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SOME NONEXISTENCE RESULTS FOR A SEMIRELATIVISTIC
SCHRODINGER EQUATION WITH NONGAUGE
POWER TYPE NONLINEARITY

TAKAHISA INUI

(Communicated by Joachim Krieger)

ABSTRACT. We consider the following semirelativistic nonlinear Schrédinger
equation (SNLS):
i0u £ (m2 — A)V/ 24 = AulP, (t,z) € [0,T) x RY,
{ u(0,x) = uo(z), z € RY,

where m >0, A € C\ {0}, d €N, T > 0, and 9, = 3/dt. Here (m? — A)1/2 :=
F~Y(m? + |£[?)Y/2F, where F denotes the Fourier transform. Fujiwara and
Ozawa proved the nonexistence of global weak solutions to SNLS for some
initial data in the case of d = 1, m = 0, and 1 < p < 2 by a test function
method. In this paper, we extend their result to a more general setting: for
example, m > 0, d € N, or p > 1. Moreover, we obtain the upper estimates of

weak solutions to SNLS. The key to the proof is to choose an appropriate test
function.

1. INTRODUCTION
We consider the following semirelativistic nonlinear Schrédinger equation:

i+ (m? — A)Y2u = NulP, (t,x) € [0,T) x R,
U(O, J") = Uo(.’lf), HARS Rda

(1.1)

where m >0, A € C\{0},p>1,d € N,T > 0, and 9; = 9/9t. Here (m?—A)'/2 .=
F~Ym? + |¢]?)Y/2F, where F denotes the Fourier transform defined by

£ 1 —ix-
FINE = 1) = oy [ s

In this paper, we are interested in the global existence of solutions to the Cauchy
problem (ILI]). The following semirelativistic Schrédinger equation appears in many
physical contexts:

(1.2) iOpu £ (m? — A)V2u = AulP " u, (¢, ) € [0,T) x RY

The local well-posedness and the global solvability for (I2) are discussed in [I,3L8].
However, the global solvability for (II)) is not well known. It is known that the
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following two equations are quite different from the view point of global solvability:

(13) 0+ Au=NuP~u, (t,2) € [0,T) x RY,
‘ u(0, z) = uo(z), r € RY,

(1.4) iOpu+ Au = MulP, (t,2) € [0,T) x RY,
‘ u(0, z) = uo(z), r € RL

Indeed, if 1 < p < 14+4/d, A > 0 and ug € L?(R?), then the corresponding solution
to ([L3) is global (see [2] for more information). On the other hand, there exists a
blow-up solution for (L) even if ug is sufficiently small (see [BL[7] and see [4] for
some other nonexistence results). We expect that the global solvability of (LI]) and
([C2) is different. Recently, Fujiwara and Ozawa studied the global solvability of
(I in their paper [3]. They proved the nonexistence of global weak solutions to
(I for some initial data in the case of d =1, 1 < p < 2, and m = 0 by a test
function method. To avoid the difficulty which comes from the nonlocal operator
(—A)'/2, they reduced () with m = 0 to the following nonlinear wave equation
with a time derivative nonlinearity:

(1.5) OPv — Av = —|\20:([ulP), (t,z) €[0,T) x RY,

where v = Im(\u). The wave equation with the nonlinearity |v|P is well studied
(see [9L[11,13] and references therein). However, (LA has the difficulty which
comes from the time derivative nonlinearity 0;(|u|?). (LX) is more difficult than
the damped wave equation, which has time derivative linear term dyu. The damped
wave equation is studied in [6l[I0,T12]. Because of the difficulty, Fujiwara and Ozawa
cannot treat the general case, for instance, d > 1, m > 0 or p > 2. In the
present paper, we extend their result in [3] to the more general case by choosing an
appropriate test function and initial data. Moreover, we obtain the upper estimates
of the lifespan of weak solutions to ([IIl). To state our main results, we introduce
some definitions and notation.

H?® = H*(R%) is the usual inhomogeneous Sobolev space for s > 0. (-|-) denotes
the L? inner product. a A b := min{a,b} for a,b € R. We define the function space
X7 for T > 0 as follows:

Xr:={y € C([0,00); H') N C*([0, 00); L?) : supp ¢ C [0,T) x R%, ) is R-valued}.
We define the weak solution to (L.

Definition 1.1. Let s > 0, up € H*(R?), and T > 0. We say that u is a weak
solution to (ILI)) on [0, 7)), if |u|? belongs to L} .([0,T); L?) and the identity

loc

T T
(10) [ wOlivne = (m* = &) )t = iCuOle(0) + A [ (u)Ple(o)d
holds for any ¢ € X7 where the plus-minus sign corresponds to the sign of (LI).

Based on the idea of Fujiwara and Ozawa [3], we reduce (L)) to the Klein-Gordon
equation with time derivative nonlinearity:

(1.7) 020 — Av+m2v = —|\*0(|[ulP), (t,z) €[0,T) x RY,
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where v = Im(\u). Formally speaking, this is derived by combining the first equa-
tion below with 9; and the latter equation with (m? — A)/2:

(1.8) O dIm(du) T (m? — A)7V2Re(u) = —|A?|ul?,
(1.9) ORe(Au) £ (m? — A)~Y2Im(Au) = 0,

which are obtained by taking the real part and the imaginary part after multiplying
A by (L)), respectively. We define the weak solution to (7).

Definition 1.2. Let s > 0, ug € H*(R?), and T > 0. We say that u is a weak
solution to (L) on [0,7), if v = Im(Au), |u|P belongs to L{, ([0, T) x R%), and the
identity

T
(1.10) /0 (v(t)|0%¢ — Ap + m2p)dt

= £(Re(Aup)|(m® = A)2(0) — (0(0)[9;0(0)) + I/\IQ/O (lu(t)[?]0ep(t))dt

holds for any ¢ € C2([0,T) x R?) where the plus-minus sign corresponds to the

sign of ().
Indeed, the above formal argument is justified in the weak sense as follows.

Lemma 1.1. Let s >0, ug € H*(RY), and T > 0. If u is a weak solution to (L))
on [0,T), then u is also a weak solution to (L) on [0,T).

Lemma [[[T] was essentially proved in [3]. However, we give a complete proof in
Appendix [A] for the reader’s convenience.
Now, we obtain the following main theorems.

Theorem 1.2 (Large data blow-up in the subcritical case). Let s > 0, ug €
H*(RY), and T > 0. Let u be a weak solution to (LT) on [0,T). We assume that
1 <p<1+42/(d—2s) and the initial value ug(x) = pf(x) where p > 0 and f
satisfies

x|~

Re(\f) =0, —TIm(\f) > { 0. ;

where k < d/2 — s(< 1/(p —1)). Then there exists jo such that if p > po, then
the weak solution is not global, i.e. T < 0o. Moreover, for any u € [ug,00), there
exists a positive constant C' > 0 such that

(1.11) T < Cu~Yx,

o] <1,
2l > 1,

where kK :==p/(p—1)—k—1>0.

Theorem 1.3 (Nonexistence of weak solutions in the supercritical case). Let s > 0,
ug € H*(R?), and T > 0. Let u be a weak solution to (LI) on [0,T). We assume
that p > 1+ 2/(d — 2s) and the initial value uo(x) = pf(x) where p > 0 and f
satisfies

| "

Re(Af) =0,  —Tm(3/) > { o

where 1/(p—1) < k< d/2—s. Then up =0, i.e. ug =0.

o] <1,
2l > 1,
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Theorem 1.4 (Small data blow-up in the mass subcritical and massless case). Let
$>0, up € H*(R?), and T > 0. Let u be a weak solution to (L)) on [0,T). We
assume that m =0, 1 < p < 1+ 2/d, and the initial value uo(z) = pf(x) where
@ >0 and f satisfies

0, lz] <1,
7%, 2| > 1,

Re(Af) =0,  —Im(Xf) > {

where 1/(p — 1) < k < d/2. Then the weak solution is not global, i.e. T < c.
Moreover, there exist €9 > 0 and a positive constant C' > 0 such that

—1/k
(112) T < { CM y ME (0350),
27 we [50700)7

where kK :==p/(p—1)—k—1>0.

The proofs are based on a test function method used in [3H6]. The key to our
proof is to choose an appropriate test function.

We state the construction of the present paper: In Section 2] we prove a lemma,
which plays an important role in the proofs of the main theorems. In Section [3] we
prove the main theorems. We prove Lemma [[.I]in Appendix [Al

2. PRELIMINARIES

Fix [ € N satisfying [ > 2¢ + 1, where ¢ := p/(p — 1). Let n € C}([0,0)) and
¢ € C2(R?) satisfy

_ )2
en o= {4 IS (1

and 0 < ¢ < 1. We note that 7 satisfies
(2.2) | a)as < et
t

for any ¢ € [0, 00) where C' is a positive constant. Indeed, for ¢ > 0,

/tmn<s>lds E / (1—s)2lds = ——{1— (A1)} < (0.

" 20+ 1
We define the test function v, € C2([0,T) x R?) for 7 € (0,T) by

sy ([n(2) )0 2)

The following lemma plays an important role in the proofs of the main theorems.

A1

Lemma 2.1. Let s > 0, ug € H_S(Rd), T >0, and!l € N with ] > 2qg+ 1 where
q:=p/(p—1). We assume Re(Aug) = 0. Let u be a weak solution to (LI on
[0,T). Then, there exists a positive constant C = C(A,p,d,l) > 0 such that
!
(2.3) - / 0(0,2)p (2) do < CTHHI70 4 m2CTiI,
Rd T

for any T € (0,T) where v = Im(Aug).
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Proof. Let T > 0 and let u be a weak solution to (LIl on [0,7). By Lemmal[lT] u
is also a weak solution to (7)) on [0,7). We set

I(r) == / (Ju(t) 10w, (1)) de

By substituting 1, for ¢ in Definition and using the assumption Re(Aug) = 0,
we obtain

T
—(v(0)9r-(0)) = —API(7) +/0 (0(D)]0F %7 — Atpr +mPp, ) dt
= —[API(r) + K1 + Ko + m*K3,

where
K ;:/0 (w(8)|02e)dt, Ko ;:—/O (w(8)| A, )dt, K ;:/O (w() )t

We estimate K7, Ks, and K. First, we consider K;. By I —1 > [/p and the Holder
inequality,

K| = It . () (;) n (;)l_1¢(§)lda&dt

_OTl/OT /z|<r (1) (; llqﬁ(%)ldxdt

: / o om(2) "o ()"
- </ /z|<T |p77< )l¢(f dmdt) </ /z|<dedt>

P
rld+1)/a=1 ( / / pﬁthd;z:dt>
|:L"<T

< orldti/a=tpm)i/p,

z|<T

/a

Second, we consider Ky. Note that the following holds by ([2.2):

(2.4) /toon (;)l ds = T/too n(s)lds < Crn (;)Z

T
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By l—2>1/p, 24), and the Holder inequality,

a<er [T | [Ta(2) o
@) e G e (5) o (5) [ as
sors [T wor([ () as)o (3) e
__cT-{/T/;<Tv@nn(é)l¢(§)“adxm
o [ () e

< CT (d+1)/q— lI )1/17

Finally, we consider K3. By | > l/p, (24), and the Holder inequality,

K| S/T/lm jo(t)| /toon(f)lds 6 (%) dd
<cT/ /W In< > ( )dxdt

< CT(d+1)/Q+1I(7-)1/P'

By these estimates and the Young inequality, we obtain
—(0(0)|045(0)) < —|N2I(T) + C’T(dﬂ)/q*ll(ﬂl/r’ + mQC’T(dH)/qHI(T)l/p
< Oriti=a pm2aordtite

Therefore, we obtain the statement. |

3. PROOFS OF THE MAIN THEOREMS

In this section, we prove the main theorems. First, we prove Theorem

Proof of Theorem [[L21 By the assumption for the initial data,

~0)05,0) = = [ 00,000 (%) da

Let L(7) := f|y‘< » lyl7%¢ () dy. Then, by Lemma 1] we get

L < (L(T))_l(CTk-H_q _|_m2qCTk+l+q)'

Claim. There exists po such that T' < 2 if y > .
We suppose T' > 2 and p > po. Taking 7 = 2, u satisfies

1< (L(2))7H(O2M 19 4 m2C2M T = gy
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Noting that L(2) is a finite positive constant, this contradicts p > po. Hence, the
Claim is true.
Let u > po. L(7) > L(2) for any 7 < T'(< 2) since L is decreasing. For any
T<T,
p < (L() T OTHI 4 POt )
< (L(2))" YO =9 4 m2ago2arktiza)

< Orktl—a,

Hence, 7 < Cpu~/(@=k=1 for any 7 < T, where C' depends on k, m, p, and . We
note q—k—1> 0since k < d/2—s < 1/(p—1). Taking the limit 7 — T, we obtain
T < Cp~Ya=k=1),

This completes the proof. O

Next, we prove Theorem [L.3l
Proof of Theorem [L3l By the same argument as in the proof of Theorem [[.2] for
T € (0,TA2),
p< Okt

where C depends on k, m, p, and \. We note k+1—¢ > 0since 1/(p—1) <k <
d/2 — s. Taking the limit 7 — 0, we obtain g = 0. This completes the proof. O

Finally, we prove Theorem [[.4

Proof of Theorem [L4l Let gg satisfy Cosgl/(q_k_l) = 2 where Cj is defined later.
First, we consider the case of 4 > g9. We assume that 7' > 2. By the assumption
for the initial data, for any 7 € (0,7T),

O 0) = = [ 0,206 () ds

T

Let M(7) := f\y|>l ly|~*¢ (y)" dy. For any 7 € (2,T), M(r) > M(2) > 0 since M
is increasing. Therefore, by Lemma BTl and m = 0, we get

M(2)Cp < 7r+174,

for 7 € (2,T). We set Cy := (M(2)C)~*/@=*=1) We note ¢ — k — 1 > 0 since
d/2 < k <1/(p—1). Hence, 7 < Copu~/@=+=1)_ Taking the limit 7 — T, we
obtain

T < Colufl/(q*kfl) < 2.

This contradicts T > 2. Therefore, T < 2 for u € [g9,00). Next, we consider
the case of 1 < g9. If T < 2, then the statement is true since 2 < Cop~1/(@=F=1),
Hence, it is sufficient to consider the case T' > 2. By the above argument, we obtain
T < Cop~"/@=F=1 for y € (0,¢0). O
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APPENDIX A. PrROOF OF LEMMA 1.1

Proof. Let ¢ € C2([0,T) x R%). Then (m? — A)Y/2p and ;¢ belong to X7. By
taking the imaginary part of (I6) with ¢ replaced by A(m? — A)1/2¢p,

T
Im /0 u(t)[i0,(m? — A)Y2p + (m? — A)p)dt

— (Re(Ruo)[(m? — A)2(0)),

T T
/ (Re(Xu) 0y (m? — A)/2p)dt F / (0(t)|(m? — A)g)d
0 0

= —(Re(Xup)|(m? — A)/2p(0)).
On the other hand, by taking the real part of (L6) with ¢ replaced by Adsp,

T
Re / (u(t)]i02 + (m? — A)20,0)dt
0

T
— (0(0)[9rp(0)) + NP / (u(t)P1owo (),

T T
| et [ (Re(Ru]n® - &) 0y0)d
0 0

T
— — (0(0)]0p(0)) + A / (u(t) P |owp(t))dr.

By combining these equalities, we get
T T B
| @i+ [l - A)e)ar T (Re(Ruo)|(m? = 4)'24(0)

— — (0(0)]0p(0)) + AP / (u(t) P |owp(t))dr.

Therefore, this completes the proof. O
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