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THE (n+ 1)-LIPSCHITZ HOMOTOPY GROUP

OF THE HEISENBERG GROUP H
n

PIOTR HAJ�LASZ

(Communicated by Jeremy Tyson)

Abstract. We prove that for n ≥ 2, the Lipschitz homotopy group πLip
n+1(H

n)
�= 0 of the Heisenberg group Hn is nontrivial.

1. Introduction

The Lipschitz homotopy groups of a metric space πLip
n (X) are defined in the same

way as the classical homotopy groups, with the exception that both the maps and
homotopies are required to be Lipschitz. We emphasize that we make no restriction
on the Lipschitz constants. In particular, we do not require the Lipschitz constant
of a homotopy to be comparable to the Lipschitz constant of maps that are Lipschitz
homotopic. The notion of Lipschitz homotopy groups was introduced in [4] with
the main purpose of studying the Lipschitz homotopy groups of the Heisenberg
group (equipped with the Carnot-Carathéodory metric). Note that the classical
homotopy groups of the Heisenberg group are zero since the space is homeomorphic
to a Euclidean space. The following results are known:

πLip
k (Hn)

⎧⎪⎪⎨
⎪⎪⎩

= 0 if 1 ≤ k < n [11],
�= 0 if k = n [2],
= 0 if n = 1, k ≥ 2 [12],
�= 0 if n = 2�, k = 4�− 1 [7].

The main result of this paper adds one more case to this list.

Theorem 1.1. For n ≥ 2, πLip
n+1(H

n) �= 0.

The case n = 2 is already contained in [7], but with a very different proof. As
we will see, the result has a very short proof, and it is somewhat surprising that it
has not been noticed before.

The proofs that πLip
n (Hn) �= 0 and πLip

4�−1(H
2�) �= 0 employ the fact that the

groups πn(S
n) and π4�−1(S

2�) are infinite, so one can use differential forms to
detect non-trivial elements in these groups (using degree and the Hopf invariant
respectively). To the best of my knowledge, Theorem 1.1 for n ≥ 3 is a first result
showing nontrivial Lipschitz homotopy groups of the Heisenberg groups when the
corresponding homotopy groups of the spheres are finite, πn+1(S

n) = Z2 for n ≥ 3.
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When k > 1, Lipschitz homotopy groups are abelian, but they are usually un-
countably generated. For a detailed proof that πLip

n (Hn) is uncountably generated,
see [4]. However, very little is known about the structure of these groups. For
example it is not known if πLip

n (Hn) has elements of finite order. Nevertheless, the
fact that a Lipschitz homotopy group is nontrivial provides a lot of information
about the structure of Lipschitz maps into the Heisenberg group.

In order to show that πLip
k (Hn) �= 0, we need to construct a Lipschitz mapping

f : S
k → H

n that has no Lipschitz extension F : B
k+1 → H

n; see comments
following Definition 4.1 in [4]. So far, the only known method of proving that

πLip
k (Hn) �= 0 is based on the idea described below.
The following fact is well known; see [2, 4, 5].

Lemma 1.2. For n ≥ 1, there is a smooth and horizontal embedding of the sphere
Φ : Sn → H

n; that is, Φ : Sn → R
2n+1 is a smooth embedding and the tangent space

to the embedded sphere Φ(Sn) is contained in the horizontal distribution of Hn. It
follows that the embedding Φ : Sn → H

n is bi-Lipschitz.

Now if πk(S
n) �= 0 and f ∈ C∞(Sk, Sn), 0 �= [f ] ∈ πk(S

n), then, in some cases,
one can prove that if Φ is any map that satisfies the conclusion of Lemma 1.2,
then Φ ◦ f : Sk → H

n does not admit a Lipschitz extension F : Bk+1 → H
n. This

was the method used in all of the known cases of πLip
k (Hn) �= 0, and it is also a

method used in this paper. For this reason I conjectured that if πk(S
n) �= 0, then

πLip
k (Hn) �= 0. While the conjecture is still open, in many cases the approach to a

proof would have to be very different from the one described here, because of the
following result of Wenger and Young [12, Theorem 1].

Theorem 1.3. If f : Sk → S
n is Lipschitz and n + 2 ≤ k < 2n − 1, then Φ ◦ f :

S
k → H

n can be extended to a Lipschitz map F : Bk+1 → H
n.

The result is sharp: it does not extend to the case of k = 2n− 1 when n is even.
Indeed, if n is even and f : S2n−1 → S

n has a nonzero Hopf invariant, then as was
shown in [7], the map Φ ◦ f : S2n−1 → H

n does not admit a Lipschitz extension

F : B2n → H
n and hence πLip

2n−1(H
n) �= 0. Also the proof of Theorem 1.1 shows

that Theorem 1.3 cannot be extended to the case k = n + 1, which is somewhat
surprising in view of [12, Theorem 2].

Note that Theorem 1.3 shows that the method described above of proving that

πLip
k (Hn) �= 0 cannot be used in the range n+ 2 ≤ k < 2n− 1.

2. Proof of Theorem 1.1

Let Φ : Sn → H
n be a smooth and horizontal embedding of the sphere into the

Heisenberg group as in Lemma 1.2. Recall that

πn+1(S
n) =

{
Z if n = 2,
Z2 if n ≥ 3.

Let f ∈ C∞(Sn+1, Sn) be a smooth map such that 0 �= [f ] ∈ πn+1(S
n). We will

show that the map

g = Φ ◦ f : Sn+1 → H
n

does not admit a Lipschitz extension

G : Bn+2 → H
n,
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which will prove that 0 �= [g] ∈ πLip
n+1 (H

n). Suppose to the contrary thatG : Bn+2 →
H

n is a Lipschitz extension of g. Since the Heisenberg group is purely unrectifiable
in dimensions k ≥ n + 1 [1, 9] (see [3] for a different proof), we conclude that
Hn+2(G(Bn+2)) = 0, where Hn+2 stands for the Hausdorff dimension with respect
to the Carnot-Carathéodory metric in H

n. To arrive at a contradiction it suffices
to show that Hn+2(G(Bn+2)) > 0.

We will need the following result of Gromov [6, Theorem 3.1.A]; see also [10,
Lemma 22 and Theorem 6].

Lemma 2.1. If a set E ⊂ H
n has topological dimension at least n + 1, then

Hn+2(E) > 0.

In fact the statement of Gromov’s result only says that the Hausdorff dimension
of E is greater than or equal to n+2, so one cannot conclude from the statement of
Gromov’s result that Hn+2(E) > 0. However, the proof of Gromov’s result clearly
shows that Hn+2(E) > 0; see the proof of Lemma 22 in [10].

Thus it suffices to show that the topological dimension of G(Bn+2) is greater
than or equal to n+ 1. Suppose to the contrary that dimtop G(Bn+2) ≤ n. We will
need the following classical result [8, Theorem VI.4].

Lemma 2.2. A separable metric space X has topological dimension less than or
equal to n if and only if for each closed set C ⊂ X and a continuous map h : C →
S
n, there is a continuous extension H : X → S

n of h.

Let h = Φ−1 : Φ(Sn) → S
n. Since Φ(Sn) is a compact subset of G(Bn+2) and

dimtop G(Bn+2) ≤ n, there is a continuous extension H : G(Bn+2) → S
n of h. Note

that H ◦G : Bn+2 → S
n is a continuous extension of

H ◦G
∣∣∣
Sn+1

= f : Sn+1 → S
n,

which contradicts the assumption that 0 �= [f ] ∈ πn+1(S
n). The proof is complete.

�
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