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Abstract. The celebrated Auslander-Reiten Conjecture, on the vanishing of
self extensions of a module, is one of the longstanding conjectures in ring
theory. Although it is still open, there are several results in the literature
that establish the conjecture over Gorenstein rings under certain conditions.
The purpose of this article is to obtain extensions of such results over Cohen-
Macaulay local rings that admit canonical modules. In particular, our main

result recovers theorems of Araya, and Ono and Yoshino simultaneously.

1. Introduction

Throughout R denotes a commutative Noetherian local ring and modR denotes
the category of all finitely generated R-modules.

There are various conjectures from the representation theory of algebras that
have been transplanted to Commutative Algebra. One of the most important such
conjectures is the celebrated Auslander-Reiten Conjecture [3], which states that a

finitely generated module M over an Artin algebra A satisfying ExtiA(M,M) =

ExtiA(M,A) = 0 for all i ≥ 1 must be projective. This longstanding conjecture is
closely related to other important conjectures such as the Nakayama’s Conjecture
[16] and the Tachikawa Conjecture [5, 19]. Although the Auslander-Reiten Con-
jecture was initially proposed over Artin algebras, it can be stated over arbitrary
Noetherian rings; in local algebra, the conjecture is known as follows:

Conjecture 1.1 (Auslander and Reiten [3]). Let R be a local ring and let M ∈
modR. If ExtiR(M,M) = ExtiR(M,R) = 0 for all i ≥ 1, then M is free.

Recently there have been significant interest and hence some progress towards
the Auslander-Reiten Conjecture; see, for example, [8–10, 12–14]. A particular
result worth recording on the Auslander-Reiten Conjecture is due to Huneke and
Leuschke: the Auslander-Reiten Conjecture holds over Gorenstein normal domains;
see [13, 1.3]. Another result in this direction, which is of interest to us, is due to
Araya [1]. For a nonnegative integer n and an R-module M , we set Xn(R) =
{p ∈ Spec(R) : height(p) ≤ n} and say M is locally free on Xn(R) if Mp is a free
Rp-module for each prime ideal p ∈ Xn(R).
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Theorem 1.2 (Araya [1]). Let R be a Gorenstein local ring of dimension d ≥ 2
and let M ∈ modR. Then M is free provided that the following hold:

(i) M is locally free on Xd−1(R).
(ii) M is maximal Cohen-Macaulay.

(iii) Extd−1
R (M,M) = 0.

Ono and Yoshino [17] relaxed the condition that M is free onXd−1(R) in Araya’s

theorem under the hypothesis that ExtiR(M,M) vanishes for i = d−2 and i = d−1.
More precisely they proved:

Theorem 1.3 (Ono and Yoshino [17]). Let R be a Gorenstein local ring of dimen-
sion d ≥ 3 and let M ∈ modR be a module. Then M is free provided that the
following hold:

(i) M is locally free on Xd−2(R).
(ii) M is maximal Cohen-Macaulay.

(iii) Extd−2
R (M,M) = Extd−1

R (M,M) = 0.

We set (−)∗ = HomR(−, R), (−)∨ = Hom(−, E), where E is the injective hull of
the residue field of R, and (−)† = HomR(−, ω) where ω is a canonical module of R.
Recall that M ∈ modR is said to satisfy (Sn) if depthRp

(Mp) ≥ min{n, heightR(p)}
for all p ∈ Supp(M). Note, by convention, depth(0) = ∞.

The main aim of this paper is to prove the following result.

Theorem 1.4. Let R be a Cohen-Macaulay local ring of dimension d with canonical
module ω and let M ∈ modR. Assume n is an integer with 1 ≤ n ≤ d − 1. Then
M is free provided that the following hold:

(i) pdRp
(Mp) < ∞ for all p ∈ Xn(R).

(ii) M satisfies (S2) and M∗ is maximal Cohen-Macaulay.

(iii) ExtiR(M, (M∗)†) = 0 for all i = n, . . . , d− 1.

An immediate consequence of Theorem 1.4 is:

Corollary 1.5. Let R be a Cohen-Macaulay normal local domain of dimension d
with canonical module ω and let M ∈ modR. Then M is free provided that the
following hold:

(i) M satisfies (S2) and M∗ is maximal Cohen-Macaulay.

(ii) ExtiR(M, (M∗)†) = 0 for all i = 1, . . . , d− 1.

As maximal Cohen-Macaulay modules satisfy (S2) over Gorenstein rings, we
deduce from Theorem 1.4 that:

Corollary 1.6. Let R be a Gorenstein local ring of dimension d and let M ∈ modR.
Assume n is an integer with 1 ≤ n ≤ d − 1. Then M is free provided that the
following hold:

(i) M is locally free on Xn(R).
(ii) M is maximal Cohen-Macaulay.

(iii) ExtiR(M,M) = 0 for all i = n, . . . , d− 1.

Note that we recover Theorems 1.2 and 1.3 from Corollary 1.6 by letting n = d−1
and n = d− 2, respectively. Corollary 1.6 especially yields an extension of a result
of Huneke and Leuschke [13] mentioned preceding Theorem 1.2. More precisely we
obtain the following; see Corollary 2.7.
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Corollary 1.7. Let R be a d-dimensional Gorenstein local normal domain and
let M be a maximal Cohen-Macaulay R-module. Then M is free if and only if
ExtiR(M,M) = 0 for all i = 1, . . . , d− 1.

Let us remark that Huneke and Leuschke [13, 3.1] obtain the conclusion of Corol-

lary 1.7, when ExtiR(M,M) vanishes for all i = 1, . . . , d; see the discussion following
Corollary 2.7. Let us also remark that one can in fact prove Theorem 1.3 and
Corollary 1.7 by using the proof of Theorem 1.2 given by Araya; see [1]. Our main
argument is more general than both of these results; it is quite short and works over
Cohen-Macaulay rings that are not necessarily Gorenstein. Hence we will deduce
Theorem 1.3 and Corollary 1.7 as immediate corollaries of Theorem 1.4 in the next
section without making use of the proof of Theorem 1.2; see also Corollary 2.8.

2. Main result and corollaries

In this section we give a proof of our main result, Theorem 1.4. Following
our proof we state two corollaries, one of which extends the result of Huneke and
Leuschke [13] mentioned preceding Theorem 1.2. We start with some notation and
preliminary results.

2.1. Let M,N ∈ modR. We denote by HomR(M,N) the residue of HomR(M,N)
by the R-submodule consisting of the R-module homomorphisms from M to N that
factor through free modules.

It follows from the definition that M is free if and only if HomR(M,M) = 0. We

also remark that HomR(M,N) ∼= TorR1 (TrM,N), where TrM is the (Auslander)
transpose of M ; see [22, 3.9].

2.2 ([6, 1.4.1 and 1.4.19]). Let R be a Cohen-Macaulay local ring and let M ∈
modR. Assume pdRp

(Mp) < ∞ for all p ∈ X1(R). Then M satisfies (S2) if and
only if M is reflexive.

We should point out that there is more than one definition for the (Sn) condition;
the one we use in this paper is from [11]. In [6, 5.7.2] a moduleM is defined to satisfy
(Sn) provided that depthRp

(Mp) ≥ min{n, dimRp
(Mp)} for all p ∈ Spec(R). This

is weaker than the version we use, and indeed, 2.2 does not hold according to this
definition of (Sn): let R be a local ring of dimension at least two and let M ∈ modR
be a nonzero module of finite length. Then depthRp

(Mp) ≥ min{n, dimRp
(Mp)} for

all p ∈ Spec(R), i.e., M satisfies (Sn) for each integer n ≥ 0 (if p /∈ SuppR(M), then
depthRp

(Mp) = ∞ and dimRp
(Mp) = −1). Note that Mp = 0 for all p ∈ X1(R)

but M is not reflexive since HomR(M,R) = 0.

2.3 ([21, 2.2]). Let R be a local ring and let M,N ∈ modR. If N is maximal

Cohen-Macaulay and pd(M) < ∞, then TorRi (M,N) = 0 for all i ≥ 1.

For our proof of Theorem 1.4, we will make use of [7, 3.1], which is well-known
over Artinian rings. Since we record an improved version of that result, we give a
proof along with its statement.

2.4 ([7, 3.1]). Let R be a d-dimensional Cohen-Macaulay local ring with a canonical
module ω and let M,N ∈ modR. If pdRp

(Mp) < ∞ for all p ∈ Xd−1(R) and N is
maximal Cohen-Macaulay, then the following isomorphism holds for all i ≥ 1:

Extd+i
R (M,N†) ∼= ExtdR(Tor

R
i (M,N), ω).
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To see this isomorphism, we note, by [18, 10.62], that there is a third quadrant
spectral sequence:

ExtpR(Tor
R
q (M,N), ω) =⇒

p
ExtnR(M,N†).

Let p ∈ Xd−1(R). Then, since pdRp
(Mp) < ∞ and Np is maximal Cohen-

Macaulay over Rp, we conclude that TorRi (M,N)p = 0 for all i ≥ 1; see 2.3.

Therefore TorRq (M,N) has finite length for all q > 0. Hence, unless p = d,

ExtpR(Tor
R
q (M,N), ω) = 0. It follows that the spectral sequence considered col-

lapses and hence gives the desired isomorphism.

We can now prove our main result.

A Proof of Theorem 1.4. Note, it follows from our hypotheses and 2.2, that M is
reflexive. Set N = M∗ and note M ∼= Ω2TrN . Therefore pdRp

((TrN)p) < ∞ for

all p ∈ Xn(R).
Let p ∈ Xn(R). Then, since Np is maximal Cohen-Macaulay, it follows from 2.3

that TorRi (TrN,N)p = 0 for all i ≥ 1. In particular TorR1 (TrN,N)p = 0, and this
implies Np is free over Rp; see 2.1. Since M is reflexive, we conclude that Mp is
free. Consequently M is a reflexive module that is locally free on Xn(R).

Let p ∈ Spec(R). We proceed by induction on heightR(p) and prove that Mp is
free over Rp. If height(p) ≤ n, thenMp is free by the above argument. So we assume
height(p) = t > n. Localizing at p, we may assume (R,m) is a Cohen-Macaulay
local ring with a canonical module ω, dim(R) = t > n ≥ 1, M is reflexive and locally

free on Xt−1(R), M∗ is maximal Cohen-Macaulay and Extt−1
R (M, (M∗)†) = 0.

Note that N∗ = M∗∗ ∼= M and N† = (M∗)† is maximal Cohen-Macaulay.
Moreover Extt−1

R (N∗, N†) = 0 by the hypothesis. Hence the following isomorphisms
hold:

(1.4.1)

0 = Extt−1
R (N∗, N†)∨ ∼= Extt+1

R (TrN,N†)∨

∼= ExttR(Tor
R
1 (TrN,N), ω)∨

∼= Γm(Tor
R
1 (TrN,N))

∼= TorR1 (TrN,N)
∼= HomR(N,N).

The first isomorphism of (1.4.1) follows from the fact that N∗ ≈ Ω2TrN , while
the second and third follow from 2.4 and the Local Duality Theorem [6, 3.5.9],

respectively. The fourth isomorphism is due to the fact that TorR1 (TrN,N) has
finite length. The fifth isomorphism, and the freeness of N , follows from 2.1. As
M is reflexive, we conclude that M ∼= N∗ is free. �

If R is a Gorenstein local ring and M is a maximal Cohen-Macaulay R-module,
then M satisfies (S2), M

∗ is maximal Cohen-Macaulay and (M∗)† ∼= M . Hence,
as an immediate consequence of Theorem 1.4, we obtain Corollary 1.6.

To obtain another corollary of Theorem 1.4, we need the next result.

Lemma 2.5. Let R be a Cohen-Macaulay local ring of dimension d with a canonical
module ω and let M ∈ modR. If ExtiR(M,R) = 0 for all i = 1, . . . , d, then M⊗Rω ∼=
(M∗)†.

Proof. Consider a free resolution F = (· · · → F2 → F1 → F0 → 0) of M . As

Exti(M,R) = 0 for all i = 1, . . . , d, applying HomR(−, R) to F , we obtain the
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following exact sequence: 0 → M∗ → F ∗
0 → F ∗

1 → · · · → F ∗
d → F ∗

d+1. In particular

TrM is a d-th syzygy module (more precisely d-th syzygy of TrΩdM), and hence is
a maximal Cohen-Macaulay R-module.

Next consider the four term exact sequence from [2, 2.8]:

0 → Ext1R(TrM,ω) → M ⊗ ω → HomR(M
∗, ω) → Ext2R(TrM,ω) → 0.

Note that, since TrM is maximal Cohen-Macaulay, we have ExtiR(TrM,ω) = 0 for
all i ≥ 1. Consequently M ⊗R ω ∼= HomR(M

∗, ω) = M∗†. �

Remark 2.6. Lemma 2.5 is not a new result; it was stated and used previously
in the literature; see, for example, [8, 5.3] and [13, 1.4] (see also [5, the remark
following 2.1 and the proof of 2.1].) In [13, 1.4] the reader is referred to [5, B4]
for a proof of Lemma 2.5. Since [5, B4] contains a typo, we give here a proof for
the convenience of the reader. (To be more precise, the second assertion of [5, B4]

should be “TorRi (L,M) = 0 for all i ∈ [1,m− n]”.)

Corollary 2.7. Let R be a Cohen-Macaulay local ring of dimension d with a canon-
ical module ω and let M ∈ modR. Assume n is an integer with 1 ≤ n ≤ d − 1.
Then M is free provided that the following hold:

(i) pdRp
(Mp) < ∞ for all p ∈ Xn(R).

(ii) M is reflexive and ExtiR(M,R) = 0 for all i = 1, . . . , d (e.g., M is totally
reflexive).

(iii) ExtiR(M,M ⊗R ω) = 0 for all i = n, . . . , d− 1.

Proof. The vanishing of ExtiR(M,R) for all i = 1, . . . , d forces M∗ to be a d-th
syzygy module, i.e., a maximal Cohen-Macaulay module. Therefore the conclusion
follows from Theorem 1.4 and Lemma 2.5. �

We point out that the case where R is Gorenstein and n = 1 of Corollary 2.7
yields Corollary 1.7 presented in the introduction.

Corollary 2.7 allows us to generalize [17, 5.5], another result of Ono and Yoshino.

Corollary 2.8. Let R be a Cohen-Macaulay local ring of dimension d with a canon-
ical module ω and let M ∈ modR. Assume n is an integer with 1 ≤ n ≤ d − 1.
Then M is free provided that the following hold:

(i) M is locally free on Xd−n(R).

(ii) M is reflexive and ExtiR(M,R) = 0 for all i = 1, . . . , d.

(iii) depthR(Ext
d−i
R (M,M ⊗R ω)) ≥ i for all i = 1, . . . , n.

Proof. Suppose M is not free. Then the nonfree locus NF(M) of M is not empty.
Let NF(M) = V (I) for some ideal I of R with heightR(I) = t. Then it follows from
(i) that t ≥ d− n+ 1. Setting i = d− t+ 1, we obtain from (iii) that

(2.8.1) depthR(Ext
t−1
R (M,M ⊗R ω)) ≥ d− t+ 1.

On the other hand, since Xt−1(R) � V (I), we see M is locally free on Xt−1(R).
This implies

(2.8.2) dimR(Ext
t−1
R (M,M ⊗R ω)) ≤ d− t.

Consequently, by (2.8.1) and (2.8.2), we conclude Extt−1
R (M,M ⊗R ω) = 0.



4568 T. ARAYA, O. CELIKBAS, A. SADEGHI, AND R. TAKAHASHI

Let p ∈ NF(M) with heightR(p) = t. Then Mp is locally free on Xt−1(Rp), Mp

is reflexive over Rp, Ext
i
Rp

(Mp, Rp) = 0 for all i = 1, . . . , t, and

Extt−1
Rp

(Mp,Mp ⊗Rp
ωp) = 0.

Therefore it follows from Corollary 2.7 that Mp is free over Rp, which is a contra-
diction. So M is free. �

Huneke and Leuschke [13, 3.1] proved, when R is a d-dimensional complete
Cohen-Macaulay local ring such thatRp is a complete intersection for all p ∈ X1(R),
and R is either Gorenstein or contains Q, a maximal Cohen-Macaulay R-module M
of constant rank is free provided ExtiR(M,R) = ExtiR(M

∗, R) = 0 for all i = 1, . . . , d

and ExtiR(M,M) = 0 for all i = 1, . . . ,max{2, d}. Consequently, when R is a
Gorenstein normal domain of dimension d ≥ 2 andM is a maximal Cohen-Macaulay
R-module, the result of Huneke and Leuschke [13, 3.1] requires the vanishing of

ExtiR(M,M) = 0 for all i = 1, . . . , d to conclude that M is free, whilst Corollary

1.7 requires the vanishing of ExtiR(M,M) = 0 for all i = 1, . . . , d− 1 for the same
conclusion under the same setup.

One can make use of Corollary 1.7 and obtain the following result whose proof
is similar to that of [13, 1.1]; see also [8, 5.12].

Corollary 2.9. Let R = S/(x1, . . . , xn), where S is a Gorenstein normal local
domain of dimension d + n, and let x1, . . . , xn be a regular sequence on S, with
n ≥ 0 and d ≥ 2. If M ∈ modR is a maximal Cohen-Macaulay module such that
ExtiR(M,M) = 0 for all i = 1, . . . , d+ n− 1, then M is free.

Proof. Corollary 1.7 settles the case where n = 0. Hence we assume n ≥ 1. Then
[4, 1.7] gives rise to a module N ∈ modS such that x = x1, . . . , xn is N -regular and
N/xN ∼= M . Note that N is a maximal Cohen-Macaulay S-module. Moreover, by

using [6, 3.1.16], we have Exti+n
S (M,N) = 0 for all i = 1, . . . , d+ n − 1. Applying

Nakayama’s lemma to the short exact sequences

0 → N/(x1, . . . , xj−1)N
xj−→ N/(x1, . . . , xj−1)N → N/(x1, . . . , xj)N → 0,

we obtain ExtiS(N,N) = 0 for all i = 1, . . . , d + n − 1. Now Corollary 1.7 shows
that N is free over S, and hence M is free over R. �

As Huneke and Leuschke [13] studied the Auslander-Reiten Conjecture for mod-
ules that have constant rank, we finish this section with related examples which
show that assumption (i) cannot be removed from Corollary 1.6.

Example 2.10 ([1, Example 11]). Let k be a field, S = k[[x, y, z]]/(xy) and N =
S/xS. Then N is a maximal Cohen-Macaulay S-module such that Ext1S(N,N) = 0.
However N is not locally free on X1(S).

Assumption (i) in Corollary 1.6 cannot be removed even if we assume M has
rank:

Example 2.11. Let k be a field and R = k[[x, y, z, u, v]]/(xy − uv). Then R is
a four dimensional hypersurface domain. In particular any module in modR has
constant rank. Consider the following minimal free resolution:

(2.10.1) F = (· · · B−→ R2 A−→ R2 B−→ R2 A−→ R2 → 0),
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where A =

(
x u
v y

)
and B =

(
y −u
−v x

)
. Set M = cokerA.

Applying HomR(−,M) to (2.10.1), we have

(2.10.2) 0 → M2
tA−→ M2

tB−→ M2
tA−→ M2

tB−→ · · · .

Since tB : M2 → M2 is injective, we conclude that Ext2i−1
R (M,M) = 0 for all i ≥ 1.

Let p := (x, y, u, v). Then p is a prime ideal of R of height three. Localizing
(2.10.1) at p, we get the following exact sequence:

(2.10.3) · · · B−→ R2
p

A−→ R2
p

B−→ R2
p

A−→ R2
p → Mp → 0.

Since x, y, u, v ∈ pRp, (2.10.3) is a minimal free resolution of Mp. In particular Mp

is not a free Rp-module, i.e., M is not locally free on X3(R).

Remark 2.12. Example 2.11 can also be shown as follows when 1
2 ,
√
−1 ∈ S.

By Knörrer’s periodicity (see [20, Theorem B]), the stable categories of maximal
Cohen-Macaulay modules over R and S are equivalent as triangulated categories,
and M is actually the image of N = S/xS by this functor. As Ext1S(N,N) = 0,

we have Ext1R(M,M) = 0, and hence Ext2i−1
R (M,M) = 0 for all i ≥ 1 since M is

isomorphic to its second syzygy.

Acknowledgments

We are grateful to Lars Christensen, Kamran Divaani-Aazar, Mohsen Gheibi,
Shiro Goto, Greg Piepmeyer, Srikanth Iyengar and Naoki Taniguchi for their feed-
back on the manuscript.

Part of this work was completed when the first author visited West Virginia
University in January and February 2017. He is grateful for the kind hospitality of
the WVU Department of Mathematics.

We thank the anonymous referee whose comments improved the presentation of
the manuscript.

References

[1] Tokuji Araya, The Auslander-Reiten conjecture for Gorenstein rings, Proc. Amer. Math. Soc.
137 (2009), no. 6, 1941–1944, DOI 10.1090/S0002-9939-08-09757-8. MR2480274

[2] Maurice Auslander and Mark Bridger, Stable module theory, Memoirs of the American Mathe-

matical Society, No. 94, American Mathematical Society, Providence, R.I., 1969. MR0269685
[3] Maurice Auslander and Idun Reiten, On a generalized version of the Nakayama conjecture,

Proc. Amer. Math. Soc. 52 (1975), 69–74, DOI 10.2307/2040102. MR0389977
[4] Maurice Auslander, Songqing Ding, and Øyvind Solberg, Liftings and weak liftings of mod-

ules, J. Algebra 156 (1993), no. 2, 273–317, DOI 10.1006/jabr.1993.1076. MR1216471
[5] Luchezar L. Avramov, Ragnar-Olaf Buchweitz, and Liana M. Şega, Extensions of a dualiz-
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