13. Assume u,v :[0,T] X R — R are weakly differentiable and that us, v,
are essentially bounded. Then if u,v satisfy the fixed point equation @), it follows
that u = v.

Proof. In the following, C' denotes a universal constant which may change from line
to line. Let d = u — v; then by assumption we have

d(t) = /t e=%m (s) (ug + vg) dy (s) ds, t<T.

0
Therefore .
do(t) = [ 0.2 m(s)(uy + vg)dy(s)ds, t<T.
0

Using the second heat kernel estimate in (B]), we conclude the contractive estimate

t
1
dg|| e < Cllug + vzl /— dg (8)]| 00 ds
|| HL ([0,t]xR) > || ||L ([0,T]xR) o \/m” ()HL (dx)

for all t < T. It now follows from an iterative argument that d, = 0 and hence
that d = 0. To see this note that if d, = 0 on [0,¢;] x R, then by the contractive
estimate above,

|[de|lzoo (1, xR) < Clltue + vel|Loo (o,71xm) VE — t1l|da || oo (11,4 xR)
for all t € [t1,T]. Therefore d, = 0 on [0,¢1 + €], where € depends only on the L*>
bounds on w,,v,. This completes the proof. O

2.4. Continuous dependence of solutions. For convenience we metrize the
weak topology on the space of probability measures on the interval Pr[0, 1] with
the metric

1
d () = / 1[0, 5] — [0, 5]| ds.
0
Lemma 14. Let p,v € Pr[0, 1] and u, v be the corresponding solutions to the Parisi
PDE. Then
lu—vlleo <€ (1) d(p,v),
[tz = vz|loo < exp (€' (1)) " (1) d(p, v).
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Remark 15. The first inequality is originally due to Guerra [11].

Proof. Let u, v solve the Parisi PDE weakly; then w = u — v solves
w5 (waw + pl0,1] (e + v2) wy + (0,4 = v[0,2])) v2) =0, (t,2)€(0,1) xR,
w(l,z) =0, r € R,

weakly. Since u,, v, are Lipschitz in space uniformly in time and bounded in time,
we can solve the SDE

dX, = " (8) [0, 1] 2= ;r YT (1, X,) dt + \/E (D)W,

Furthermore, as w weakly solves the above PDE and has the same regularity as u
and v, we can write

w(t,2) EX(/ 36 () (ul0.5] = v 0,50) 22 (5. X,) ds )

by Proposition Therefore

lwllee < €7 (1) d (1, v)
since £” is non-decreasing and ||v;||%, < 1 by Lemma [T6
By differentiating the PDE for w in z, one finds by similar arguments in Propo-
sition 22] that w, has the representation

wy (t,7) = B, (/ B (1,5)€" () (1[0,5] — v [0, 1) 00z (5, X,) ds),

E(t,5) = exp ( / ¢ (7 ””J“% (r, X)) dT> .

Using [|vz]loc < 1 and ||[tzglloo V |[Vzz]loc < 1 from Lemma [I6 and since £ is
non-decreasing,

where

|[wz]|oo < 65/(1)5” (1) d(v,p).
O

Lemma 16. The solution u to the Parisi PDE satisfies |u,| <1 and 0 < ug, < 1.

Remark 17. The Auffinger-Chen SDE and the corresponding It6 formulas for u, and
Uzz used in the proof below were first proved in [2] using approximation arguments.

Proof. Using the PDEs for u,, u,; given in Theorem Ml along with Proposition 22|
we can write

Uy (t,2) = Ex,—, (tanh X7),
1
Ugs (6, 2) = Ex,—s (sech2X1 +/ € (s) [0, s]uz, (s, Xs) ds) ,
t

where X solves the Auffinger-Chen SDE
dXt = 5/, (t) 1% [0, t] Uy (t, Xt) dt + f// (t)th

The first equality immediately implies the bound on u,, and the second equality
implies 1y, > 0. Then by a rearrangement one finds

Uge (t,2) = 1 — p[0,t)u2 (t, ) — Ex,—s (/tl u? (s, X,) dp (s)) ,

and ug, <1 follows. O
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3. A VARIATIONAL FORMULATION FOR THE PARISI PDE

In this section we use the methods of dynamic programming (see e.g. [§]) to give
a new proof of the variational formula for the solution of the Parisi PDE.

Lemma 18. Let u, solve the Parisi PDE as above and define the class A; of
processes as on [t, 1] that are bounded and progressively measurable with respect to
Brownian motion. Then

1 1
6)  unlti) = sup Exoy [—5 [ €/ niv.slatds +log cosn(xp)
t

aEA;
where X solves the SDE
(") AXE = €"()[0, slasds + /& (5)aW,

with initial data X = x. Furthermore, the optimal control satisfies
1[0, slak = ul0, slux(s, Xs) a.s.,
where X solves the Auffinger-Chen SDE with the same initial data:
dX, = " ()0, s]0pu(s, Xs)ds + /€7 (s)dWi.

Remark 19. This formula was first proved by Auffinger and Chen in [2]. Taking
advantage of the Cole-Hopf representation in the case of atomic u, they proved the
lower bound for every a using Girsanov’s lemma and Jensen’s inequality. They
then verified that their optimal control achieves the supremum, by an application
of It0’s lemma. The uniqueness follows from a convexity argument. In contrast, we
recognize the Parisi PDE as a specific Hamilton-Jacobi-Bellman equation. It is well
known that the solution of such an equation can be seen as the value function of a
stochastic optimal control problem. As such, this representation can be obtained
by a textbook application of “the verification argument”. This argument simulta-
neously gives the variational representation and a characterization of the optimizer.
We also note that the argument presented here is more flexible, as is evidenced by
replacing the nonlinearity u2 with F(u,) in the Parisi PDE, where F is smooth,
strictly convex, and has super linear growth. In particular, observe that one cannot
use the Cole-Hopf transformation on the resulting PDE, but the arguments of this
paper follow through mutatis mutandis.

Proof. Let u solve the Parisi PDE. Notice that the nonlinearity is convex, so if we

let
2

Lt N =€ (OpD0,65,
F(t.3) = € (@) l0,17

then by the Legendre transform we have

(amu)2 " 2
S = €M (0ul0, f sup {~X2/2 + A,u}
AER

=sup{L (t,\) + f(t,\) Oru}.
AER

(8)

§" (t) 110, 1]

Therefore, we can write the Parisi PDE as a Hamilton-Jacobi-Bellman equation:

§" (1)

Ozatu—i— 2

AER
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Since a; in Ay is bounded and progressively measurable, we can consider the
process, X, which solves the SDE

dX* = f(s,as)ds ++/&"(t)dW
with initial data X;* = 2. This process has the corresponding infinitesimal genera-
tor

£(t,0) = 5€" (102 + (1,0)00.
Notice that u is a (weak) sub-solution to
Ou+ L(t, a)u+ L(t, o) <0
with the regularity obtained in Theorem[dl It follows from Itéd’s lemma (Proposition

22) that

1
u(t,x) > sup E, [/ L (s,as) ds + log cosh (X7)
a€A, t

The result now follows upon observing that the control u, (s, X;) achieves equality
in the above since it achieves equality in the Legendre transform. That this control
is in the class A; can be seen by an application of the parabolic maximum principle
(Lemma [6). Uniqueness follows from the fact that A achieves equality in the
Legendre transform if and only if

" () [0, A = " ()0, .

Applying this representation to the Parisi formula gives Proposition 3.

4. STRICT CONVEXITY

As an application of the above ideas, we give a simple proof of strict convexity

of P.
Theorem 20. The Parisi functional is strictly convez.

Proof. We will prove that u — u, (0, h) is strictly convex. Then

Pl0) = (0.0 = 5 [ € Oul0.1)sds

will be the sum of a strictly convex and a linear functional, so P will be strictly
convex.

Recall

1 2
u,(0,h) = seuﬁ) Ey, [/0 —ﬁ”(s)u[(),s}% ds + log cosh (Xf‘)} .
a€Ap

Fix distinct p,v € Pr[0,1] and let g = O+ (1 —6)v, 6 € (0,1). Let o’ be the
optimal control for the Parisi PDE associated to ug so that

uug (0, h) = Eh

! " (O‘g)Q af
/0 —£ (s),ug[O,s]Tds—l—logcosh (X1 )]

Consider the auxiliary processes Ytae and Ztae given by solving

dY, = &' (t)p[0, tlaldt + /&) dW, and dZ, = £" ()]0, t]aldt + /" (£)dW,
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with initial data Yy = Zy = h, and note that
x =0y +(1-60)2>.

By the lemma below, P(Y; # Z;) > 0. Therefore by the strict convexity of log cosh
and the variational representation (6l),

1 02
Uy (0, 1) = Ep, l /0 —€" (5) g [0, 5] (O‘;) ds + log cosh (Xf‘ )]

<9( )

(1-0) (Ehl/ —€" (s ](a)zds+logcosh( )

< 6u,(0,h) + (1 —0)u,(0,h),
as desired. [l
Lemma 21. Let Y; and Z; be as above. Then P(Yy # Z1) > 0.

2

/1 —£" (s) |0, 5] (Og) ds + log cosh (Yf‘g)

Proof. Tt suffices to show that
Var(Yl — Zl) > 0.

By definition we have

Y- 2 = /5” — 1[0, 5])a? ds.

Observe that by the PDE for u, in Theorem [ and It6’s lemma (see Proposition
22)), the optimal control af = (u,,), is a martingale,

t
af —ag :/0 VE(8)ugs (s, Xs)dW,

Therefore if we call Ay = &"(s)(1[0, s] — v[0, s]), then
1 2
Var(Yy — Z,) = Ey, (/ Ay(af — ag)ds> = AN K (s,t) dsdt,
0 [0,1]°

where

K(s,t) = By [(a? — a) - (o = a)].

Now since Ag € L5[0, 1], it suffices to show that K(s,t) is positive definite. We

have

K(s,t) = Ej UO VE ()t (s, ng) AW, - /Ot VE O tan (t,Xf‘e) th]

=/ " () Epul, (¢, X&' )dt' = p(t A s) = p(t) Ap(s),

where s
s):/ 't Epul, (¢, ffe)dt’.
0

By the maximum principle (Lemma [I6]), u,, > 0, so that p(t) is strictly increasing.
Since this kernel corresponds to a monotonic time change of a Brownian motion, it
is positive definite. O
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5. APPENDIX

We will say that a function f : [0,00) X R — R with at most linear growth if it
satisfies an inequality of the form

[f(t2)] S 1+ 2] VT e Ry, (t2) €[0,T] x R.

We will say the same in the case that f : R — R with the obvious modifications. In
the following we fix a probability space (2, F, P) and let W; be a standard brownian
motion with respect to P. Let F; be the filtration corresponding to W;.

To make this paper self-contained, we present a version of It6’s lemma in a lower
regularity setting. The argument is a modification of [I'7, Cor. 4.2.2].

Proposition 22. Let a,b: [0,T] x (Q,F,P) — R be be bounded and progressively
measurable with respect to F; and let a > 0. Let X; solve

dX; = \/a(t)dWy + b(t)dt
with initial data Xo = x. Let L = Ja(t,w)A + b(t,w)dy. Finally assume that we
have u satisfying:
(1) uwe C([0,T] x R) with at most linear growth.
(2) Uy, uge € Cp([0,T] x R).
(3) w is weakly differentiable in t with essentially bounded weak derivative uy,
which has a representative that is Lipschitz in x uniformly in t.

Then u satisfies Ito’s lemma:

w(t, X0) — uls, Xy) = / (0 + L) uls, Xo)ds' + / (s, X o) a(5) AW

S
Remark 23. This result is applied throughout the paper to the solution u from
Theorem [l and its spatial derivatives. We note here that, given the regularity in
Theorem [ the weak derivatives 9;0%u, j > 0, have representatives satisfying the
above Lipschitz property.

Proof. To prove this, we will smooth u by a standard mollification-in-time proce-
dure and apply Itd’s lemma. Without loss of generality, assume T'=1 and s = 0.
Extend u to all of space-time by

u(t, ) = {u(O,x), t <0,

u(l,x), t>1.

Abusing notation, we call the extension u and note that it satisfies each of the
assumptions above. Let ¢(y) € C2°(—1,1) with 0 < ¢ <1 and [ ¢ =1, and define
oe(s) = ¢(s/e€)/e. Define the time-mollified version of u as

ut(t,z) = /Rcﬁe(s)u(t — s, x)ds.

Since u¢ € C'? has bounded derivatives and grows at most linearly, Ito’s lemma
implies that

¢ ¢
u(t, X)) —u(0,2) = / (O + L) u(s, Xs)ds + / u (s, Xs)vVadWs
0 0

t t t

:/ ui(s,XS)ds—l—/ Lus(s,XS)ds/ u$ (s, Xs)vVadWs
0 0 0

= Ae + Be + Ce
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for all € > 0. Since these quantities are well defined at ¢ = 0, it suffices to show
their convergence.

First we show that the left-hand side converges. Note u is Lipschitz with constant
||[Vu||oo. Therefore,

sup sup|u(t,z) — u(t,x)| = supsup| [ ¢(y) (u(t — ey, x) — u(t,z)) dy| < [|Vul|oe.
zeR ¢ zeR ¢
Thus u(t, X¢) — u(t, X;) uniformly P-a.s.

Now we consider the right-hand side. For A, note that since u; is Lipschitz
in  uniformly in ¢, by an application of Lebesgue’s differentiation theorem, we
have that u§ — u, for all x, Lebesgue-a.s. in ¢. Thus by the bounded convergence
theorem, we have that

t t 1
sup | [ wui(s, Xs)ds —/ ut(s, Xs)ds| < / lug (s, Xs) — us(s, Xs)|ds — 0.
tel0,1] JO 0 0

Thus, Ac — A uniformly P-a.s.

The convergence for B, follows from a similar argument. Since u,,uz, € Cp,
commuting derivatives with mollification shows that u$ and uf, converge to u,
and u,, pointwise. Then, the bounded convergence theorem implies that B, — B
uniformly P-a.s. just as before.

Now we prove uniform a.s. convergence of C. to C. Combining the above
arguments proves that C. is uniformly a.s. convergent, so it suffices to check its
convergence to C' in probability. By Doob’s inequality and Ito’s isometry,

teo,1]

t t 1
1
P| sup |/ uS\/adW —/ ugvVadWs| >n | <, —2/ E|u — ug|* — 0,
0 0 " Jo
where the last convergence is again by the bounded convergence theorem. O

We finish with a discussion of Duhamel’s principle, which justifies the introduc-
tion of the fixed point equation ([2)) in the proof of Theorem [l Note that since our
weak solutions satisfy 0,u € L°° by definition, they have at most linear growth.

Proposition 24. Suppose that u, f : [0,00) X R = R, g : R — R have at most
linear growth. Assume that f is Borel measurable and that u and g are continuous.
Then

(9)

O:/Oo/uatéﬁ—i—u@méf?-i-f(bdxdt—i—/¢(O,x)g(x) dz V¢ e C>(]0,00) x R)
o Jr R

if and only if

t
(10) u(t) = ey +/ =2 (s)ds Yt e0,00).

0
Remark 25. Although the assumption of linear growth is not optimal, it will be
sufficient for our application. Implicit here is a uniqueness theorem for weak solu-
tions of the heat equation with at most linear growth. Recall that even classical

solutions fail to be unique without certain growth conditions at |x| = oo (see e.g.
[12, Ch. 7).
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Proof. That u satisfies (@) if it satisfies (I0]) is clear in the case that f, g are smooth
and compactly supported. Then, a cutoff and mollification argument upgrades the
result to the given class.

In the other direction, suppose that u satisfies ([@). Define the function

O (t,x) = u(t,x) - [¢“g ()] (x)—/o 8 (s5,)] (@) s,

which is continuous and satisfies © (0,-) = 0. By a similar argument as above,
O satisfies the heat equation in the sense of distributions on Ry x R. Since the
heat operator is hypoelliptic, it follows that © is a classical solution [9]. By its
definition, © grows at most linearly since the same is true for u, f, and g. By the
maximum principle for the heat equation in unbounded domains [12], we conclude
that © = 0. ]
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