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ABSTRACT. We give a quantitative result about asymptotic moduli of Banach
spaces under coarse quotient maps. More precisely, we prove that if a Banach
space Y is a coarse quotient of a subset of a Banach space X, where the coarse
quotient map is coarse Lipschitz, then the (8)-modulus of X is bounded by
the modulus of asymptotic uniform smoothness of Y up to some constants. In
particular, if the coarse quotient map is a coarse homeomorphism, then the
modulus of asymptotic uniform convexity of X is bounded by the modulus of
asymptotic uniform smoothness of Y up to some constants.

1. INTRODUCTION

The study of asymptotic geometry of Banach spaces dates back to Milman [I4], in
which he introduced two asymptotic properties that are now known as asymptotic
uniform convexity and asymptotic uniform smoothness (cf. [9]). For a Banach
space X and t > 0, the modulus of asymptotic uniform smoothness of X is defined
by

px(t): Sup dim&%@;&g [z +tyll — 1,

and the modulus of asymptotic uniform convexity of X is defined by

o (t) . xlensfx dim()si'l/lipi)<oo yle%fy ”x - ty” b
A Banach space X is said to be asymptotically uniformly smooth (AUS for short) if
lim; 0 px (t)/t — 0 as t — 0, and it is said to be asymptotically uniformly convex
(AUC for short) if §x(¢) >0 for all 0 < t < 1.

In close relation to AUC and AUS is Rolewicz’s property (8) that was originally
defined using the terminology of “drop” [16]; later Kutzarova [12] gave an equivalent
definition, according to which one can define a modulus for the property: for a
Banach space X and ¢ € (0, a], where a € [1,2] is a number that depends only on
the space X, the (8)-modulus of X is defined by

[ — @l

Bx(t)=1~- Sup{inf {7} : x,xy € Bx, sep({z,}52,) > t}.

n>1 2
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Here sep({z,,}52 1) denotes the separating constant of the sequence {xz,}2 ;:
sep({#n}pZy) = nf [lz; — ;.
i#]

A Banach space X is said to have property (3) if Bx(t) > 0 for all t > 0, and for
p € (1,00) we say that the (8)-modulus of X has power type p, or X has property
(Bp), if there is a constant C' > 0 independent of ¢ so that Bx (t) > Ct? for all t > 0.

A reflexive Banach space that is simultaneously AUC and AUS has property ()
[11]. Conversely, if a Banach space X has property (5), then it must be reflexive
and AUC. More precisely, it was shown in [7] that Bx () < 0x(2t) for all t € (0,1/2].
However, property (/) does not imply AUS isometrically [II], but every Banach
space that has property () admits an equivalent AUS norm. A complete renorming
argument of property (8) can be found in the recent paper by Dilworth, Kutzarova,
Lancien, and Randrianarivony [6].

Bates, Johnson, Lindenstrauss, Preiss, and Schechtman first studied nonlinear
quotient maps in the Banach space setting [2]. A map f : X — Y between two
metric spaces X and Y is said to be co-uniformly continuous if for every € > 0,
there exists 0 = §(e¢) > 0 such that for all z € X,

f(Bx(:L‘,E)) 2 BY(f(x)>6)'

If § can be chosen to be €/C' for some constant C' > 0 that is independent of £ and
x, then f is said to be co-Lipschitz. A uniform (resp., Lipschitz) quotient map is
a map that is both uniform continuous and co-uniform continuous (resp., Lipschitz
and co-Lipschitz), and Y is said to be a uniform (resp., Lipschitz) quotient of X if
there exists a uniform (resp., Lipschitz) quotient map from X onto Y.

Lima and Randrianarivony [I3] showed that ¢, is not a uniform quotient of ¢,
for ¢ > p > 1. Their proof relies on a technical argument called “fork argument”.
On the other hand, Baudier and Zhang [3] gave a different proof by estimating the
{,-distortion of the countably branching trees. The two proofs are based on similar
ideas that use the quantification of property (8). The theorem below, which first
appeared in [5], is the quantitative version of the Lima-Randrianarivony result.

Theorem 1.1. Let XY be two Banach spaces. S is a subset of X and f: S —Y
is a uniform quotient map that is Lipschitz for large distances. Then there exists a
constant C' > 0 that depends only on the map f such that for all0 <t <1,

Bx(C) < Spr(0)

The main goal of this paper is to give quantitative results of this kind in the
coarse category. It should be noted that although property (3) is preserved under
uniform quotient maps up to renorming (cf. [7] and [6]), one cannot compare Bx
and By even if X and Y are uniformly homeomorphic. Indeed, [7] gave an example
of two uniformly homeomorphic Banach spaces, one of which has property (8,),
p € (1,00), while the other does not admit any equivalent norm with property (8,).

Throughout this article all Banach spaces are real and of infinite dimension. For
a metric space X, Bx(z,r) denotes the closed ball centered at x with radius r. If
X is a Banach space, we denote by By and Sy its closed unit ball and unit sphere,
respectively.



ASYMPTOTIC PROPERTIES AND COARSE QUOTIENT 4725

2. COARSE QUOTIENT MAPS

A map f: X — Y between two metric spaces X and Y is said to be coarsely
continuous if wy(t) < oo for all ¢t > 0, where

wy(t) == sup{dy (f (), f(y)) : dx (z,y) <t}

is the modulus of continuity of f. If X is unbounded, one can define for every s > 0
the Lipschitz constant of f when distances are at least s:

Lip,(f) := sup {—dy(f(:l:),f(y)) sdx(x,y) > 5} )

dX (117, y)
Then for all t > 0 and s > 0,

wy(t) < max{wy(s), Lip,(f) - t}.
Let
Lipoo (f) := inf Lip,(f) = lim Lip,(f).
The map f is said to be coarse Lipschitz if Lip (f) < oo or, equivalently, if
Lip,(f) < oo for some s > 0. If Lip,(f) < oo for all s > 0, then we say that f is

Lipschitz for large distances. The map f is called a coarse Lipschitz embedding if
there exist d > 0 and L, C > 0 such that for all z,y € X,

21)  dx(ny)2d = Ldx(ry) < de(7@), f) < Ldx(x,9).

The following notion of coarse quotient was introduced by Zhang [17].

Definition 2.1. Let X,Y be two metric spaces. For a constant K > 0, a map
f X — Y is said to be co-coarsely continuous with constant K if for every d > K,
there exists 6 = 0(d) > 0 such that for all z € X,

Here for a subset A of X, A® denotes the K-neighborhood of A:
AR .= {x € X :dx(z,a) < K for some a € A}.

If f is both coarsely continuous and co-coarsely continuous (with constant K),
then we say f is a coarse quotient map (with constant K). Y is said to be a coarse
quotient of X if there exists a coarse quotient map from X to Y.

Recall that a metric space X is said to be metrically convex if for every xg, z; € X
and 0 < A < 1, there is a point ) € X such that

dx(zo,x)) = Mx(zg,z1) and dx(z1,z)) = (1 = N)dx(zg,21).

It is well known that a coarsely continuous map defined on a metrically convex
space must be Lipschitz for large distances. Similarly, if the range space of a co-
coarsely continuous map with constant K is metrically convex, then the map is
“co-Lipschitz for large distances with constant K in the sense of the lemma below.

Lemma 2.2. Let X, Y be two metric spaces and assume that'Y is metrically convex.
If f: X — Y is a co-coarsely continuous map with constant K, then for every
d > K, there exists ¢ = ¢(d, K) > 0 such that for all x € X and r > d,

(2.2) f(Bx(z,er) 2 By (f(@),7).
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Proof. For x € X and r > d, let n := | 75| + 1. Then for every y € By (f(z),r),
dy (y, f(z)) < r < n(d — K). By the metric convexity of Y, one can find points
{u;} in Y with ug = f(z) and u,, = y such that dy (u;,u;—1) < d— K, i =
1,...,n. Since f is co-coarsely continuous with constant K, we have

u1 € By (f(2),d) C f(Bx(z,0)",

where § = 6(d) > 0 is given by Definition 2] so there exists z; € Bx(z,9) so that
dy (u1, f(21)) < K. This implies, by the triangle inequality, that us € By (f(z1),d).
Again the co-coarse continuity of f yields another point, zo € Bx(z1,0), that satis-
fies dy (ug, f(22)) < K. Repeating the procedure n times we get points {z; }7_, in X,
where zg = x, with the following properties: dx(z;,z;—1) < 0 and dy (u;, f(2;)) <

K,i=1,...,n. It follows that z, € Bx(x,nd), and hence y € f(Bx(x,nd))¥.
Note that n < (ﬁ + %) r; thus ([2.2)) follows by putting ¢ = (—d_lK + %) 5. O

Remark 2.3. Lemma 2.2 improves Lemma 3.2 in [I7], in which d > 2K is required.
Also, for d > K, it follows from (22) that the constant ¢ = ¢(d, K) > 0 satisfies

f(Bx(w,er)? 2 By (f(x),r)

for all z € X and r > 0. It means that co-coarsely continuous maps are co-Lipschitz
with a slightly larger constant if the range space is metrically convex.

Under the assumption of Lemma 22 for d > K, let ¢4 be the infimum of all
¢ that satisfy ([22)) for all x € X and r > d. Then {c4}4>x is nonincreasing and
bounded below by 0, hence converges. Denote ¢ (f) := infgs i cqg = limg_, o0 4.

Lemma 2.4. Let X, Y be two metric spaces and assume that'Y is metrically convex
and unbounded. If f : X — Y is a coarse quotient map that is coarse Lipschitz,
then

Lipoo (f)eso(f) = 1.

Proof. Let f be a coarse quotient map with constant K. Since Y = f(X)¥ is
unbounded, it follows that X is also unbounded and Lip,(f) > 0 for all s > 0. Now
by Lemma 2.2] for d > K, there exists ¢ = ¢(d, K) > 0 such that for all z € X and
r>d,

By (f(x),r) € f(Bx(z,cr))* C By (f(x),ws(cr) = By (f(2),ws(cr) + K),

and this implies that r < wy(cr) + K. Since f is coarse Lipschitz, let s > 0 be such
that 0 < Lip,(f) < oo. Then for ¢ > s one has

r <wy(er) + K < max{wys(t),Lip,(f) - cr} + K.
Choose large r so that Lip,(f) - cr > w¢(t). Then r < Lip,(f) - cr + K, so

Lip,(f)-e > 7= %

r

and we finish the proof by letting r — oo and then ¢ — oo.
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3. QUANTITATIVE RESULTS UNDER COARSE QUOTIENT MAPS

Before stating our main theorem, we need the following alternative definition for
the modulus of AUS. It may be well known to experts, but we still give a proof
here since we could not find one in the literature.

Proposition 3.1. Let X be a Banach space. Then for all 0 <t <1

3.1 ox (t sup inf sup ||z + ty| — 1.
(31) px(t)= sy |t sup fo 1

Proof. First we show that for every z,y € X the function
JA) = max{|[Az +yl|, Az —y|[}

is nondecreasing on (0,00). Let 0 < A; < Ag2; we may assume that || Az + y|| >
A1z —y|| and let 2* € Sx~ be such that z*(AMz+y) = || Az +yl|. Then 2*(z) > 0,
since otherwise

Az +yll = |z =yl = (=2") (M —y) > 2" (Mz +y) = [|hz +yl.

Therefore, f(A1) = z*(z) A1 + 2% (y) <™ (2)Ae +27(y) < [|Aoz +yl| < f(A2).
Now we prove BI)). If z = 0, then

inf sup [z +ty|| =t < px(t) + 1.
dim(X/Y)<oo yeSy || || ( )

For x € Bx\{0} one has

nf sup |[x+ty|| = inf sup max{||lx + ¢ T —t
oS byl = e sy maxfe 4ty e — 1)

x x
< inf sup max{H——l—tyH,H——tyH}
dim(X/Y) <00 yeSy [l ]

+tyH

inf sup

dim(X/Y) <00 ye Sy ||1’H
< px(t) + 1

thus (BI) follows. =

Theorem 3.2. Let X,Y be two Banach spaces. S is a subset of X and f: 5 =Y
is a coarse quotient map that is coarse Lipschitz. Then for all 0 <t <1,

B : < Sov(t)

X\ BLipe. (New()) =277
Proof. Let K > 0 be the constant associated with the coarse quotient map f. Since
f is coarse Lipschitz, it follows from Lemma 24 that 0 < Lip, (f) < oo. Choose

s > 0 such that Lip,(f) < 2Lip.(f). For 0 < ¢t < 1, one has 0 < py () <t < 1.
Let € > 0 be small so that

12— py(t)
E<mm{2 6L1poo<f>+2’c°°(f)}’

and choose a large d that satisfies
d > max {%, —12(2K *wr(s)
€ t
Since coo(f) — € < cq, there exist z. € S and R > d such that

By (f(2:),R) € f(Bs(ze, R(cso(f) =€),

} and  cq/3 < coo(f) + .
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so there is y. € Y with 0 < ||y. — f(2c)]] < R such that
(3-2) By (ye, K) N f(Bs(ze, R(coo(f) —€))) = 0.

Now cut the line segment [ye, f(zc)] into three equal pieces, namely, let m, M € Y
be such that m — f(z.) = M —m =y. — M, then

m e By <f(zs)a ?) Cf (BS (zs, ?(coo(f) +6)>>K,

so there is ¢ € S such that

o =2l < G le(f) +) and fm— f(@)] < K.

By the definition of py (t) (Proposition BI), there exists a finite-codimensional
subspace Z of Y so that

< Bt v +o)

3.3
(3-3) sup 3

tR
M-m+ —=
zESy 3

Set y, := M + %en, where {e,}52, is a basic sequence in Sz with basis constant
less than 2. Then

tR
g — mi] = HM—m+ R

Fea| < 51+ pr() o)

3

and by the triangle inequality,

lyn — f(2)| < ?(1 +oy(t)+e)+ K < ?(1 + py (t) + 2¢).

Thus

€ By (f(a:), R(1 +/53;)(t) —1—25))

c s (BS ( R(1+ py(t) +32a><coo(f> +e>))K7

so there exists z,, € S such that
R _
l2n = 2ll < 51+ py(t) + 2e)(coo(f) + ) and |lyn = f(zn)]l < K.

Also, the choice of m, M, and y,, along with inequality (B3] give us that

t t
ys_M_?Ren _HM—’ITL——Ren

e < 51+ pr() o)

lye — ynll = 3

so again by the triangle inequality,

e — f(zn)ll < ?(1 +py(t)+e)+ K < ?(1 + py (t) + 2¢).

Hence

s. € By (f(zn), R(1 +p§(t) +2s)>

c s <BS < BUL+ pr() + 2e) el +e>>)f‘,

and this gives z,, € S that satisfies

e = 2l < 51+ py () + 26) (o) +€) and e = Flan)]| < .
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On the other hand, in view of [B2]), one has ||z: — x| > R(coo(f) —€), s0
[2e = zull = l2e — @all = 20 — 2l

> Rlese(f) =€) = w1+ pr(0) + 26)(eself) + <)

(coo(f) +2) (% —1—py(t) — 25)

(cso(f) +¢) (3 (1 - %&) —1—py(t) - 2g>

(Coo(f) +€)(2 = py (1) = (6Lipo (f) + 2)e) > 0,

where the inequality () follows from Lemma 24 that Lip (f)ceo(f) > 1.
Now for n, k € N with n # k,

>

wlm vl

—

*)
>

w| =

tR tR
lyn = wicll = - llen = erll > == > wy(s) + 2K

also note that

[yn =kl < llyn — (o)l + 11 (z0) = FRI + e — (0]
< 2K + wi([lzn = 2D,

so wy(|lzn — 2x|]) > wy(s), which implies ||z, — zx|| > s. It then follows that

R
B < — el < = FCa)ll+ 17 Czn) = )+ e — ()

6

< 2K + Lip, ()0 — 2
tR .
o+ 2ip (llzn — )

and hence ||z, — zx|| > tR/(24Lip . (f))-
In summary, for n,k € N with n # k we have the following:

o= 200> gy 2 = 2all > 5 (e () + (2= v(6) = (BLipac (1) + 2)5),

<

oo =2l S ar(ee($) 4 0), = 2l < 3 (eell) + )1+ py(0) +22).

Denote
7= Fe % nd T, := .
TRt ot t20) T e + o)L+ oy (D) + 20)
Then z,Z, € Bx, and for n # k,
tR 1 N
24Lipo (f)  L(coo(f) + ) (1 + py (t) +2¢) ~ 48Lipe (f)coo(f)

|# =& 1 2= py(t) = (6Lipa(f)+2)c _, 3 .
ool 1 Lot > 1= Spv () — (Libse (f) + 3)e.

Therefore, by the definition of (3)-modulus we obtain

Px (48Lip (tf)coo(f)> s gﬁy(t) + (3Lip. (f) + 3)e.

The proof is complete by letting & — 0. (|

Zn — T

17 — Zx || >
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It is easy to compute that for 1 < p <ocoand 0 <t <1,
3e, (8) = P, (8) = (1+ )7 — 1,
5Co (t) = Pco (t) =0,

so it follows from Theorem 4.1 in [6] that £, has property (8,), and thus we can
recover the main result of [I7] as an immediate consequence of Theorem

Corollary 3.3.

(i) 44 is not a coarse quotient of £, for 1 <p < g < 0.
(ii) ¢ is not a coarse quotient of any Banach space with property ().

4. QUANTITATIVE RESULTS UNDER COARSE HOMEOMORPHISMS

This section is devoted to a special case of Theorem [3.2] when the coarse quotient
map f is a coarse homeomorphism. Recall that a coarsely continuous map f: X —
Y between two metric spaces X and Y is called a coarse homeomorphism if there
exists another coarsely continuous map ¢ : Y — X such that

sup dx (go f(z),z) <oo and  supdy(fog(y),y) < oo.

reX yey
It was proved in [I7] that a coarse homeomorphism is necessarily a coarse quotient
map.

The main tool we need is approximate metric midpoint, which was first used
by Enflo (unpublished) to show that L; is not uniformly homeomorphic to ¢; (see,
e.g., M]). Given two points z,y in a metric space X and § € (0,1), the set of
d-approximate metric midpoints between z and y is defined by

Mid(z,y,0) := {z € X :max{dx(z,z),dx(z,y)} < 1%(de(a:,y)} .

The lemma below, which first appeared in [10] (see also Proposition 14.5.5 in [I]),
is sometimes known as the “stretching lemma”.

Lemma 4.1. Let f : X — Y be a coarse Lipschitz map from an unbounded metric
space X to a metric space Y. If Lip (f) > 0, then for any d > 0, any € > 0, and
any 0 < 6 < 1 there exist z,y € X with dx(z,y) > d such that

SfMid(z,y,0)) € Mid(f (), f(y), (14 ¢€)0).

The next lemma, which follows immediately froms Propositions 3.4.1 and 3.4.2
in [I5], relates the set of approximate metric midpoints in a Banach space with the
moduli of AUC and AUS of the space.

Lemma 4.2. Let X be a Banach space. x,y € X and 0 <t < 1.

(i) For every e > 0, there exists a finite-codimensional subspace Y of X such

that
t —
120y Ui gy  niatey px(0) + ).
(i) If 0x(t) > 0, then for every 0 < & < 1, there exists a compact subset K of

X such that

_ Hlp —
Mld(aj7y’ (1 - 5)5x(t)) - K+ MBX

We also need the following easy lemma.
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Lemma 4.3. Let f : X — Y be a map between Banach spaces X and Y. If there
exist r,s > 0, a point x € X, an infinite-dimensional subspace Z of X, and a
compact subset K of Y such that

f(x+rBz) C K + sBy,
then the compression modulus ¢y of f satisfies
or(r) :==inf{[|f(z) = f(W)l : o =yl = r} < 2s.

Proof. Since Z is infinite dimensional, we may choose an r-separating sequence
{zn,}2, in ¢ + rBz and let f(x,) = 2z, + yn, where z, € K and y,, € sBy for
every n € N. For € > 0, since K is compact, by passing to a subsequence we may
assume that ||z, — zp,|| < € for all m,n € N. Then for m # n,

25 2 |lyn — ymll 2 [1f (@n) = F@m)ll = llzn = 2mll = ¢y (r) — &,
and we are done by letting ¢ — 0. ]

Theorem [ 4] below is a variant of Theorem 3.5.1 in [I5]. Here we present a proof
with improved constants.

Theorem 4.4. Let X and Y be two Banach spaces and let f : X — Y be a
coarse Lipschitz embedding with constants d, L, and C given by (Z1l). Then for all
0<t<1,

5 L < px(t)
Y\7Lc) =P
Proof. The proof is trivial if ¢t € (0, 1] satisfies dy (¢/7LC) = 0, so we may assume

that 8y (t/7LC) > 0. Let 0 < € < 1/2. Note that 1/C < Lip,(f) < L, then one
can apply the stretching lemma to find u,v € X with ||u — v|| > 2d/t that satisfy

7 (0 (w1298 (7)) ) € naa (s s -9 (15 ) ).

By Lemma [£.2(ii), there exists a compact set K C Y such that

M £, 500, (1= v (77 ) ) € K+ ) = 0By
3t
K+ E”u — ’UHBY

Assume that there exists 7 > 0 such that

(1 - 20)dy (720) > px(t) + .

Then by Lemma F2(i), there exists a finite-codimensional subspace Z of X such

that
. t u—+v tllu—v
f(Mld(u,v( )5y<LC>))Df( 5 + ” 3 HBZ>,
so we have || I
u+v  tllu—v 3t
B K+ —|lu—
f( 5T z) +14c”“ v||[By

Now it follows from Lemma 3] that

tlw — o]l tlw — o]l

< — ) < —
st <or (15 < -,
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which is a contradiction. Therefore, we must have

- t
_ — <5 .
(1 25)53/ (7LC> =~ px(t)
We then finish the proof by letting ¢ — 0. O

Theorem 4.5. Let X,Y be two Banach spaces. S is a subset of X and f: S —Y
is a coarse homeomorphism that is coarse Lipschitz. Then for all 0 <t <1,

_ t _
“(wmgﬁ%UQSW@'

Proof. Let g: Y — S be a coarsely continuous map that satisfies

supllgo f(z) — = M < oo and  sup||f o gly) — gl = K < o0
€S yey

We claim that g is a coarse Lipschitz embedding from Y into X. Indeed, it follows
from Proposition 2.5 in [I7] that f is a coarse quotient map with constant K.
Choose s > 2K such that Lip,(f) < 2Lip..(f), and let d > 6K be such that
@wg(d) > s. For y1,y2 € Y with ||[y1 — y2|| > d, one has ||g(y1) — g(y2)|| > ¢4(d) > s,
and thus

1f 0 g9(y1) = f o g(y2)ll < 2Lipo (f)llg(y1) — g(y2)ll-
By the triangle inequality,

2
[ fog(yr) = fog(w)ll > llyr — vl — 2K > gHyl -2

so we obtain

ﬁEigﬂm—mngmwn—me

On the other hand, we could make d even larger so that cj— g < 2coo(f) and
g “Coo(f) > wy(K) + M.
Note that
ly1 = w2l + K 27 :=llys = Fog(y)l 2 lyr — el - K 2 d - K > K,
so it follows from Lemma and the definition of ¢;_ g that
y1 € By (fog(y2),7) € f(Bs(g(yz), 2rese (/)

and from this we can find z € S satisfying
[z = g(y2)ll < 2reee(f) and  [ly — f(2)|| < K.
Now again by the triangle inequality,

lg(y1) — gy2)ll < llg(y1) —go f(@)|[ + llgo f(x) =zl + lz — g(y2) |l
< wy(K) 4+ M + 2rco (f)

< =Dy — ol + 20 () s — 32l + )
< SC%@H% —y2||.

Therefore, for sufficiently large d, one has

8coo (f)

3 ||y1 - y2||

1
m”yl =2l < llg(y1) — g(yo)|l <
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whenever [|y1 —y2|| > d. The desired inequality then follows from Theorem 44 O

Remark 4.6. In connection with the modulus of asymptotic uniform convexity,
the modulus of asymptotic midpoint uniform convexity of a Banach space X was
introduced in [8] as follows:

0x(t) ;== inf sup inf max{||z + ty|, ||z — ty||} — 1.
TESX dim(X/Y)<oo YESY

A Banach space X is said to be asymptotically midpoint uniformly convex (AMUC
for short) if dx () > 0 for all 0 < ¢ < 1. It was shown in the proof of Theorem 2.1
in [8] that Lemma E2(ii) still holds true for dx(t). Therefore, Theorems 4 and
can be strengthened by replacing the AUC modulus with the AMUC modulus.

Corollary 4.7.

(i) £, does not coarse Lipschitz embed into £, for 1 < p < q < co.
(ii) co does not coarse Lipschitz embed into any AMUC Banach space.
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