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ABSTRACT. We provide explicit evaluations of the Chowla-Selberg formula
for quartic abelian CM fields due to Barquero-Sanchez and Masri. These
identities relate values of a Hilbert modular function at CM points to values of
Euler’s gamma function I' and an analogous function I'y at rational numbers.
Our work consists of two main parts. First, we implement an algorithm in
SageMath to compute the CM points. Second, we exhibit families of quartic
abelian CM fields for which the part of the formula involving values of I and
I'2 takes a particularly simple form.

1. INTRODUCTION AND STATEMENT OF RESULTS

The Chowla-Selberg formula [4.[5] relates values of the Dedekind eta function n
at CM points associated to imaginary quadratic fields to values of Euler’s gamma
function I' at rational numbers. In [I], Barquero-Sanchez and Masri generalized
the Chowla-Selberg formula to abelian CM fields. Their formula relates values of a
Hilbert modular function at CM points associated to an abelian CM field to values
of both I' and an analogous function I'y at rational numbers. In this paper we will
provide explicit evaluations of the Chowla-Selberg formula for quartic abelian CM
fields. This consists of two parts: (1) calculating the CM points, and (2) identifying
families of field extensions for which the side of the formula involving I' and I's takes
a particularly simple form. We provide several examples of our formulas for specific
quartic fields.

We briefly recall the classical Chowla-Selberg formula. Let K = Q(V/d) be a
quadratic field of discriminant A, Ok be the ring of integers, CL(K) be the ideal
class group, hq be the class number, wy = #Oj be the number of units (for d < 0),
eq be the fundamental unit (for d > 0), and xq(k) = (%) be the Kronecker symbol.
Let
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be the Dedekind eta function, where H is the complex upper half-plane. Define the
SLs(Z)-invariant function

G(z) = Vyln(=)P.
The Chowla-Selberg formula is the identity

% ‘A‘ waxd (k)

(1.1) I1 )G(zu)—<ﬁ> kllr(%)

[a]eCL(K

where d < 0 and the product is taken over a complete set of CM points z, of
discriminant A.

We now state the analog of (II]) for abelian CM fields proved in [I]. We refer
the reader to the introduction of that paper for an overview of the proof. Let F/Q
be a totally real field of degree n with embeddings 71,...,7,. Let Of be the ring
of integers, O be the group of units, dr be the absolute value of the discriminant,
Or be the different ideal, (r(s) be the Dedekind zeta function, and

Cil(s) = A2 m /20 (s/2)"Cp (s)

be the completed Dedekind zeta function of F'.
Let

z=1(21,...,2n) € H".

The Hilbert modular group SLy(OF) acts componentwise on H™ by linear frac-
tional transformations. There exists an SLy(Op)-invariant function H: H® — R*
analogous to G(z) which arises from a renormalized Kronecker limit formula for
the non-holomorphic Hilbert modular Eisenstein series. More precisely, define the
non-holomorphic Hilbert modular Eisenstein series

E(zs)= 5 N@Mz)', zeH", Re(s)>1,
MEFOO\SLQ(OF)
where
* %
e {(; ) estaton)
and

N = [

is the product of the imaginary parts of the components of z € H™. Barquero-
Sanchez and Masri [I, Proposition 3.1] derived the renormalized Kronecker limit
formula

B (z A 1) — 1+ log(H(2))(s + 1) + O((s + 1)2).
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Explicitly,

= VN(y(2))¢(2)

where ¢: H* — RY is

GEDNE) | 71 (D) T

1/2
r uea;;/ag TF |NF/Q>(/L3F)NF/@(#)|
n#0

¢(z) = exp

Here rp is the residue of (j(s) at s =0,

o1(uor) = Z Np/g(b)

b|uor

and
n
Z):ZTJ'( xJ+ZZ|TJ Ny;-
j=1

Let E be a CM extension of F with class number hp and let ® = (01,...,0,) be
a CM type for E. Assume that F' has narrow class number 1. For each fractional
ideal class [a] € CL(E), there exists a CM point z, € E* of type (E, ®) which is
unique up to SLs(Op)-equivalence. Let

CM(E, ®,0r) = {2 : [a] € CL(E)}

be a complete set of CM points of type (E,®) on the Hilbert modular variety
SLo(Op)\H™ (see Section [l for more details).

Let L C Q(¢,,) be an abelian field, where ¢, = e2m/™ ig g primitive mth root
of unity. Let Hy be the subgroup of G = Gal(Q((,,)/Q) which fixes L. Recall
that G = (Z/mZ)*, where we identify the map o; € G determined by o4((n) = ¢,
with the class [t] € (Z/mZ)*. We can then define the group of Dirichlet characters
associated to L by

X ={x € (Z/mZ)* Xy, =1}
Since the CM field E is abelian over Q, by the Kronecker-Weber theorem E embeds
into some cyclotomic field Q({,,). As Hg < Hp, it follows that Xp < Xg. For our
purposes, the choice of cyclotomic field containing E does not matter. Let L(x, s)
be the L-function of the primitive Dirichlet character of conductor ¢, which induces
x € Xg and define the Gauss sum

Cx
T X) = ZX(k) fxa ch = 27”/CX
k=1

Let
— 1
C(s,x):;m, x>0, Re(s)>1

be the Hurwitz zeta function, and consider the Taylor expansion

C(s,x) = % —xz+ 0:¢(0,2)s + 852((0, x)32 + 0(53).
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By the Bohr-Mollerup theorem, the function log(I'(x)/ \/ﬁ) is the unique function
f: Rt — R such that

f(x+1) = f(z) = log(z),

f(1) ={'(0) = —log v2m, and f(z) is convex on RT. One can show that 95¢(0, z)
satisfies these three properties, which yields Lerch’s identity [10]

0:¢(0,2) = log(T'(z)/VZm).
Deninger [6] showed that 92¢(0, ) is the unique function g: R™ — R such that
gz +1) = g(w) = log*(x),
g(1) = —=¢"(0), and g(z) is convex on (e, 00). Define
Ts(z) = exp(97¢(0,2)), @ >0,

which by the preceding discussion can be viewed as analogous to I'(z)/v/27.
We can now state the Chowla-Selberg formula for abelian CM fields.

Theorem 1.1 ([I, Theorem 1.1]). Let F/Q be a totally real field of degree n with
narrow class number 1. Let E/F be a CM extension with E/Q abelian. Let ® be a
CM type for E and

CM(E,®,0p) ={z,:[a] € CL(E)}
be a set of CM points of type (E,®). Then

c hpx(k)
X k O\ 22000
w2 [ #ee)-aErn [T I[r(5)
[a]eCL(E) XEXE\XF k=1
cx 1
< I (3)
XEXF k=1
x#1

where
hg

dp 2
Cl(E,F,?’l) = <m) .

Our first result is the following explicit version of (IL2)) for a family of biquadratic
CM fields.

Theorem 1.2. Let p = 1 (mod 4) and ¢ = 3 (mod 4) be primes. Let F =

Q(vp), E = Q(y/p,v/—4q), and & be a CM type for E. If F' has narrow class
number 1, then

hEx_q(R)w_g
1\ 2 2 ) N T —
=) Ir(t
8mq q
hEX—pg(F)w_pq hgxp(k)
h

k=1
pq p
]{; 4h g k 4Tog(ep)
< []T (—) IIr- (—) :
k=1 k=1 p

II H@G)

[a]eCL(E)
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Let B1(x) be the first generalized Bernoulli number attached to a Dirichlet char-
acter x. Given a prime p = 1 (mod 4), the pth cyclotomic field Q(¢,) contains a
unique cyclic quartic subfield E. We will show that if p =5 (mod 8), then E is a
CM field with totally real quadratic subfield F' = Q(,/p) (see Lemma [3.2]).

Our analogous result for this family of cyclic quartic CM fields is as follows.

Theorem 1.3. Let p =5 (mod 8) be a prime. Let F' = Q(\/p), E be the unique
cyclic quartic subfield of Q((p), and ® be a CM type for E. If F has narrow class
number 1, then

p —hpRe XX p hexp (k)
k B0 kY Tloetep)
[I H@G)=a@EF2)]]r (—) IIr- (5) .
k=1 1

[a]€CL(E) p foe

Here x is any choice of character of (Z/pZ)* that sends a primitive root modulo p
to a primitive fourth root of unity.

Remark 1.4. For the fields in Theorem [[3 we have E = Q (\/—(p + By/p)) where
p= B?+C? with B >0, C > 0 integers and B =2 (mod 4). This can be deduced
from the main theorem in [I1] which gives the conductor of a cyclic quartic field in
terms of certain integers that define a primitive element, and the fact that Q((,)
has at most one subfield of a given degree. We will need this fact to compute a
complete set of CM points CM(E, &, Or) using Algorithm 6.1.

Remark 1.5. Because the Dirichlet character x in Theorem [[3] takes values in
{0, 41, £i}, the exponents on the right side of Theorem [[3] are rational except for
the regulator log(e,). In particular,

Bi(x) = 1Zx(k)k'-
p k=1

Organization. This paper is organized as follows. In Section 2] we give several
examples of our main theorems. In Section [Bl we calculate the groups of characters
appearing in the right side of Theorem [Tl for the families of fields in Theorems
and [[L3] and in Section ] we prove these two theorems using Theorem [[LIl In
Section [l we review some relevant facts about CM points, and in Section [ we
give a modified version of an algorithm of Streng [I3] to compute the CM points
for a quartic abelian CM field. In Section [l we give some tables of CM points
for fields of small class number and for some of the larger examples in Section
Finally, in the appendix we explain how to use an implementation of this algorithm
in SageMath [12].

2. EXAMPLES

We now give several examples of Theorems and [[3] including explicit CM
points obtained by Algorithm 6.1. We have also included a cyclic quartic field not
covered by either of these theorems.

Example 2.1 (Theorem L2 p = 13, ¢ = 3). Let E = Q(+/13,+/—3), which has
totally real subfield F' = Q(+/13). Note that F has narrow class number 1. Then
hg = 2,h_3 = 1,h_39 = 4,w_3 = 6, and w_39 = 2. A fundamental unit is
e13 = (3++/13)/2. Let & = {id, o} be the CM type where id is the identity map
and o is the automorphism such that o(v/13) = —/13 and o(v/—=3) = v—=3. A
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complete set of CM points of type (E,®) is given in Table [l in Section [l By
Theorem [[.2] we compute

H(m-m V3 VI3

H<\/—_3—3\/E ¢——3+3m> r()°
2 2

V315 | —Vi3+s5 |

Hl M N~

L) (Fz(%)Fz 15) U2 (35) U2 (35) U2 (35) T2 (33) | 2=(*)
r(28)7 \T2 (55) T2 (55) T2 (55) T2 (5) T2 (55) T2 (53)

Example 2.2 (Theorem [[.2] p = 29, ¢ = 31). For an example involving a larger
class number, consider the biquadratic CM field E = Q(+/29, v/—31). The real qua-
dratic subfield F = Q(1/29) has narrow class number 1. We have hg = 21, h_3; =
3,h,29.31 = 14,11),31 = 2,’LU,29.31 = 2 and €29 — (5 + \/@)/2 Similarly to Ex-
ample 21, we will use the CM type ® = {id,oc} where 0(v/29) = —v/29 and
o(v/—31) = /=31. Table Bl gives a complete set of CM points CM(E, ®,OF).
Then Theorem gives

H H(®(z,)) = (ﬁ) e If[lf (;—J Ix_s1(k)

[a]eCL(E)
899 3y _go9(k) 29 21x29 (k)
k ZX—899 k 410g(5+\/®)
'l — T — 2 ).
X kl;[l (899> Hl (29)

Example 2.3 (Theorem [[3] p = 13). Consider the real quadratic field F =
Q(v/13), which has narrow class number 1. The unique cyclic quartic subfield
of Q(¢13) is F = Q(VA), where A = —(13 4+ 2/13) (the fact that A is a generator
follows by Remark [[4]). Let ® = {id, 7} be the CM type consisting of the identity
map and the map 7 such that 7(v/A) = VA’ where A’ = —(13 — 21/13). The
number 2 is a primitive root modulo 13. Let x be the character of (Z/13Z)* such
that x(2) = 9. A calculation shows Bi(x) = —1 —i. We have hg = 1, and a
fundamental unit is €;3 = (3 +v/13)/2. From Table B (VA —3v/13)/(v/13 +5) is
a CM point corresponding to the only fractional ideal class in E. We have dp = 13
and dg = 2197. Now by Theorem [I.3]

—(13 +2V13) — 3v/13 {/—(13 — 2/13) + 313

VI3 +5 ’ —VI3+5
- o (PRI
2131V \T () T () T (5) T () T () T (3)

<F2 (£5) D2 (35) T (35) L () T2 (33) T (%>)“‘°g<3w>
2 (8) T2 (55) T2 (5) T2 (5) T2 (5) T (1)



CHOWLA-SELBERG FORMULA FOR QUARTIC ABELIAN CM FIELDS 2759

Example 2.4 (Theorem [[3 p = 109). Let F' = Q(4/109). The unique cyclic
quartic subfield of Q((109) is F = Q(vVA) where A = —(109 + 104/109). The class
number of E is hg = 17, and F' has narrow class number 1. Let ® = {id, 7} be the
CM type consisting of the identity map and the map 7 such that 7(v/A) = VA’
where A’ = —(109 — 104/109). The number 6 is a primitive root modulo 109, so let
X be the character of (Z/109Z)* such that x(6) = i. Then Bi(x) = =5 —3i. A
fundamental unit is €199 = (261 + 25v/109)/2, and we have dr = 109, dp = 109°.
Substituting this data into Theorem [[13], we get

17x109 (k)

1 17 108 i alk) 108 EN\T (261 25@)
Il @) = (87T\/109) ;EF (@) IEB (ﬁ)

5, if x(k) =1,
_ =5, if x(k) = -1,
ok) = 3, if (k) =1,
=3, if x(k) = —i.

Example 2.5. For an example of a cyclic quartic CM field not covered by Theorem
I3 let E = Q(vA) where A = —3(5 +/5), and F = Q(+/5), which has narrow
class number 1. The field FE is cyclic of degree 4 by the introduction to [I1], and
hence F is a CM field because it has at least one complex embedding. We have
dp =5,dg =2%-32.5% hg =4, and 5 = (1 +/5)/2. Let ® = {id, 7} be the
CM type such that 7(v/A) = VA’ where A’ = —3(5 —/5). We can use Magma [2]
to compute the primitive Dirichlet characters inducing the Dirichlet L-functions in
the factorization of the Dedekind zeta function of E, which are the characters in
Xp. The non-trivial character in X is the Kronecker symbol of Q(v/5). It is also
possible to determine the characters by using the explicit description of a generator
of E found in [II, Lemma 2] in terms of biquadratic Gauss sums. Using either
method, we find that Xg \ Xp = {x, X} where x is the character of conductor 120
such that

x(31) = -1, x(61)=-1, x(41)=-1, x(97) =1.
Proceeding in the same way as in the proof of Theorem [[3] we find

1N D ()1 (1) ()
11 H@(Za)):mknr(ﬁ) (m

[a]€CL(E) -1

where
1, if x(k) = -1 or x(k) = —i,
alk)y=<¢ -1, if x(k)=1or x(k) =1,
0, if ged(k,120) > 1,

and the four CM points computed using Algorithm 6.1 are

VN VA 2VA VA

Zo = —, 24 = —.

23 = —,
2 5T /45 3
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3. GROUPS OF CHARACTERS FOR QUARTIC ABELIAN CM FIELDS

In this section we compute the groups of characters necessary to obtain Theorems
and First, we recall a couple of classical results about quadratic Gauss sums.
For an odd prime p and integer k not divisible by p, let

p—1
x .
k,p — (_> eQTrzkx/p
glk.p) = )

x=1

denote the quadratic Gauss sum. Then we have the following:

(3.1) g(k,p) = (S) g(1,p), I7, Prop. 6.3.1]
(3.2) g(l,p) = { X/ﬁl—;7 iﬁ 2; Eggg i;: [T, Ch. 6, Theorem 1]

where the square roots have positive real part. In [I, Theorem 1.4], the authors
give a more general version of Theorem for multiquadratic extensions. Their
computation of the group of characters for a multiquadratic extension relies on a
certain Galois-theoretic property of the Kronecker symbol, which is more or less
equivalent to the fact that an analogue of (2] holds when p is replaced by a
squarefree integer (see [, §5.2(d)-5.2(e)]). We will give an alternative computation
of the group of characters for the family of biquadratic extensions in Theorem

using only B1)) and B2).

Starting with the biquadratic case, let p = 1 (mod 4) and ¢ = 3 (mod 4) be

primes. Let F' = Q(/p), E = Q(\/p, v/—¢q), and m = pq. By [B.2)) it is clear that
E C Q(¢) where ¢, = ¢*™/™ . For a finite abelian group G and a subgroup H,

there is a natural isomorphism H=+ = G{/?{ where H- = {x € G : X|g = 1}. Take
G = Gal(Q(¢n)/Q), and let Hr and Hg denote the subgroups that fix F' and F
respectively. Then we have Xr = H and Xp = Hy. Recall that we identify the
automorphism o; € G determined by o¢((,,) = ¢!, with the element [t] € (Z/mZ)*.

Lemma 3.1. Let p =1 (mod 4) and ¢ = 3 (mod 4) be primes. Let F = Q(\/p),
E =Q(\/p,vV—4q). Then X and Xg may be taken to be subsets of (Z/pqZ)*, and

Xp= {leXQ}, Xp = {X17X27X37X4}’

where

v won () e ()

Proof. We first determine Hr and Hg by using quadratic Gauss sums. Since (, =

4,5 then 04(¢,) = ¢} Hence by B1) and (B.2),

o1(VB) = o1(9(1,p)) = g(t.p) = (fg) B

Thus oy fixes F' if and only if ¢ is a quadratic residue modulo p. The same argument
shows

nv=n=(4)v=a
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It follows that

o= {ucanar (§) ). me- e ()~ () -1}

Now to determine Xg and X, by Galois theory G/Hp = Gal(F/Q) and G/Hg =
Gal(E/Q). A finite abelian group is non-canonically isomorphic to its character
group, so by the remarks preceding this lemma we have Xp = Gal(F/Q) and
Xg = Gal(E/Q). It is immediate from the descriptions of Hr and Hg that the
characters y; for 1 < i < 4 lie in the groups Xz and Xg as claimed above, so by

size considerations we are done. O

Moving on to the family of fields in Theorem [[.3] we first verify that these fields
are in fact cyclic quartic CM fields.

Lemma 3.2. Let p =5 (mod 8) be a prime and let F' = Q(/p). Then Q((p) has
a unique degree 4 subfield E, and furthermore E is a cyclic quartic CM field with
totally real quadratic subfield F.

Proof. The Galois group G of Q((,) is cyclic of order p— 1. Hence by Galois theory
the subfield E fixed by the unique subgroup H of G of index 4 is a cyclic quartic
subfield. By (8.2) it is clear that F' C Q({,), and by a similar uniqueness argument
we conclude F' C E. Because |G| = 4 (mod 8), H does not contain the complex
conjugation automorphism, which has order 2. Thus FE is not fixed by complex
conjugation and so F has a complex embedding. Since E is Galois over Q, then
every embedding of E is complex, so E is totally imaginary. ]

We can explicitly determine Xp and Xpg for the family of cyclic quartic CM
fields in Theorem without doing any computations in F' or E.

Lemma 3.3. Let p =5 (mod 8) be a prime and let a be a primitive root modulo
p. Let F' = Q(,/p) and let E be the unique cyclic quartic subfield of Q((p). Then

Xr and Xg may be taken to be subsets of (Z/p\Z)X, and
Xr={x1x2}, Xeg={x1x2x3,X3}

where L
x1=1,  xo(k) = (5) , Xa is such that x3(a) = i.

Proof. If we make the standard identification Gal(Q((,)/Q) = (Z/pZ)*, then by
Galois theory we have Hg = (a*) and Hr = (a?). Since the above characters
x; for 1 < i < 4 all have order dividing 4 each of them is in Xg. Similarly x;,
X2 € Xp. As in the proof of Lemma [B1] we are done because Xp = Gal(F/Q) and

Xg = Gal(E/Q). O
4. PROOF OF MAIN RESULTS

We are now prepared to evaluate the right side of (I.2]) for the families of quartic
CM fields under consideration.

Proof of Theorem [L2 We have
Xp = {X17X2}5 XEg = {leXQaX?nX‘l}v

where x1, X2, X3, X4 are as in Lemmal[3.Jl Recall that for the purposes of evaluating
the right side of (I.2]), we use the primitive characters which induce the characters
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in Xgp and Xg. Note that ys has conductor p, x3 has conductor ¢, and x4 has
conductor pq. It is well known that xo is the Kronecker symbol associated to F' =
Q(\/p), x3 is the Kronecker symbol associated to Q(y/—¢), and x4 is the Kronecker
symbol associated to Q(y/—pq). The residue of the Dedekind zeta function of F' at
s =11is equal to L(x2, 1), so by the class number formula

2h, loge
4.1 L(x2,1) = =2 =272,
(4.1) (x2,1) 7

Recall that h, = 1 by the narrow class number 1 assumption, and 7(x2) = /p by
B2). To evaluate L(x3,0), let (5 (s) be the completed Dedekind zeta function of
the field K = Q(y/—¢). Combining the class number formula with the functional
equation for (. (s) gives

2h_
L 0) = <
(X3a ) w_,
Similarly
2h_
L(X4, 0) = w—Pq
—pq

Since p = 1 (mod 4) and —¢ = 1 (mod 4), then dp = p and dx = q. As E is
the compositum of the linearly disjoint fields F' and K which have relatively prime
discriminants, then we have dg = (drdx)? = p?¢® [9, Ch. 3, Prop. 17]. It is now
straightforward to compute the right side of (L2) in terms of the data given. O

Proof of Theorem [[3 In the notation of Lemma [33]

XE - {X13X23X3ay3}7 XF - {X13X2}~

Hence in this case all characters appearing on the right side of (I:2)) have conductor
p. As in the proof of Theorem [[.2, the character xo is the Kronecker symbol
associated to the field Q(,/p), so L(x2,1) is given by ([@I). We cannot use the
class number formula for quadratic fields to evaluate the L-functions L(xs, s) and
L(x3,8) at s = 0, but we can write these values in terms of generalized Bernoulli
numbers [7, Prop. 16.6.2]. Specifically,

L(xs3,0) = —B1(x3)

where Bj(x3) is the first generalized Bernoulli number attached to ys3. Similarly

we have that L(¥3,0) = —B1(X3) = —B1(x3). We can now evaluate the right side
of (L2) and arrive at Theorem O

5. CM POINTS

Before presenting an algorithm to compute the CM points appearing in (L2]), we
give more detailed information on CM 0-cycles on a Hilbert modular variety, essen-
tially following the exposition of Bruinier and Yang [3, Section 3] and specializing
to the case F' has narrow class number 1. Let F' be a totally real number field of
degree n with embeddings 71,...,7, and assume that F' has narrow class number
1. Then SL2(Op) acts on H" via

Mz=(r(M)z1,...,7(M)zy,).
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The quotient space X (Op) = SLa(Op)\H" is the open Hilbert modular variety as-
sociated to Op. The variety X (O ) parametrizes isomorphism classes of principally
polarized abelian varieties (4, :) with real multiplication ¢ : Op < End(A).

Let E be a CM extension of F and ® = (01,...,0,) be a CM type for E. A
point z = (A4,¢) in X(Op) is a CM point of type (E,®) if one of the following
equivalent conditions holds:

(1) As a point z € H", there is a point 7 € E such that
O(7) = (01(7),...,on(T)) = 2

and
A =0p + Opt

is a fractional ideal of E.

(2) There exists a pair (A,:) that is a CM abelian variety of type (E,®) with
complex multiplication ¢ : O = End(A) such that ¢ = /|, .

By [3| Lemma 3.2] and the narrow class number 1 assumption, there is a bijection
between CL(E) and the CM points of type (E, ®) defined as follows: given an ideal
class C' € CL(E), there exists a fractional ideal a € C~! and «, 3 € E* such that

(5.1) a=0ra+ Opp

and

B
@
Then z represents a CM point in X (Op) in the sense that C"/A, is a principally
polarized abelian variety of type (E,®) with complex multiplication by Og. Con-
versely, every principally polarized abelian variety of type (E,®) with complex
multiplication by O arises from a decomposition as in (&) for some a in a unique
fractional ideal class in CL(E). We denote the CM 0-cycle consisting of the set of
CM points of type (E,®) by CM(E, ®,OF) and identify it with the set

{ze € EX NH" : [a] € CL(E)}

z=—€eE*NH"={z€ E*: ®(z) e H"}.

under the bijection just described.

6. ALGORITHM TO COMPUTE CM POINTS

In his thesis, Streng [13] gives a couple of algorithms for enumerating principally
polarized abelian varieties admitting complex multiplication by a CM field. In
particular, [13, Algorithm 2.5, Appendix 2] produces a list of elements z; € E* such
that for every fractional ideal class C' € CL(E) and any choice of CM type ®, there
is some a € C~1 and z; such that a = Op +Orz; and the element € = (z; —%;) 7161
is such that ®(e) € E* NH", where J is a generator of the different ideal of F. The
points z; produced by this algorithm give us the decomposition ([B.1]), so we simply
need to modify the algorithm to select z; such that ®(z;) € EX NH" rather than
D(e) € EX NH"™

Below we give a modified version of Streng’s algorithm, where the only differences
are that we have specialized to the case of a quadratic totally real subfield with
narrow class number 1, and we are imposing the CM type on a different point as
just explained. See the appendix for access to an implementation of Algorithm 6.1
in SageMath.
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Algorithm 6.1

INPUT: A quartic abelian CM field E = F(v/A) and a CM type ® where A € F,
F is totally real of degree 2, and F' has narrow class number 1.
OUTPUT: A complete set of representatives CM(E, @, Op).

(1) Compute a set of representatives of the ideal class group of E.

(2) Compute an integral basis of Op.

(3) Write each element in the integral basis of O in the form x; +v; VA where
z;,y; € F.

(4) Compute all elements a € O up to multiplication by (O)? such that

6
INr/o(a)l < 4/INF/o(A)] dr —.

(5) For each a, compute a complete set of representatives Ty, for Op/(a).

(6) For each a, compute all b € T,, for which a divides b? — A.

(7) For each pair (a,b) and each basis element z; + y;v/A of Op, check if
yia € Op, x; £ y;b € Op, and a 1y;(A — b?) € O hold. Remove the pair
(a,b) from the list if one of these conditions is not satisfied.

(8) For each pair (a,b), let

Check if ®(z) € EX NH? and if
a=0p + Opz

is a fractional ideal of E. If so, then z is a CM point corresponding to the
fractional ideal class of a. Search through the pairs (a,b) until a CM point
has been found for each fractional ideal class in E.

7. TABLES OF CM POINTS

In this section we give several tables of CM points computed using the imple-
mentation of Algorithm 6.1 referenced in the appendix.

Table [l shows a complete set of representatives of the CM points for the bi-
quadratic CM fields £ = Q(,/p, /—¢) and all primes p, ¢ < 50 such that p = 1
(mod 4), ¢ = 3 (mod 4), the class number of E is less than 4, and F' has narrow
class number 1. Here the CM type is given by ® = {id, 0} where o is the automor-
phism of E such that o(,/p) = —/p and 0(y/—¢q) = /—¢. Table@shows a complete
set of representatives of the CM points for the cyclic quartic CM fields £ = Q(\/Z)
where A = — (p—l— B\/ﬁ), the numbers p, B are as in Remark [[4 and p < 101.
The CM type is ® = {id, 7} such that 7(v/A) = VA’ where A’ = —(p — B,/p).
In both cases, the CM points z are such that each Op-module Op + Oz belongs
to a distinct fractional ideal class in E. For each field E, the first CM point listed
corresponds to the fractional ideal class of Op.
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TABLE 1. CM points for biquadratic fields E' = Q(,/p, /—¢) with

small class number.
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Primes hg | CM points
vV—7—/5
p=5 q=7 |1 Tf
b5 g¢=11 |2 V=11-+v5 | V/=11+5
2 4
V=-23—-+v5 | vV=23-1 V=23-2v5-1
p=>5 q=23 |3
2 4 4
vV—-3-+v13 | V/-3-3V13
p=13, q=3 |2
2 V1345
V=19 —-13 | V/=19+V13 | v/-19-13
p=13, ¢=193
2 4 4
V-31-+V13 | vV=-31—-1 VvV-31-2V13 -1
p=13, ¢=3113
2 4 4
V=3-V1
—11 -1
p=17, ¢=1111 %\/_7
—19— V1 —19+ 1
p=17, q=10|2 V 92\/_7 v 96+ 7
oo g—3 |3 | VBV [ V34V [ V-3V
p=29, q= 5 1 1
V=T-V29 | V/=7T-7V29
p=29, q=7 |2
2 2v/29 + 12
V=T—-V37T | V/=7T-7V37
p=37, q=7 |2
2 3v37 419
V=11 — 41 | /=114 3V41 | —11 —3V41
p=41, ¢g=111|3
2 44/41 4 26 44/41 4 26
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TABLE 2. CM points for cyclic quartic fields E = Q(v/A) as in
Theorem [[3] where A = —(p + B,/p) and p < 101.

Parameters hg | CM points
A _
p=>5 B=2 1 q
p=13, B=2 1 M
VI3 +5
p=29, B=2 1 M
V29 + 7
A _
p=37, B=6 1 M
VB3 +9
p=61, B=6 1 M
—V61+9
0L B-10l5 | YA-VIOL [ VA+3VI0L [ VA -3V101
p="00 2= 2 10v/101 + 191 | 19v/101 + 191
VA +3V101 | VA - 3V101
V101 + 11 V101 + 11

The biquadratic field Q(+/29, +/—31) has class number 21 and the cyclic quartic
field Q(v/A) where A = —(109+101/109) has class number 17. TablesBland @ show
CM points for these fields, where the CM points and CM types are as in Tables [I]
and

TABLE 3. CM points for Q(v/29,v/—31) (see Example [2.2)).

V=31 —-+/29 V-31-1 V=31 -2V29 -1
2 4 4
V=314 29 V=31 —+/29 V=314 29
44/29 + 22 44/29 + 22 V29 + 7
vV—-31—-+/29 V=314 5v29 Vv—-31—-5v29
V29 + 7 2v/29 + 12 2v/29 + 12
V=314+5v29 | /=31-5V29 V=314 +29
3v29 + 17 3v29 + 17 6
V=31 —+/29 V=31+4v29-1 | V/=314+2V29-1
6 8v/29 4 44 8/29 + 44
V=314 19v29 | /=31 — 1929 V=314 19v29
3v29 4+ 19 3v/29 + 19 7v/29 + 39
V=31—-19v29 | /=31+10v29—1 | v/—31—-8v29—1
7v/29 + 39 44/29 + 24 44/29 + 24
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TABLE 4. CM points for Q(v/A) where A = —(109+101/109) (see
Example 2.4]).

VA —3/109 VA =2/109+1 [ VA —4/109—-1 [ VA + 3109
—V/109 + 11 6 6 5114/109 + 5335
VA —3v/109 VA +3v109 VA - 3v/109 VA +3v109
511/109 + 5335 V109 + 13 V109 + 13 2181/109 + 2276
VA —3v/109 VA +4v/109+1 | VA —4/109 — 1 | VA +4/109 + 1
218v/109 + 2276 3109 + 33 3v/109 + 33 —3v/109 + 33
VA=2V1094+1 | VA+2V109 -1 | VA —4v109 -1 | VA +21/109
—3v/109 + 33 —3v/109 + 33 —3v109 +33 | 143/109 + 1493
VA —21/109

143+/109 + 1493

8. APPENDIX

A text file containing the code for an implementation of Algorithm 6.1 in Sage-
Math can be found at http://www.ms.uky.edu/~raca225/code.txt. The code
may be run in a SageMath worksheet. To explain how to use the code, we must
first describe the way in which we parametrize cyclic quartic fields. Following the
introduction in [I], let E be a cyclic quartic extension of Q. Then there exist
unique integers A, B, C, d; such that

E:Q< mm+3¢£ﬁ

where

(8.1) A is squarefree and odd,

(8.2) di = B? + C? is squarefree and B,C > 0,
(8.3) ged(A,dy) = 1.

Moreover, each choice of integers A, B, C, d; satisfying these conditions defines a
cyclic quartic field. The unique quadratic subfield is always Q(y/d;). The cyclic
CM fields of degree 4 are precisely those fields with A < 0.

In the first lines of the code, the user can edit the existing values for the relatively
prime squarefree integers d1 = d; > 1 and d2 = ds > 1 and compute the CM
points for the biquadratic extension Q(v/dy,v/—dz). Alternatively, the user can
define d1 = dj,A = A < 0, and B = B as in (8I)-@B3)) and compute the CM
points for the cyclic quartic extension Q(v/A) where A = A(d; + By/d;). In
both cases the CM type is the same as in Tables [I and Line 8 should read
biquadratic = true when considering a biquadratic extension, and the line should
read biquadratic = false when considering a cyclic extension. The output is a


http://www.ms.uky.edu/~raca225/code.txt
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list of ordered pairs [a, b] such that a,b € E and

VA=
z=—
a
gives the decomposition
a=0p + OFZ,

where a C F is the fractional ideal generated by 1 and z. One such z is given for each
ideal class in E. Here A = —dy in the biquadratic case, and A = A(d; + B\/d;) in
the cyclic case. The variable £ appearing in the output is v/d;. Different versions of
SageMath may produce different representatives of the CM points. The CM points
in this paper were computed using SageMath Version 6.7.

ACKNOWLEDGMENTS

This work was completed at the 2014 Research Experience for Undergraduates
(REU) in Mathematics at Texas A&M University, which was funded by the NSF.
The author would like to thank Riad Masri for his guidance and support, Adrian
Barquero-Sanchez for helpful conversations, and the referee for carefully reading
this paper.

REFERENCES

[1] A. Barquero-Sanchez and R. Masri, The Chowla-Selberg formula for abelian CM fields and
Faltings heights, Compos. Math., to appear.

[2] Wieb Bosma, John Cannon, and Catherine Playoust, The Magma algebra system. I. The user
language, J. Symbolic Comput. 24 (1997), no. 3-4, 235-265, DOI 10.1006/jsc0.1996.0125.
Computational algebra and number theory (London, 1993). MR 1484478

[3] Jan Hendrik Bruinier and Tonghai Yang, CM-values of Hilbert modular functions, In-
vent. Math. 163 (2006), no. 2, 229-288, DOI 10.1007/s00222-005-0459-7. MR2207018
(2008b:11053)

[4] S. Chowla and A. Selberg, On Epstein’s zeta function. I, Proc. Nat. Acad. Sci. U. S. A. 35
(1949), 371-374. MR0030997//(11,84d)

[5] Atle Selberg and S. Chowla, On Epstein’s zeta-function, J. Reine Angew. Math. 227 (1967),
86-110. MR0215797|(35 #6632)

[6] Christopher Deninger, On the analogue of the formula of Chowla and Selberg for real qua-
dratic fields, J. Reine Angew. Math. 351 (1984), 171-191, DOI 10.1515/crll.1984.351.171.
MR749681/|(86f:11085)

[7] Kenneth Ireland and Michael Rosen, A classical introduction to modern number theory, 2nd
ed., Graduate Texts in Mathematics, vol. 84, Springer-Verlag, New York, 1990. MR1070716
(92e:11001)

[8] Kazuya Kato, Nobushige Kurokawa, and Takeshi Saito, Number theory. 2, Translations
of Mathematical Monographs, vol. 240, American Mathematical Society, Providence, RI,
2011. Introduction to class field theory; Translated from the 1998 Japanese original by
Masato Kuwata and Katsumi Nomizu; Iwanami Series in Modern Mathematics. MR2817199
(2012£:11001)

[9] Serge Lang, Algebraic number theory, 2nd ed., Graduate Texts in Mathematics, vol. 110,
Springer-Verlag, New York, 1994. MR1282723(95f:11085)

[10] M. Lerch, Sur quelques formules relatives au nombre des classes, Bull. Sci. Math. 21 (1897)
290-304.

[11] Blair K. Spearman and Kenneth S. Williams, The conductor of a cyclic quartic
field using Gauss sums, Czechoslovak Math. J. 47(122) (1997), no. 3, 453-462, DOI
10.1023/A:1022407300351. MR1461424 (98d:11132)


http://www.ams.org/mathscinet-getitem?mr=1484478
http://www.ams.org/mathscinet-getitem?mr=2207018
http://www.ams.org/mathscinet-getitem?mr=2207018
http://www.ams.org/mathscinet-getitem?mr=0030997
http://www.ams.org/mathscinet-getitem?mr=0030997
http://www.ams.org/mathscinet-getitem?mr=0215797
http://www.ams.org/mathscinet-getitem?mr=0215797
http://www.ams.org/mathscinet-getitem?mr=749681
http://www.ams.org/mathscinet-getitem?mr=749681
http://www.ams.org/mathscinet-getitem?mr=1070716
http://www.ams.org/mathscinet-getitem?mr=1070716
http://www.ams.org/mathscinet-getitem?mr=2817199
http://www.ams.org/mathscinet-getitem?mr=2817199
http://www.ams.org/mathscinet-getitem?mr=1282723
http://www.ams.org/mathscinet-getitem?mr=1282723
http://www.ams.org/mathscinet-getitem?mr=1461424
http://www.ams.org/mathscinet-getitem?mr=1461424

CHOWLA-SELBERG FORMULA FOR QUARTIC ABELIAN CM FIELDS 2769

[12] W. A. Stein et al., Sage Mathematics Software (Version 6.7). The Sage Development Team,
2015. http://wuw.sagemath.org

[13] M. Streng, Complex multiplication of abelian surfaces, Ph.D. Thesis, Universiteit Leiden,
2010.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KENTUCKY 40506
E-mail address: robert.cass@uky.edu



	1. Introduction and statement of results
	2. Examples
	3. Groups of characters for quartic abelian CM fields
	4. Proof of main results
	5. CM points
	6. Algorithm to compute CM points
	7. Tables of CM points
	8. Appendix
	Acknowledgments
	References

