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ABSTRACT. Based on gradient estimates of the eigenfunction, we prove lower
bound estimates for the first nonzero eigenvalue of the p-Laplacian on a con-
nected finite graph through the curvature-dimension conditions. These esti-
mates are parallel to the results on compact Riemannian manifolds with the
Ricci curvature bounded from below.

1. INTRODUCTION

Lower bound estimates for the first nonzero eigenvalue of the Laplacian on com-
pact manifolds with the Ricci curvature bounded from below are the fundamental
results in the geometric analysis. The cases that the Ricci curvature is bounded
from below by a positive number, zero or a negative number, were considered by
Lichnerowicz [12] and Obata [13], Li-Yau [I0] and Zhong-Yang [14] or Li-Yau [I1],
respectively. A general lower bound estimate was established in [ILBl6] indepen-
dently, which can also be generalized to the compact metric measure space satisfying
the Remannian curvature-dimension condition RCD*(K, N) [9].

A similar question exists on a connected finite graph through the curvature-
dimension conditions, and some estimates have been established. In [4] the authors
established an estimate Agey > "7 K on a connected finite graph through the
CD(m, K) condition (see Definition [Z2)) for some m > 1 and K > 0, where Azeq is
the first nonzero eigenvalue of the normalized graph Laplacian A4, (see Remark 2]
for its definition). When on a connected finite graph which satisfies the CD(m, K)
condition for some K < 0, the lower bound estimate for Ageq was established in [7].

The chain rule always fails on graphs, even on the lattice Z™. In a recent paper [5]
the authors showed a way to bypass the chain rule in the graphic setting; they also
introduced the CDE(m, K) condition (see Definition 2:3)). By using the maximum
principle they could establish the parabolic type gradient estimates for positive
solutions to the linear heat equation

(8t — AP«)’U’ = O,

where A, is the p—Laplacian and is defined in (Z1)). The Harnack inequalities and
the estimate of the heat kernel can also be derived.

In this paper we derive a gradient estimate for the eigenfunction of the u-
Laplacian A, on a connected finite graph through the CDE(m, K) condition for
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some constant K < 0. Based on this estimate we can get the following lower bound
estimate for the first nonzero eigenvalue of the u-Laplacian.

Theorem 1.1. Let G(V,E) be a connected finite graph satisfying the
CDE(m,—K) condition for some m > 0,K > 0. Then there exist constants
c1,c0 > 0 depending on m, tmaz, Wmin alone, such that the first nonzero eigen-
value of the p-Laplacian satisfies

c

(1.1) A> d—;exp(—Qde),

wWhere fimaz, Wmin are defined in Section 2 and d = max {d(x,y),z,y € V} denotes
the diameter of the graph.

When G(V, E) satisfies CDE(m,0) condition for some m > 0, we can get the
following corollary from the proof of Theorem [l

Corollary 1.2. Let G(V,E) be a connected finite graph satisfying the
CDE(m,0) condition for some m > 0. Then the first nonzero eigenvalue of the
u—Laplacian satisfies

Wmin
1.2 A > .
(1.2) ~ 2(m+ 1)e2pmard?

When on a connected finite graph satisfying the C'D(m,0) condition, the esti-
mate of the first nonzero eigenvalue of the normalized graph Laplacian Agey was
considered in [7]]. For example, the authors of [7] showed that the first nonzero
eigenvalue of Age, on a connected finite unweighted graph (see Remark 211 for its
definition) with the C'D(m, 0) condition satisfies

1
/'Lmaz(4 - %)dQ .
The estimates in (I.2)) and (3] can be improved, by which, we let A be the first

nonzero eigenvalue of the u-Laplacian on a connected finite graph and let u be the
corresponding eigenfunction. Due to Lemma [2.6] it is possible to arrange that

(13) >\deg >

a—1=inf u(z),a+ 1 = sup u(x)
eV eV

by multiplying with a constant, where 0 < a(u) < 1 is the median of w.

Theorem 1.3. Let G(V,E) be a connected finite graph satisfying the CD(1,0)
condition. Then the first nonzero eigenvalue of the p-Laplacian satisfies

2Wyin (arcsin  / 37%)2
(1.4) A\ rar

>
- tmaz (1 + a)d?

When on a connected finite graph satisfying the C'D(m, K) condition for some
m > 1 and K > 0, the estimate of the first nonzero eigenvalue of Agey was con-
sidered in [4]. In Section [6] we will prove the following similar estimate for the
p-Laplacian A, by using an important identity observed in [5].
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Theorem 1.4. Let G(V, E) be a connected finite graph satisfying the CD(m, K)
condition for some m > 1 and K > 0. Then the first nonzero eigenvalue of the
w-Laplacian satisfies

(1.5) A >

2. NOTATION AND LEMMAS

Let G(V, E) be a connected finite graph whose edge zy € E from x to y has
weight wg, > 0. We also assume that

Winin ‘= 122 we > 0,
e

and for all x € V,
deg(z) := Z Way-
Yy~x
Given a measure i : V — R on V, the y-Laplacian on G is the operator A, defined
by

(2.1) Apf(z) = —

y~zx

Remark 2.1. We should point out that some special cases of the u-Laplacian have
been studied in literature. For example if p = 1, then the p-Laplacian is the
standard graph Laplacian A, and the case where

wx) = Z Wgy = deg(x),

which yields the normalized graph Laplacian Ag.,. We say that G is unweighted
if wyy =1 for all zy € E. In this paper we always consider the p-Laplacian A,
except when it is important to emphasize the effect of the measure.

Moreover we define

Hmax = glaXM(x),

(2%
DU o)) = 58u(Fe) — FAug — 0uf)(a)
— G X wnlf) -~ F)al) - 9(o))

y~z
and

Ca(f,9) = 5IAuT(F6) ~ T(f, 89) ~ D(Auf )
For convenience, we write I'(f) = T'(f, f), T2(f) = T2(f, f).
Definition 2.2. For m > 0,K € R, we say that a graph G(V, E) satisfies the
CD(m, K) condition if for all z € V and any function f:V — R,

(22) D)) > (8, 0)(w) + KT(7)(a).
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When studying gradient estimates on manifolds we always need the identity
VAN
AyInu = el L |V Inul?,
U

which comes from the chain rule formula. However the chain rule formula is always
false in the graphic setting. In [5] the authors observed that in the graphic setting
the identity

(2.3) 2l /i = By — 20(/a)

is always right for any positive function w. In order to establish Li-Yau’s gradient
estimate, they also introduced the following CDE(m, K) condition.

Definition 2.3. We say that a graph G(V, F) satisfies the CDE(m, K) condition
if for all € V, for any positive function f : V' — R such that (A, f)(z) < 0 we
have

(24) Baf)(w) > - (Duf () + KT(f)(),
where

L) - n@-retd)
(2.5 = 300 - 5T =,

Remark 2.4. As pointed out in [2], if A, satisfies the C'D(m, 0) condition and gen-
erates a diffusion semigroup, then Li-Yau’s famous gradient estimate, established in
[11], holds. But A, does not generate a diffusion semigroup on the graphic setting.
The CDE(m, K) condition was introduced in [5] to derive Li-Yau’s gradient esti-
mate. As pointed out in [5], both the C'D(m, K) condition and the CDE(m, K)
condition are local properties, and in some sense the CDE(m,K) condition is
weaker than the C'D(m, K) condition, i.e., if the semigroup generated by A, is a
diffusion semigroup, then the C'D(m, K) condition implies the CDE(m, K) condi-
tion.

The following maximum principle, which can be viewed as the elliptic version
of the maximum principle established in [5] for the parabolic operator A, — 0, is
useful.

Lemma 2.5. Let G(V,E) be a graph, and let g, F : V. — R be two functions.
Suppose that g > 0 and that F' has a local mazimum at xo. Then

(2.6) Du(gF) (o) < (Aug)(wo)F(xo)-

Assume that A is a nonzero constant and u is a nonconstant function satisfying
(2.7) Apu=—=Xu
on a connected finite graph.

Lemma 2.6. u must change sign and A > 0.
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Proof. If A < 0, we assume that u achieves its maximum at zo € V; then

D wagy(uly) — u(o)) < 0.

Y~To

1
u(xg) = — Niwo)

Hence for all z € V, u(z) < 0, which implies that u = 0 and contradicts the fact
that u is nonconstant. If A = 0, we assume that u achieves its maximum at xy € V;
then

1

0= w(xo)

D wagy(uly) — u(zo)) < 0.

Yy~xo

Hence for all y ~ xg, u(y) = u(xg), which implies that v = u(zp) and also con-
tradicts the fact that w is nonconstant. So we conclude that A > 0. A similar
discussion shows that the maximum and minimum of u are positive and negative,
respectively. |

3. GRADIENT ESTIMATE

Assume that A is a nonzero constant and wu is a nonconstant function satisfying
@20). Due to Lemmal[Z6], we may normalize u to satisfy minu = —1 and maxu < 1.
The main result in this section is the following gradient estimate for wu.

Theorem 3.1. Let G(V,E) be a connected finite graph satisfying the
CDE(m,—K) condition for some m > 0, K > 0, and let w : V — R be a so-
lution to (21) satisfying minu = —1 and maxwu < 1. Then for all a > 1 and all
reV,

I'(va+u) mK  (ma+ 1)\
a+u (@) = 2 + 2(a—1)
(3.1) +%\/m2(K+ai1)2+aT1(2K>\+ail)\2).

Proof. For a > 1 let v = a + u. Then v satisfies
(3.2) Nv=—Av—a).

Let

A'(Vv) —Apv - —28,v
v Vo

We assume that F' achieves its maximum at zg. If F(zo) <0, then for all x € V,
F(z) <0, due to the fact that v(x) > a — 1. Thus we have

) < 20 < e

(3.3) F(z) =
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and (BI) follows. Hence we can assume that F(zg) > 0, which implies that
A py/v(xg) < 0. By the maximum principle we have that at zo,

(A F = Au(vF) = Au(2T (Vo) — Ayv)

= 4l3(Vo) +20(Vo, %) — (AuLpu)

> (A~ AKT(VD) ~ 2AD(VE, - R -a)
(3.4) = %(AH\/E)Q — 4KT (y/v) — 22T (v/v) + 2Xal'(1/v, %) — (v —a).
By @23), 32), and [B3) we have
(3.5) /o =~ Vi,
(3.6) (Vo) = %vF - %)\(v —a).

Due to the fact that v(z) > a — 1 for all x € V, we have that for all z € V,

1 1 1 1
F(\/Eﬁ)(ﬂc) e ); (x/ﬁ(y)—x/ﬁ(w))(ﬁ(y) N
o ) (Vo) = Vo))

<x> Y Jo(y)v/o(x)

> G Z Wey (VO (y) — V()
(3.7) > 1 1r<ﬁ><x>.

Plugging BH), .0, and (1) into (34), we have that at xo,

%F2 (2Kv + )\1U+a/\)F+(2K)\+—/\2)(v—a)<0

Due to the fact that a — 1 < v < a + 1, we have that at x,

1 2a\ 1
—F? - (2K F——
m ( +a—1) a—l( a—1 ) <0,
which implies that
F(x)<mK+m—a>\+\/m2(K+ A )+—(2K>\+ A2)
0 = a—1 a—1 a—1 R

Hence for all x € V,

mal A m a
F <mK 2(K 24+ —— (2K A2
(@) < m +a—1+\/m( +a—1)+a—1( +a—1 )



EIGENVALUE ESTIMATES ON A CONNECTED FINITE GRAPH

which implies that

I'(va+u) —/\(U —a) mK ma
_ <
a+u (@) = + 2 +2(a—1)
m a
e 2
)+a_1(2K/\+ _1>\)
ma—i—l))\
<
< MK a—l)

\/m2 K+-—— ) —|——1(2K/\

Here in the last inequality we have used the fact that v(z) > a — 1.

4. PROOF OF THEOREM [I.1]

4861

Based on the gradient estimate established in Theorem [B.I] we can derive the
lower bound estimate of the first nonzero eigenvalue of the p-Laplacian stated in

Theorem [[T1
Proof. We firstly assume that x ~ y. Note that for any a,b > 0, ln% < b=a By
BI) we have
V) i)~ Vi)
Volz)  — Vo(z)
< QUmaxF(\/E)(x) 11
< ]2
Wmin V()
< \/2C(m,K, )\)pmazv
Wmin
where
mK  (ma+ 1A 1 \/ A
C(m,K,\) = K+ — — .
(m K3 = "5 G0 Gy w4 2y )
When z and y are not adjacent, we simply let x = zo;21;- - -;2r = y denote a

path P between x and y. Then

Voly)
") Zl

le

Z 2C (m, K, \) trmaz

IN

w
i1 min

B k\/2C(m,K, M) emaz

Wmin

Choosing a suitable P so that k = dist(x,y), we will get that

N ﬁg < dist(z, ) \/QO(m,K, Nitmas _ \/QO(m,K, Nitmar.

Wmin Wmin
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We assume that u(x) = —1, u(y) = maxu; then

T S =l <
A direct calculation shows that

2 mK  (ma+ 1)\
\/m K+—) +—1( Js5+ 2a—1)

Wmin

Hence DA
C(m, K, \) < mK + M
a0 —
Plugging into (&I]) leads to

1 Va 2 < d22“ﬂ[m[(+w]

n\/a_]- Wmin a—1
2 max 1LaX
< @@Hmas gy M Lad)
Wmin a—1
Hence ; 1
W s
> — [ _(In>)?—mK
*m+1[8d2umaw(nt) mK],
where 1
t=2""€(0,1).

Maximizing the right-hand side as a function of ¢ by setting

81manm I d2
t=exp(—1— \/1+%),

Wmin

we obtain the estimate

Winin 8tmaemK d?
A> — (1 1+ —
o 4(m + 1)/Jma;vd2 ( N \/ N Wimin )

Wmin

3 mazx Kd?
(4.2) X exp(—1— \/1 4 HmaaRE

which implies (IT)). O

The proof of Theorem [L.T] implies Corollary In fact, letting K = 0 in ([@2)
leads to (L2).

5. PROOF OF THEOREM [[3]
In this section we will prove Theorem
Proof. Let ¢ = u — (a+ €), where 0 < € < 1 small enough so that

1
(5.1) 1/%(—1—6) > 1.
Then ¢ satisfies
(5.2) Dd=—ANd+a+e).
Let
(5.3) P =T(¢) + A1 +a+e)p>
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Then

(5.4) AP =N T(0) + A1+ a+€) (200,90 + 2T'(9)).
Due to ([2.2) we have

(5:5) AuL(9) 2 2(Du0)* +20(8, Ly).

By (2), &3), &4), (X)), we have
AP > 2Ma+ T (¢p) —2(1+a+e)(a+e+ )N2d +2)2 (¢ + a + ¢€)?
= 2Ma+ )P +2)\*[(a+€)¢p — 2(a+ €)p?
+a+e)? = (a+e)’p— (a+e)’e?
> 2Ma+ )P —2)\*[2(a +€) + (a +€)?].

We assume that P achieves its maximum at zo; then A, P(zo) < 0, which implies
that

P(z0) < (2+a+ e
Hence for all x € V,
P(z) < (24+a+ €A,
which implies that
L(@)(x) < (2+a+ A — (1+a+e)rp*(2)

or
(5.6) T'()(z) < (14 a+ A1 —v%(2)),
where
1+a+e 1+a+e
5.7 = —a—¢).
(5:.7) v \/2—}—(1—|—eqZS \/2—|—a—|—e a—e)
We firstly assume that = ~ y. Note that for any a,b satisfying 0 <a < b < 1,
— h—
(5.8) arcsin b — arcsina = a4 a4 ,
\/1 —&2 7 V112
where £ € (a,b). We claim that
2lmaz (1 A
(5.9) arcsinv(y) — arcsinv(z) < \/ mar (L + @+ €) .
Wimin
In fact, by (5.8]) we have
arcsinv(y) — arcsinv(z) < vly) = vlz)
1—v%(x)
Due to the definition of I', we conclude that
. . 2pimaz (V) () 1
arcsinv(y) — arcsinv(z) <
) (=) < Winin V1 —0v2%(x)
< \/2umam(1+a—|—e)/\
o Wmin )

Here we have used (&.6]).
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When z and y are not adjacent, we simply let © = zo;x1;- - ;2 = y denote a
path P between z and y. By (£9) we have

arcsinv(y) — arcsinv(z) =

-

(arcsinv(z;) — arcsinv(z;_1))
=1

zk: 2maz (1 4+ a+ €)X

IN

wmzn

B k\/mm‘”(l +a+e€e)A

Wmin

Choosing a suitable P so that k = dist(x,y), we will get that

2maz (1 4+ a+ €)X

arcsinv(y) —arcsinv(z) < dist(z, y)\/

Wmin
< d 2tmaz(1+a+ e))\.
Wimin
We assume that u(x) = a — 1,u(y) = a + 1; then,
2 max 1 A
arcsin 4 / +a+€1—e ) + arcsin | ———— —|—a+e <d w
2+a—|—e 2—|—a+e Winin
Letting € \, 0 we conclude that
2,Ufma9c 1 + CL))\
2 arcsin 4 / )
wmln
which implies (L4). O

Remark 5.1. Since 0 < a < 1, we easily deduce from (4] that

which implies that ([4]) is better than (I3) for the case that m = 1.

6. PROOF OF THEOREM [[.4]
In this section we shall prove Theorem [[4] based on the important identity (23]
observed in [5].
Proof. Let X be the first nonzero eigenvalue of the u-Laplacian on a connected finite

graph and let u be the corresponding eigenfunction. We assume that

Q=T(u)+ iu2.

By [23) we have
2ulu = Au — 2T (u).
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Hence
A 2
N,Q = AT (uw)+ EAuu
= A,(u)+ i(QUA#u + 2T (u)).
m
Note that
1
Do) = (A0~ 20, A)
1
> — 2 .
> (AP + KT(w)
Hence
NQ > %(Auu)2 + 2KT (u) + 2T (u, A ju) + %(ZuAMu + 20 (u))
_ 2(m—1) m
(6.1) - (A= p— 1K)F(u).

If A < 5K, then @ is a subharmonic function. By the boundedness of the
graph and the maximum principle, @ must be identically constant and all the
inequalities in (G.I]) are equalities. In particular, the right-hand side of (G must

be identically 0. Hence A = "= K since u is nonconstant. O
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