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ABSTRACT. We prove that some fields generated by j-invariants of CM elliptic
curves (of infinite dimension over Q) satisfy the Property (B). The singular
moduli are chosen so as to have supersingular reduction simultaneously above
a fixed prime g, which provides strong g-adic estimates leading to an explicit
lower bound for the height.

1. INTRODUCTION

Algebraic numbers with small height. This article is dedicated to algebraic
extensions of the field of rational numbers that satisfy the so-called Property (B).
This problem finds its origin in a famous question raised by Lehmer (see [17], §13,
p. 476), now considered as a conjecture. Let h be the (logarithmic, absolute) Weil
height on Q*.
Conjecture 1.1 (Lehmer). There is ¢ > 0 such that for all z € Q* not a root of
unity:

h(z) > S
~ Q@) : Q)

The Lehmer conjecture is still unsolved, although it is known to hold in many
particular cases. The best general result in this direction is due to Dobrowolski,
who proved the expected lower bound for the height up to a logarithmic factor in
the degree (see [§]).

In some special cases, it is even possible to find a lower bound which is indepen-
dent of the degree. This happens for instance if we consider a sequence of algebraic
numbers with Galois orbit not equidistributed. An interesting example is that of
totally real number fields ([24]).

Theorem 1.2 (Schinzel). Let K be a totally real number field. For all x € K* not
a root of unity:

h(z) > %1og(1 +2\/5>.

Another example of this phenomenon was later given by Amoroso and Dvornicich
(see [2]), who settled the case of Q®P, the abelian closure of Q.

Theorem 1.3 (Amoroso, Dvornicich). Let x € Q* be not zero or a root of unity.

Then:
log(5)

hw) > —
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This theorem was soon generalized to the abelian closure K®P of any number field
K by Amoroso and Zannier (see [3]), who shed a new light on the Lehmer conjecture
by suggesting a relative Lehmer conjecture, with the degree of an algebraic number
replaced by its degree over Q2P.

The Bogomolov Property. Inspired by these results, Bombieri and Zannier in-
troduced the following properties (see [4]).

Definition 1.4. Let A be a subset of Q*.

(i) We say that A has the Bogomolov Property (B) if there exists ¢(A) > 0 such
that, for all z € A not zero or a root of unity: h(x) > c(A).

(ii) We say that A has the Northcott Property (N) if for any H > 0, the set of
elements in A with height at most H is finite.

The “Northcott theorem” asserts that any number field has the Property (N),
and it is straightforward to see that Property (N) is stronger than Property (B).
Thus, as far as these properties are concerned, the relevant fields are infinite exten-
sions of Q.

In the same article, Bombieri and Zannier provided new examples of fields sat-
isfying the Property (B). If K is a number field and L/K is an infinite extension,
we say that L/K has bounded local degree at a finite place v of K if there exists
D > 0 such that for all places w|v of L, we have:

(Lo : K,] < D.

They proved the following result, which can be seen as a non-archimedean analogue
of Schinzel’s theorem (with the convention that an extension L/Q has bounded
degree at oo if it is totally real).

Theorem 1.5 (Bombieri, Zannier). Suppose that L/Q has bounded local degree at
some rational prime. Then L satisfies the Property (B).

Checcoli later found a sufficient condition for this theorem to apply, formulated in
Galois theoretic terms. Namely, she proved that the extension L/K has uniformly
bounded local degree at every finite place of K if and only if its Galois group has
finite exponent (see [5]).

Another example was recently given by Habegger, who considered the field gen-
erated by the torsion group Eios of an elliptic curve E defined over Q ([I1]).

Theorem 1.6 (Habegger). The field Q(Eiors) satisfies the Property (B).

If F has CM, class field theory of quadratic imaginary fields shows that this
result follows from the theorem of Amoroso and Zannier on K?P, where K is the
CM field. But if F is not of CM type, Habegger shows that his result goes beyond
the abelian case or the bounded local degree case. The restriction on the field of
definition of E comes from the theorem of Elkies on supersingular primes ([9]).

Amoroso, David and Zannier have recently tried to unify some of these results
in a Galois theoretic point of view. Among other results, they prove the following

(.

Theorem 1.7 (Amoroso, David, Zannier). Let K be a number field and L/K an
infinite Galois extension. If the quotient of Gal(L/K) over its center has finite
exponent, the field L has the Property (B).
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They also prove that the height is bounded uniformly in the degree of K and
the exponent. We also refer to [6] for another generalization of the bounded local
degree case.

Remark. A link has been pointed out by Rosenbloom and Tsfasman between the
Property (B) and sphere packing. They contructed families of “asymptotically
good” lattices (with rank going to infinity and density exponent explicitly bounded)
by using Schinzel’s estimate for the height on totally real number fields. Apart from
the lower bound for the height on a subfield K of Q, an important ingredient is the
existence of a subfield of K which is an infinite unramified extension over a number
field of small discriminant (see [22]).

The Bogomolov Property in fields generated by j-invariants. A way to
look for other examples of fields with the Property (B) is to consider the following
case. Let (K,,)nen be a sequence of (pairwise distinct) quadratic fields, and for all
n € N, let L,, be an abelian extension of K,. We denote by L the compositum of
all the L,,’s, for n € N.

Question 1.8. Does the field L satisfy the Property (B)?

For each n, the Galois group of L,, over Q is an extension of an abelian group by
Z/2Z, hence it is “almost” abelian (if not abelian). Furthermore, we know by the
work of Bombieri and Zannier ([4]) that the compositum of the K,,’s, for n € N,
satisfies the Property (N), hence the Property (B).

Everything becomes much more explicit when we consider a sequence of imag-
inary quadratic fields and their Hilbert class fields. Let p be a prime and let
K, := Q(y/—p). The Hilbert class field L, (i.e. unramified abelian closure) of K,
is generated over K, by the j-invariant j, of an elliptic curve with endomorphism
ring the ring of integers of K. For any subset Q of the set P of prime numbers,
we let Ko (resp. Lg) be the compositum of the K,’s (resp. L,’s), for p € Q.
We prove the following theorem, which gives a lower bound for the height on some
infinite dimensional subfields of the field Lp.

Theorem 1.9. Let ¢ > 3 be a prime. There exists a set Py C P of Dirichlet
density ; such that Lp, satisfies the Property (B).

We will see while constructing the P,’s that they are rather distinct from one
another. More precisely, for ¢ # ¢/, the set P, NP, has Dirichlet density %.

The main ingredient in the proof of this theorem is a g-adic estimate (¢ a prime)
that expresses an important property of the class field theory of an imaginary
quadratic field K. We will start by recalling a classical criterion for the j-invariant
of an elliptic curve which is supersingular at a prime above ¢, and we will review
some well-known facts about complex multiplication related to the Hilbert class
field H of K. The most useful result for us will concern the splitting of principal
prime ideals of K in H.

In the CM case, it is also rather easy to describe the primes of supersingular
reduction, and we will use this description to construct the set P,. We will study
the Galois properties of the fields involved and see how they compare to others
known to satisfy the Property (B).

We will then recall the basic properties of the Weil height, and prove an explicit
version of our theorem. In the last section, we will discuss further examples of
families of Hilbert class fields for which the same techniques apply.
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2. SUPERSINGULAR PRIMES AND COMPLEX MULTIPLICATION

In this section, we recall some classical facts about supersingular primes for
elliptic curves with complex multiplication (CM). We first give a p-adic property
for the j-invariant of an elliptic curve that is supersingular at a prime ideal p in a
field of definition. This estimate will be sufficient to treat a significant particular
case in the proof of our theorem. We explain the role of singular j-invariants in the
class field theory of imaginary quadratic fields, and the distribution of supersingular
primes for CM elliptic curves.

2.1. Supersingularity. Let E be an elliptic curve defined over a number field L.
The curve FE is given by a Weierstrass equation :
yP =23+ ax +0,

with a,b € L and discriminant A := —16(4a®+27b%) # 0. We let p be a prime ideal
of Op, and we suppose that E has good reduction at p, i.e., the reduction Eof E
mod p is smooth. Let p be the characteristic of the residue field k := O /p, and
E[p] the p-torsion subgroup of E(k).

Definition 2.1. We say that E has supersingular reduction at p if E [p] = 0.

If the reduction is not supersingular, the p-torsion subgroup has order p and the
reduction is said to be ordinary. Supersingularity can be translated p-adically on
the j-invariant of F.

Lemma 2.2. If E has supersingular reduction at p and j(E) € Op:
. 2 .
J(E) =j(E) (mod p).

Proof. If p is a supersingular prime for E, the isogeny [p] is purely inseparable of
degree p? on E. For q a power of p, let E(@ be the elliptic curve obtained by raising
all the coefficients to the power ¢ in a Weierstrass equation of E. By [28] 11.2.12,
we have a factorization: [p] = ¢ o ¢, where ¢ is the p-power Frobenius:
E — EW
and ngb is its dual isogeny, the so-called Verschiebung;:
B0 s p
The isogeny (;3 is purely inseparable of degree p. Again, there is a factorization:
¢ =1 o, where ¢
E® . p®)
is the p-power Frobenius and 1):
EV) L E
is an isogeny of degree 1 (by a straightforward comparison of degrees). This means
that v is an isomorphism. From the definition of the j-invariant and the fact that
O /p has characteristic p, we deduce the following equalities in the residue field
OL/]J:
(B) = i(E®)Y = 5B’
J(E) = j(ET)) =j(E)".
Since j(E) is an algebraic integer, its reduction mod p is well defined as an element

of Oy /p. Furthermore, it is equal to j(E) by a straightforward computation in an
integral model, and the lemma follows immediately. (Il
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2.2. Complex multiplication. The ring End(E) of endomorphisms of F is the
ring of isogenies from E to E (defined over L). Since L has characteristic 0, it is a
free Z-module of rank 1 or 2. The “quantity” of primes at which F has supersingular
reduction is closely related to End(FE).

Definition 2.3. We say that E has complex multiplication (CM) if End(E) # Z.
In this case, End(F) is an order in a quadratic imaginary field.

We suppose from now on that £ has CM. We let:
K :=End(E) ®zQ

be the imaginary quadratic field of complex multiplication. We also suppose that
End(FE) is the ring of integers Ok of K. The set of primes of Ok at which E has
supersingular reduction is well understood and can be explained rather easily.

Proposition 2.4 (Deuring). Let p be a prime of Or, and let p be the characteristic
of Or/p. The prime p is supersingular if and only if p is inert in Ok .

Proof. See [29], 11, Exercise 2.30 or [15], p. 182. O

Remark. In the general case, the distribution of supersingular primes is still myste-
rious. On the one hand, Serre proved that supersingular primes have density zero
(after possibly extending the ground field, so as to include the CM field; see [25]).
On the other hand, if E is defined over Q, Elkies showed that there are infinitely
many supersingular primes ([9]). Lang and Trotter ([I6]) conjectured that there is
¢(E) > 0 such that :

\/E
log(z)”

This conjecture can be extended to general number fields and also covers the CM
case, provided that the ground field be extended so as to contain the field of CM.

{p < z,p is supersingular}| ~; o, ¢(E)

2.3. Singular moduli. Singular moduli are j-invariants of elliptic curves with CM,
which can be seen as special points on the classical modular curve. They play a
central part in the class field theory of imaginary quadratic fields.

Our congruence property on singular moduli needs an integrality result on the j-
invariant of a CM elliptic curve. Since there is only a finite number of (isomorphism
classes) of CM elliptic curves with given endomorphism ring (due to the finiteness
of its ideal class group), this j-invariant is an algebraic number. But more can be
said.

Theorem 2.5 (Weber, Fueter). If E has CM, then j(E) is an algebraic integer.

Proof. There are several proofs of this result. See for instance [29], II, Theorem
6.1. O

The modular invariant of a CM elliptic curve plays an important role for the
field of CM. For the remainder of this section, we change our point of view and
let K be an imaginary quadratic field with ring of integers O . This ring is a free
Z-module of rank 2, hence a lattice in C.

We let Ex := C/Ok. This is a complex elliptic curve with CM by Ok, so its
j-invariant is algebraic. In fact, the curve E is defined over Q ([29], I, Proposition
2.1). The j-invariant of Fx helps to describe the unramified abelian closure of K.
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Theorem 2.6 (Weber, Fueter). The field generated by j(Ek) over K is the maz-
imal unramified abelian extension of K. The degree of this extension is the class
number of K, and its Galois group is the class group of K.

Proof. See [29], 11, Theorem 4.1. O

Remark. In fact, the field K (j(Ek)) is the minimal field of definition for E. The
ramified part of the maximal abelian extension of K is given by the torsion points
of Ex, via the so-called “Weber functions”.

A direct consequence of this theorem concerns the decomposition of rational
primes producing supersingularity in the Hilbert class field K ( J(E K))

Corollary 2.7. Let p be a rational prime which is inert in Ok . Then pOk splits
completely in K (j(Ek)).

Proof. By class field theory, the prime ideals of Ok that split completely in the
Hilbert class field of K are exactly those that are principal ([29], II, Theorem 3.2
and Example 3.3). O

3. SELECTION OF J-INVARIANTS AND (G ALOIS PROPERTIES

Thanks to Dirichlet’s theorem on arithmetic progressions, we show how to find
a large number of primes that are simultaneously supersingular for a large number
of CM elliptic curves. We then give some Galois properties of the fields Lp, and
compare them to those studied in [I] and [11].

3.1. Simultaneous supersingularity. Our criterion for supersingularity in the
CM case can be made explicit by using some basic arithmetic properties of quadratic
fields. By Dirichlet’s theorem on arithmetic progressions, we can find primes that
are simultaneously supersingular for CM elliptic curves associated to a positive
density of primes.

For any prime number p > 3, we let K, := Q(y/—p) and E, := C/Ok,. This
is an elliptic curve with CM and endomorphism ring Of,. The field L, generated
over K, by j(E,) is a field of definition for E,,.

Lemma 3.1. Let ¢ > 3 be a rational prime and P, be the set of (rational) primes
p =1 (mod 4) such that E, has supersingular reduction at all primes of Or, above
q. The set Py has Dirichlet density ;.

Proof. Let p > 3 and A, be the discriminant of K,. We have ([14], Ch. 13, §1):
A,=p if p=1 (mod4),

and

A,=4p if p=3 (mod 4).
By Proposition 2.4 the curve £, is supersingular above ¢ if ¢ is inert in O, .
Furthermore, this condition holds if and only if ¢ A, and A, is not a square mod
q. Since g > 3, this is equivalent to the condition that p not be a square mod gq.
There are % classes mod ¢ that are not quadratic residues.

By the strong version of Dirichlet’s theorem (see [I4], Ch. 16, §1), the set of
primes in each class has Dirichlet density q%l, so the set of primes p such that E), is
supersingular above ¢ has Dirichlet density % The same holds for the set of primes
that are congruent to 1 (mod 4), and since g and 4 are coprime, the lemma follows
immediately from the chinese remainder theorem. (Il
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Remarks. The chinese remainder theorem also shows that if ¢ and ¢’ are two distinct
primes, the set P, N P, has Dirichlet density %. Up to the congruence (mod 4),
these sets are thus “independent” in a probabilistic point of view. It is also worth
mentioning for the sequel that ¢ ¢ P,, since the class 0 (mod ¢) is excluded in the
construction of P,.

3.2. Galois properties of fields generated by singular moduli. In this sub-
section, we fix ¢ a prime number. We are going to investigate the group:

G, := Gal(Lp,/Q),

and show that it is far from being abelian. Since the extension Kp /Q is the
compositum of pairwise linearly disjoint quadratic fields, we have:

Gal(Kp,/Q) = [] z/2z.

PEP,

The following proposition shows that the structure of G is more complicated.
Proposition 3.2. The group G,/Z(G,) has infinite exponent.

Proof. The Galois extensions L,/Q, for p € P,, are pairwise linearly disjoint be-
cause each L, is only ramified at p. Thus, the Galois group of Lp, /Q is the product
of the Galois groups of the L,/Q, for p € P,.

By Theorem 1.2 of [21I] and a quick computation, we see that the exponent of the
ideal class group of Q(v/—p) goes to infinity outside of a set of primes of density
zero. Let d > 1, and let p € P, such that the Galois group H, of L,/K, has
exponent > d.

If C is a subgroup of H,, corresponding to an extension M/K,, the extension
M/Q has Galois group C x Z/2Z. If the product is direct, the Kronecker-Weber
theorem shows that the field M belongs to a cyclotomic extension. But the exten-
sion M/Q is ramified only at p, with ramification index 2, so it has degree 2 and C
is trivial.

Applying this to a cyclic group C C Hj, of order > d and to all its subgroups,
we see that C N Z(G,) = {1}, and G,/Z(G,) has exponent > d. This holds for all
d > 1, and the proposition follows. O

This proposition shows that the condition of Theorem [[.7] does not hold in our
case. We can also compare the field Lp_ to the fields studied by Habegger in [11].
These fields are very ramified and built out of one elliptic curve, whereas Lp, is
the compositum of scarcely ramified fields built out of many different elliptic curves
with CM.

Proposition 3.3. If E is an elliptic curve defined over a number field K :
L'Pq ¢ K(Etors)-

Proof. We proceed by contradiction. We can suppose that K is Galois over Q, and
that End(E) = Z by the previous proposition. Let p > 5 € P, large enough, such
that p does not ramify in K, the elliptic curve E has good reduction at all primes
dividing p, and such that Serre’s “open image” theorem applies ([20]):

Gal(K (E[p))/K) = GLy(F,).
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The field L, is tamely ramified at p and unramified at other primes so L, C K(E[p]).
Again, we can choose p so that

Gal(L,/Q) = H, x Z/2Z

is a non-trivial product. This Galois group can be embedded as a normal subgroup
of GLo(F,) which is not contained in its center. By simplicity of PSLo(F,), we get:

[Hy| = p(p* —1).
This contradicts the classical upper bound given by Dirichlet’s analytic class number
formula (see for instance [I§], 1):

6
|Hp| < —v/plog(p).
O

Remark. By Weil’s pairing, the field K (Foys) contains Q*", hence Kp, which is
abelian over Q.

4. HEIGHTS AND FIELDS GENERATED BY J-INVARIANTS

Let ¢ > 3 a prime. We are going to give an explicit lower bound for the height
on the field Lp, outside of the roots of unity. We will first treat a significant special
case by using the g-adic estimate on j-invariants for a simultaneously supersingu-
lar prime q|gq. We will finally treat the general case by using the decomposition
properties of primes in the Hilbert class fields.

4.1. Preliminaries on heights. Let K be a number field. A place v of K is (the
equivalence class of) an absolute value : K — R,. Its restriction w to Q is either
the standard archimedean absolute value (we say that v is infinite and write v|oo)
or a p-adic absolute value, for p a prime number (we say that v is finite and write
v|p). Let K, be the completion of K with respect to v and d, := [K, : Q] the
local degree of v. We have the following “degree formula”, which relates the local

and global degrees of K :
> d,=[K:Q].

v|w
The infinite places of K correspond to field embeddings : K — C modulo complex
conjugation. The finite places of K are in bijection with the non-zero prime ideals
of K. If v is a finite place of K, we can thus define its ramification index e, and
its residual degree f,, and we have the equality: d, = e, f,.
Let x be a non-zero algebraic number. It satisfies the well-known “product

formula”:
Z dylog|z|, = 0.
veM(K)

We define the (absolute, logarithmic) Weil height of = by

1
o) = 3 4l Jalu}
(=) (K : Q] veM(K) o el

where K is any number field containing x, and M (K) is the set of places of K. For
x,y € Q* (x +y # 0), we have the following inequalities:

h(zy) < h(z)+h(y) and h(z+y) < h(z)+ h(y) + log(2).
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4.2. A particular case. We start by proving a lower bound for a large subring of
the algebraic integers of the field Lp_ . This is done by using the g-adic estimate on
singular moduli at a supersingular prime q|g. This also paves the way for the general
case, for which we will follow the same approach with some extra information on
the decomposition of primes in Hilbert class fields.

Proposition 4.1. Let x € Z[j,,p € P, of infinite order. Then:

log(q/2)
hix) > =1~
Proof. Let Q be a finite subset of P, such that x € Lg. Since x is not a root of
unity, we have:
Y= P — # 0.

We can therefore apply the product formula to y. By construction, the prime ¢
does not ramify in Lg. Now, Lemma and Theorem show that if v|q is a

finite place of Lg, for each p € Q:
. 2 . —
|JZ —Jplo < q L
and the properties of binomial coefficients imply: |y|, < ¢~ 1.

The product formula reads:

dy
0= 2 gl

veM(Lg)
< > B og max{1, [y} - > B og(g).
2 T0o: 2o Q)
Using the basic inequalities recalled earlier in this section yields:

0 < h(y) —log(q)
< (¢® +1)h(x) +log(2) — log(q),

and the proposition follows. (|

4.3. Local analysis. We concentrate here on local estimates above q. We let
Q C Py be a finite set of primes and take v|g a place of Lg. The first lemma
focuses on algebraic integers and contains the key argument.

Lemma 4.2. For allxz € Op,:

2
q ’ < -1
’CL‘ x|, q .

Proof. Let us start with y € Or,, where p € Q. The prime number ¢ is inert in
K, and the prime ideal pOk, splits completely in L, by Corollary 271 We deduce
that the residue field of L, at v is F2, and because ¢ is unramified:

(1) vy, < ¢

The extension Lg/Q is the compositum of the Galois extensions L, /Q, for p € Q,
which are linearly disjoint (with coprime discriminants). This implies that:

OLQ = ®p€QOLp7
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where the tensor product is over Z (see for instance [27], Lemma 1.3). If z € Oy,
we take a decomposition in the tensor product. By (), the properties of the
binomial coefficients and the ultrametric inequality, we get:

" =], a7

O

The next stage is classical. It prepares a reduction to algebraic integers and is
based on the “strong approximation theorem”.

Lemma 4.3. For any x € Ly, there is B € Ory such that fr € Or, and:
1Bl = max{1, |z],} .
Proof. See [2], Lemma 1. O
We can now give a final estimate for the v-adic norm.
Corollary 4.4. For allx € Lg:
|xq2 - x’v < ¢ 'max{1, |x|v}q2+l.

Proof. We can suppose that x # 0. Let 8 be as in the former lemma. We apply
Lemma [£2] to 8 and Bx:

89 — 8], < q " and |(B2)? — x|, < ¢!

By the ultrametric inequality, we get:

= —al, = 1577, |B0)" - 7],
= L) — B+ (8- 5)al,
S lvmax{lwx)f—ﬂxwv,\ﬂ—ﬂflv\wlv}
< g 'max{1,|z],}7 T,
which is the expected inequality. ]

4.4. Proof of the theorem. Let z € L*Q of infinite order. Because x is neither
zero nor a root of unity:

yi=2t —x#£0.
Again, we apply the product formula to y:

d
0 = T e ll,
UEI;:LQ) [Lo: Q)
d d,
< (¢*+1) “— log max{1, |z, } + log(2) — log(q),
A;> Lo : Q) %[LQ Q

where the log(2) comes from the triangle inequality at all archimedian places. We
thus find:

log(g/2) < (¢*+ Dh(x),
and like in the special case studied earlier, we get the following lower bound:
log(q/2)
e+1
This finishes the proof of Theorem [[.9l O
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Remarks. Our method does not extend to the field generated by the compositum
of all K,(j,), for p € P, the set of primes (or a subset of density 1). If ¢ is a prime
of ordinary reduction for E,, we have a decomposition ¢ := qq’ in K,. In this
case, class field theory only gives a relation between the two Frobenius elements
04,04 € Gal(L,/K,); namely, o404 = 1.

By the Chebotarev density theorem, the set of primes of K, that split completely
in L, has density m, and we can’t expect to bound the degree of the residue
fields for all ¢ € P (or a subset of density 1). An interesting phenomenon, which
has been exploited implicitly here, is that the inert primes in K, have density % as
rational primes and density 0 in K,.

The classical strategy used for instance in [2] or [II] - with a g-adic estimate
involving some Frobenius element at q|¢q - does not work very well either, because
the centraliser of the Frobenius element can have large index in the Galois group

as soon as many L,’s are involved.

5. FURTHER EXAMPLES

We indicate here how to generalize our method to other families of Galois number
fields, including real quadratic fields and simplest cubic fields. We finally make some
remarks about properties of cyclotomic fields related to our work.

5.1. Generalization to families of Galois fields. Forn € N, let K,, be a number
field such that K, /Q is Galois, and let L,, be its Hilbert class field. A look at the
proof of our theorem shows that the compositum L of the L,,’s satisfies the Property
(B) if:

-the degree [K, : Q] is bounded independently of n;

-there is a prime p which is simultaneously inert in K,, for all n;

-the discriminants of the K,,’s are pairwise coprime.

In this case, we can get an explicit lower bound for the height. The only difference
with the bound obtained above is the power of p, which can be expressed in terms
of the finite number of values taken by [K,, : Q]. The second condition implies that
p is unramified in the compositum of the K,,’s. By class field theory, the ideal pOy,
splits completely in L,, for all n. The coprimality condition on the discriminants
might be removed by working with local fields in Lemma

Because of the third hypothesis, the extensions L, /Q are pairwise linearly dis-
joint and Gal(L/Q) = [],cy Gal(L,,/Q). This field is all the more interesting for
us as Gal(L,,/K,), the ideal class group of K, has big order or exponent.

We start with families of real quadratic fields. For p a prime, we let here K, :=
Q[y/p] and L, its Hilbert class field. For a set Q C P, let Lg be the compositum
of the L,’s, for p € Q.

Proposition 5.1. For all ¢ > 3 prime, there is a set P, C P of Dirichlet density
% such that Lp, has the Property (B).

Proof. Identical to that of Theorem O

Remark. We could also consider the compositum of a mixed family of real and qua-
dratic fields of prime discriminant. A specificity of real quadratic fields compared
to imaginary ones is that much less is known on the class group. The Cohen-
Lenstra heuristics predict that the class number is statistically very small ([7]).
This example might thus be less interesting in our setting.
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5.2. Simplest cubic fields. We now look for a family of cubic fields that satis-
fies our criteria. The most simple example to investigate is that of the so-called
“simplest cubic” fields.

Let m € N and let K, be the splitting field of the polynomial:

Po(X):=X*—mX? - (m+3)X -1,

with discriminant:
A = f2 = (m*+3m + 9)%

We can check that if x,, > 0 is a root of P,,, the other roots are —H% < 0 and
—1—-L < 0. Thus, the extension K,,/Q is normal with Galois group Z/3Z. Let

L,, be the Hilbert class field of K,,.

Definition 5.2. The field K,, is a simplest cubic field if its ring of integers is
Z]xy).

The field K, is a simplest cubic field if and only if m # 0 (mod 3) and f,, is
square free, or if m = 0,6 (mod 9) and f,,/9 is square free ([31], Proposition 1 and
Corollary). In this case, the number d,, is the discriminant of K,,.

We can go further about the arithmetic properties of the f,,’s. According to
Hardy and Littlewood’s “Conjecture F”, there should be infinitely many m € N
such that f,, is prime. One can prove (see [19], Proposition 1) that if N(x) is the
number of 0 < m < x such that K, is a simplest cubic field:

N(z) 8 2

p=1 (mod 6)

We will use an infinite sequence of square free and pairwise coprime discriminants.

Lemma 5.3. There exists an infinite set N’ C N such that:

VYm#n €N, fm and f, are square free and coprime.

Proof. We construct the set N' = {my,k > 1} by induction. Since f; = 13, we
start with m; = 1. Let £ > 2 and suppose that we have found my, ..., mg_1 with
the required properties.

We denote by P > 13 the greatest prime factor of mq---my_1. Since f,, is
always odd, it is sufficient to find an integer m such that:

(2) VpeP : pffnif3<p<P andp®{ f, otherwise.

For > 1, let A(z) be the set of 1 < m < x with these properties. Let ¢ > 1 be
an integer and suppose that there is m > 1 such that ¢|f,,. For any other n with
q| frn, we immediately check that:

(2m +3)* = (2n+3)? (mod q).

Thus, if ¢ = p is a prime > 3, there are at most two classes mod p that may
contain an m such that p|f,,. If ¢ = p? and p > 5, we rapidly see that there are at
most two classes mod p? that may contain an m with p?|f,,.

Now, let N be the product of all primes 3 < p < P, and suppose that z > N2.
By the chinese remainder theorem, there are at least [[3.,« p(p —2) classes mod N
such that for each m in one of these classes, ged(fm, N) = 1. Let A;(z) be the set
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of 1 <m < x such that the first pack of conditions in (2]) is realized. Since z > N,

we have:
1 2
\Al(x)|2§ | I (1——)x:—cx.

8<p<P P
For p € P, let
Ap(x) == {m € Ai(x),p?|fn}.
This set is empty for p < P. If P < p < \/% , we can use the chinese remainder
theorem because p? and N are coprime, and we find that

4
Ay(2)| £ —cx.
Ay <
For a “big” prime p > /%, we get the weaker estimate:
x
[4p() <2(1+ {PD < 2N +1).

We now give a lower bound for |A(x)|. For > 3, we see that: f, < (27)2, so we
can restrict ourselves to primes p < 2x:

A@)] = A= Y |A()]

P<p<l2z
4
> cz—ch—— Z 2(N +1)
= 2
P<pp p<2x
4 4(N +1
> o(1-3 2 )e- #x
p 0g(7)

where the last inequality comes from a classical upper bound on the number of
primes at most z ([23], Theorem 1). We remark that:

1 1 1 1 1
1 Ssay sy (o) sy

P<p 13<p 17<n

and for = large enough, we finally get |A(z)| > 1. O

An interesting property of simplest cubic fields for our purpose is that they have
a common inert prime.

Lemma 5.4. If K, is a simplest cubic field, the ideal (2)Z[x,,] is prime.

Proof. Let P,, be the reduction of P, mod 2. We have: P, = X3+ X +1ifm
is even, and ]5m = X3+ X2 +1if mis odd. In each case, Pm has no root so it
is irreducible. By Dedekind’s criterion ([20], I, Proposition 8.3), it follows that 2
remains prime in K,,. ([l

Let Ly be the compositum of the Hilbert class fields L,,, for m € /. We are in
a position to prove that this field has the Property (B).

Proposition 5.5. For all x € L}, of infinite order:

log(2)

hw) > —2
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Proof. The proof is very close to that of Theorem[I.9] and we will not enter in all the
details. Let x of infinite order in a finite compositum L x(z), and v|2 in M (Lxs(z)).
Let m € N(z) and y € Op,, . Since 2 is inert in K,,, it splits completely in L, so
that the residue field at v is Fy3 and

‘ys — y| <271

v

By construction of NV, the fields L,,, for m € N (z), have pairwise coprime discrim-
inants. Suppose first that z is an algebraic integer. Exactly like in Lemma [£.2] we
get:

|a:8 — x|v <271
We now apply a 2-adic acceleration trick:
|20 — xQ‘v =|(2® — 2)* + 22(a® — ;C)‘v <272

If x is no longer an algebraic integer, we use strong approximation and imitate the
proof of Corollary 4] which yields:

|20 — 2?| <272 max{1, |z, }'"®.

We can now apply the product formula to z'6 — 22, which is not zero by the
hypothesis on x, with trivial estimates at places not above 2. We find the expected
bound:

h(z) > log(4) — log(2) _ 1og(2).
- 18 18

]

Remark. The field Ly also has a rather complicated Galois structure. For each
m € N, one can prove that:

fm
elog(fm)?’

and under the assumption of GRH, the abelian group Gal(L,,/K,,) has exponent

[L : K] >

> %, where > means that the stated inequality is true up to a positive

constant ([19], Theorem 4 and Proposition 9).

5.3. Inert primes in cyclotomic fields. For an infinite compositum of cyclo-
tomic fields, the first condition is not realized. However, we remark that there is a
good criterion to identify inert primes in this case. For p € P a prime, let Q(&,) be
the field generated by a primitive p-th root of unity.

Lemma 5.6. A prime q # p is inert in Q(&,) if and only if the image of q in
(Z/pZ)* is a generator.

Proof. See [30], Theorem 2.13. O

The existence of infinitely many p’s such that ¢ is a generator of (Z/pZ)* is the
object of Artin’s conjecture on primitive roots. A special case is the following.

Conjecture 5.7 (Artin). The set P, of primes p such that q is a generator of
(Z/PZ)* has density ca == [[,ep (1 - ﬁ) > 0.
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The real number ¢4 =/ 0.37 is supposed to be independent of q. Artin’s conjecture
holds under the assumption of GRH ([13]). Furthermore, Heath-Brown proved (see
[12], or the earlier version [I0]) that for all primes ¢ but at most two, the set P, is
infinite and "

|Pq N [LxH > 10g(.’L’)2
It is also possible to bound from below the exponent of the class group of Q(&,)
explicitly in terms of p (see for instance [2], Corollary 2).

ACKNOWLEDGMENTS

The author would like to thank Michael Tsfasman for nice discussions about
sphere packing, as well as Stéphane Louboutin for helpful remarks about cubic
fields. Part of this article was written during a research stay at the Laboratoire
Poncelet (Moscow). It is a pleasure to thank this institution for the warm welcome.

REFERENCES

[1] Francesco Amoroso, Sinnou David, and Umberto Zannier, On fields with Property (B), Proc.
Amer. Math. Soc. 142 (2014), no. 6, 1893-1910, DOI 10.1090/S0002-9939-2014-11925-3.
MR3182009

[2] Francesco Amoroso and Roberto Dvornicich, A lower bound for the height in abelian exten-

stons, J. Number Theory 80 (2000), no. 2, 260-272, DOI 10.1006/jnth.1999.2451. MR 1740514

(2001b:11100)

Francesco Amoroso and Umberto Zannier, A relative Dobrowolski lower bound over abelian

extensions, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 29 (2000), no. 3, 711-727. MR1817715

(2003a:11078)

[4] Enrico Bombieri and Umberto Zannier, A note on heights in certain infinite extensions of
Q (English, with English and Italian summaries), Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat.
Natur. Rend. Lincei (9) Mat. Appl. 12 (2001), 5-14 (2002). MR1898444//(2003d:11155)

[5] Sara Checcoli, Fields of algebraic numbers with bounded local degrees and their properties,
Trans. Amer. Math. Soc. 365 (2013), no. 4, 2223-2240, DOI 10.1090/S0002-9947-2012-05712-
6. MR3009657

[6] Sara Checcoli and Martin Widmer, On the Northcott property and other properties related
to polynomial mappings, Math. Proc. Cambridge Philos. Soc. 155 (2013), no. 1, 1-12, DOI
10.1017/S0305004113000042. MR3065255

[7] H. Cohen and H. W. Lenstra Jr., Heuristics on class groups of number fields, Number theory,
Noordwijkerhout 1983 (Noordwijkerhout, 1983), Lecture Notes in Math., vol. 1068, Springer,
Berlin, 1984, pp. 33-62, DOI 10.1007/BFb0099440. MR756082[(85]:11144)

[8] E. Dobrowolski, On a question of Lehmer and the number of irreducible factors of a polyno-
mial, Acta Arith. 34 (1979), no. 4, 391-401. MR543210|(801:10040)

[9] Noam D. Elkies, The ezxistence of infinitely many supersingular primes for every elliptic
curve over Q, Invent. Math. 89 (1987), no. 3, 561-567, DOI 10.1007/BF01388985. MR903384
(88i:11034)

[10] Rajiv Gupta and M. Ram Murty, A remark on Artin’s conjecture, Invent. Math. 78 (1984),
no. 1, 127-130, DOI 10.1007/BF01388719. MR762358|(86d:11003)

[11] P. Habegger, Small height and infinite nonabelian extensions, Duke Math. J. 162 (2013),
no. 11, 2027-2076, DOI 10.1215/00127094-2331342. MR3090783

[12] D. R. Heath-Brown, Artin’s conjecture for primitive roots, Quart. J. Math. Oxford Ser. (2)
37 (1986), no. 145, 27-38, DOI 10.1093/gqmath/37.1.27. MR830627 (88a:11004)

[13] Christopher Hooley, On Artin’s conjecture, J. Reine Angew. Math. 225 (1967), 209-220.
MRO0207630| (34 #7445)

[14] Kenneth Ireland and Michael Rosen, A classical introduction to modern number theory, 2nd
ed., Graduate Texts in Mathematics, vol. 84, Springer-Verlag, New York, 1990. MR1070716
(92e:11001)

[15] Serge Lang, Elliptic functions, 2nd ed., Graduate Texts in Mathematics, vol. 112, Springer-
Verlag, New York, 1987. With an appendix by J. Tate. MR890960 (88c:11028)

3


http://www.ams.org/mathscinet-getitem?mr=3182009
http://www.ams.org/mathscinet-getitem?mr=1740514
http://www.ams.org/mathscinet-getitem?mr=1740514
http://www.ams.org/mathscinet-getitem?mr=1817715
http://www.ams.org/mathscinet-getitem?mr=1817715
http://www.ams.org/mathscinet-getitem?mr=1898444
http://www.ams.org/mathscinet-getitem?mr=1898444
http://www.ams.org/mathscinet-getitem?mr=3009657
http://www.ams.org/mathscinet-getitem?mr=3065255
http://www.ams.org/mathscinet-getitem?mr=756082
http://www.ams.org/mathscinet-getitem?mr=756082
http://www.ams.org/mathscinet-getitem?mr=543210
http://www.ams.org/mathscinet-getitem?mr=543210
http://www.ams.org/mathscinet-getitem?mr=903384
http://www.ams.org/mathscinet-getitem?mr=903384
http://www.ams.org/mathscinet-getitem?mr=762358
http://www.ams.org/mathscinet-getitem?mr=762358
http://www.ams.org/mathscinet-getitem?mr=3090783
http://www.ams.org/mathscinet-getitem?mr=830627
http://www.ams.org/mathscinet-getitem?mr=830627
http://www.ams.org/mathscinet-getitem?mr=0207630
http://www.ams.org/mathscinet-getitem?mr=0207630
http://www.ams.org/mathscinet-getitem?mr=1070716
http://www.ams.org/mathscinet-getitem?mr=1070716
http://www.ams.org/mathscinet-getitem?mr=890960
http://www.ams.org/mathscinet-getitem?mr=890960

2786 AURELIEN GALATEAU

[16

17

18

[19

20

[21
[22
23

[24

[25
26
27
[28
29
30

31

16

| Serge Lang and Hale Trotter, Frobenius distributions in GLg2-extensions, Lecture Notes in
Mathematics, Vol. 504, Springer-Verlag, Berlin-New York, 1976. Distribution of Frobenius
automorphisms in GLa-extensions of the rational numbers. MR0568299 (58 #27900)

] D. H. Lehmer, Factorization of certain cyclotomic functions, Ann. of Math. (2) 34 (1933),
no. 3, 461-479, DOI 10.2307/1968172. MR1503118

| Stéphane Louboutin, L-functions and class numbers of imaginary quadratic fields and of
quadratic extensions of an imaginary quadratic field, Math. Comp. 59 (1992), no. 199, 213—
230, DOI 10.2307/2152992. MR1134735/(92k:11128)

| Stéphane Louboutin, The exponent three class group problem for some real cyclic cubic num-
ber fields, Proc. Amer. Math. Soc. 130 (2002), no. 2, 353-361, DOI 10.1090/S0002-9939-01-
06168-8. MR1862112(/(2002h:11106)

| Jirgen Neukirch, Algebraic number theory, Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], vol. 322, Springer-Verlag, Berlin, 1999.
Translated from the 1992 German original and with a note by Norbert Schappacher; With a
foreword by G. Harder. MR1697859|/(2000m:11104)

] Francesco Pappalardi, On the exponent of the ideal class group of Q(v/—d), Proc. Amer.
Math. Soc. 123 (1995), no. 3, 663-671, DOI 10.2307/2160784. MR1233979//(95d:11154)

| Michael Yu. Rosenbloom and Michael A. Tsfasman, Multiplicative lattices in global fields,
Invent. Math. 101 (1990), no. 3, 687-696, DOI 10.1007/BF01231520. MR 1062800 (91g:11072)

] J. Barkley Rosser and Lowell Schoenfeld, Approzimate formulas for some functions of prime
numbers, Illinois J. Math. 6 (1962), 64-94. MR0137689 (25 #1139)

] A. Schinzel, On the product of the conjugates outside the unit circle of an algebraic number,
Acta Arith. 24 (1973), 385-399. Collection of articles dedicated to Carl Ludwig Siegel on the
occasion of his seventy-fifth birthday. IV. MR0360515 (50 #12963)

| J. P. Serre, Groupes de Lie l-adiques attachés aux courbes elliptiques, Colloque de Clermont-
Ferrand, IHES, 1964.

| Jean-Pierre Serre, Propriétés galoisiennes des points d’ordre fini des courbes elliptiques
(French), Invent. Math. 15 (1972), no. 4, 259-331. MR0387283| /(52 #8126)

] Goro Shimura, Construction of class fields and zeta functions of algebraic curves, Ann. of
Math. (2) 85 (1967), 58-159. MR0204426 (34 #4268)

| Joseph H. Silverman, The arithmetic of elliptic curves, Graduate Texts in Mathematics,
vol. 106, Springer-Verlag, New York, 1986. MR817210 (87g:11070)

| Joseph H. Silverman, Advanced topics in the arithmetic of elliptic curves, Graduate Texts in
Mathematics, vol. 151, Springer-Verlag, New York, 1994. MR1312368 (96b:11074)

| Lawrence C. Washington, Introduction to cyclotomic fields, Graduate Texts in Mathematics,
vol. 83, Springer-Verlag, New York, 1982. MR718674/(85g:11001)

| Lawrence C. Washington, Class numbers of the simplest cubic fields, Math. Comp. 48 (1987),
no. 177, 371-384, DOI 10.2307,/2007897. MRI866122 (88a:11107)

LABORATOIRE DE MATHEMATHIQUES DE BESANGON, UNIVERSITE DE FRANCHE-COMTE, CNRS,
ROUTE DE GRAY, 25030 BESNANGON, FRANCE
E-mail address: aurelien.galateau@univ-fcomte.fr


http://www.ams.org/mathscinet-getitem?mr=0568299
http://www.ams.org/mathscinet-getitem?mr=0568299
http://www.ams.org/mathscinet-getitem?mr=1503118
http://www.ams.org/mathscinet-getitem?mr=1134735
http://www.ams.org/mathscinet-getitem?mr=1134735
http://www.ams.org/mathscinet-getitem?mr=1862112
http://www.ams.org/mathscinet-getitem?mr=1862112
http://www.ams.org/mathscinet-getitem?mr=1697859
http://www.ams.org/mathscinet-getitem?mr=1697859
http://www.ams.org/mathscinet-getitem?mr=1233979
http://www.ams.org/mathscinet-getitem?mr=1233979
http://www.ams.org/mathscinet-getitem?mr=1062800
http://www.ams.org/mathscinet-getitem?mr=1062800
http://www.ams.org/mathscinet-getitem?mr=0137689
http://www.ams.org/mathscinet-getitem?mr=0137689
http://www.ams.org/mathscinet-getitem?mr=0360515
http://www.ams.org/mathscinet-getitem?mr=0360515
http://www.ams.org/mathscinet-getitem?mr=0387283
http://www.ams.org/mathscinet-getitem?mr=0387283
http://www.ams.org/mathscinet-getitem?mr=0204426
http://www.ams.org/mathscinet-getitem?mr=0204426
http://www.ams.org/mathscinet-getitem?mr=817210
http://www.ams.org/mathscinet-getitem?mr=817210
http://www.ams.org/mathscinet-getitem?mr=1312368
http://www.ams.org/mathscinet-getitem?mr=1312368
http://www.ams.org/mathscinet-getitem?mr=718674
http://www.ams.org/mathscinet-getitem?mr=718674
http://www.ams.org/mathscinet-getitem?mr=866122
http://www.ams.org/mathscinet-getitem?mr=866122

	1. Introduction
	Algebraic numbers with small height
	The Bogomolov Property
	The Bogomolov Property in fields generated by 𝑗-invariants

	2. Supersingular primes and complex multiplication
	2.1. Supersingularity
	2.2. Complex multiplication
	2.3. Singular moduli

	3. Selection of 𝑗-invariants and Galois properties
	3.1. Simultaneous supersingularity
	3.2. Galois properties of fields generated by singular moduli

	4. Heights and fields generated by 𝑗-invariants
	4.1. Preliminaries on heights
	4.2. A particular case
	4.3. Local analysis
	4.4. Proof of the theorem

	5. Further examples
	5.1. Generalization to families of Galois fields
	5.2. Simplest cubic fields
	5.3. Inert primes in cyclotomic fields

	Acknowledgments
	References

