PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 146, Number 11, November 2018, Pages 4741-4753
http://dx.doi.org/10.1090/proc/14099

Article electronically published on August 10, 2018
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ABSTRACT. We prove the local boundedness of weak solutions for the following
non-linear second order parabolic systems:

(ID
up — div (MDu) =0in Qp := Q x (=T,0),
| Dul

where @ C R™ is a bounded domain and ¢ is a given N-function. The proof
of this result is based on a Moser-type iteration argument.

1. INTRODUCTION

The aim of this work is the study of the local regularity of ¢-caloric functions.
For ¢-caloric functions we mean local weak solutions u : Q7 — R of the following
parabolic system:

/
(1.1) up — div <MDU) =0 in Qp = Q x (=T, 0),
|Dul

where  is a bounded domain in R*, n > 2, N > 1, T > 0, and ¢ : [0,00) —
[0,00) is a given N-function that satisfies the natural condition ¢(s) ~ s¢’'(s)
uniformly in s > 0 (see Section 2]). In the model case ¢(s) = s? and p > 1, ()
gives the evolutionary p-Laplacian. Therefore, the system ([LI]) can be seen as a
generalization of the p-Laplacian parabolic system.

In the last fifty years the study of the regularity of weak solutions for vectorial
problems has received great attention from many mathematicians. This is due to
the fact that, in contrast with the scalar case, we cannot expect that a weak solution
to a non-linear system is a classical solution; see for instance [8[13].

In what follows, we recall some well-known regularity results related to the in-
vestigation of elliptic systems. In the fundamental paper [21I], Uhlenbeck proved
the everywhere C'“-regularity for local minimizers of a p-growth functional with
p > 2. Later on, a large number of generalizations were made. The case 1 < p < 2
was studied in [I], where also the dependence of the functional from z and u was
investigated. Lipschitz regularity for systems or functionals with general growth
conditions have been considered by many authors. The papers [I5,[16] of Marcellini
have been the starting point; in these papers the author established the Lipschitz
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continuity of weak solutions in the case of p — ¢- growth. In [I7], the local Lipschitz
continuity of minimizers of the integral functional

(1.2) Fu) = Qf(Du) dx

has been proved assuming that the integrand function f(Duw) is of the form g(|Dul),
where g : [0, 4+00) — R is a convex function such that gliS) is increasing in (0, +00).
In [7] the authors dealt with functionals of the type (L2) with f(Du) = g(z, |Dul)
and g(z,-) an N-function: considering the problem in the Orlicz-Musielak spaces,
under the main assumption of the uniform As-condition on g, the authors proved
the local boundedness of weak solutions. Marcellini & Papi [18] obtained the Lip-
schitz regularity for minimizers of functionals of the type ([2)) with growth condi-
tions general enough to embrace linear and exponential ones. In [12] the authors
established the C''“-regularity for local minimizers of (ILZ) in the case f(£) = ¢(€),
where ¢ is a given N-function that satisfies the As-condition together with its
conjugate, giving a unified approach to superquadratic and subquadratic p-growth,
besides considering more general functions than powers. Subsequently in [4] the
authors proved the local boundedness of the gradient of local minimizers under
weaker assumptions on .

Regarding the evolutionary framework, many authors are interested in the Hoélder
regularity of weak solutions for parabolic systems with p-growth. In [O[10] has been
established the Holder continuity of the gradient of solutions to parabolic systems

in the case p > nz—J_lQ, while Wiegner [22] obtained, independently, the same result
for p > 2. Choe [6] proved that if v € L{  with ¢ > w, then it is possible to

establish the Holder continuity of the spatial gradient of solutions for all p € (1, c0).

Compared to the elliptic case, there are only a few regularity results for par-
abolic problems with non-standard growth. For instance, You [23] extended the
fundamental results of DiBenedetto & Friedman in the case of systems with a vec-
tor field of Uhlenbeck-type satisfying suitable Orlicz-type growth conditions. More
precisely, the author derived L*-regularity for solutions of the following non-linear
parabolic system:

(1.3) uy — div(g(|Du|)Du) =0 in Qr
assuming that for every £ > 0, g(§) satisfies

172 < g(€) < e2(€772 - €177,

where ¢; and ¢y are fixed constants and p,q are related by 1 <p < g<p+1 < oc.
Lieberman [I4] established the Holder continuity for the gradient of solutions to
(L3) assuming that g is a C'*(0, c0) and positive function satisfying, for all s > 0,

59'(s)
g(s)

with 6 € (0,1], go > 1. Recently, in [5] the authors obtained the spatial second order
Caccioppoli estimate for a local weak solution to (IT]) in both the cases of symmetric
gradient and full gradient. Subsequently, by using the De Giorgi iteration technique,
Diening et al. [11] proved the boundedness of the spatial gradient of solutions to
(I assuming that ¢ satisfies the As-condition together with its conjugate.

5_1S Sgo_lv
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Motivated by the above papers, in this work we aim to show the local bounded-
ness of weak solutions to (IT]). First, we recall the notion of weak solution employed
in this paper.

Definition 1.1. A function u € C(=T,0;L3(Q)) N L¥(=T,0; WH#(Q,RY)) is a
weak solution for (L)) if

¢'(|Dul) _
/QT U¢t — <WDU,D¢> dz=0

is satisfied for all testing functions ¢ € C°(Qp, RY).

Remark 1.1. In the parabolic setting, a standard difficulty in using test function
arguments involving the solution is that we start with solutions having only weak
regularity properties with respect to the time variable ¢ (i.e., they are not assumed
to be weakly differentiable). In the following, we shall argue on a formal level, that
is, arguing as the solutions are differentiable with respect to time. The argument

can be made rigorous in a standard way via Steklov averages as, for instance, in
[BLI].

According to the above definition, our main result can be stated as follows:

Theorem 1.1. Let ¢ be an N-function satisfying the Ag-condition. Let u be a
weak solution to (LI)). Then u € LS (Qr,RY). Moreover, for every Qgr, € Qr
the following a priori estimate holds with the constant ¢ depending on n and on the

characteristic of ¢:

1

70
oup w(u|)§0</ w+l<u|>dz> +e
Q%Q(Zo) QR (20)

The proof of Theorem [I.1]is obtained by using a Moser-type iteration argument
[19] conveniently adapted for parabolic systems with general growth conditions. We
would like to point out that the local regularity of solutions of (LIl represents a
fundamental step to deduce the Holder regularity of y-caloric functions when we
assume that ¢ is A, with its conjugate. Indeed, once we know that u is bounded,
one can use the difference quotient method, and arguing as in Theorem 3.1 in [23],
we can deduce that Du € L2?(Qr). At this point, a recent result obtained by
Diening et al. in [I1], guarantees the Lipschitz regularity for the spatial gradient of
weak solutions to ((LI)). Thus, by combining this with the Holder regularity result
due to Lieberman [I4] for the gradient of weak solutions of parabolic systems, we
can infer that u € C%®. To our knowledge, the result presented here is new in
literature.

Before we conclude this Introduction, we emphasize that the existence of a weak
solution to (LI is guaranteed by the recent results established by Bogelein at
al. [23] in which the authors obtained, via a variational approach, some relevant
existence results for parabolic systems under very general growth conditions.

1.1. Outline of the paper. In Section 2] we collect some preliminary notions
about the N-functions and in Section [l we give the proof of the main result.
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2. ASSUMPTIONS AND DEFINITIONS

Let 2 C R™ be a bounded domain; in the following (27 will denote the parabolic
cylinder  x (=T,0), where T > 0. If z € Qr, we denote z = (z,t) with x € Q
and t € (—T,0). In what follows ¢ will be a general positive constant, possibly
varying from line to line; we will emphasize dependencies on parameters by using
parenthesis.

The writing Du(z,t) = Dyu(z,t) denotes the differentiation with respect to the
spatial variable x while u; stands for the differentiation with respect to the time.

With zg € R”, we set

B (o) = B(zo,7) :={x € R" : |x — x0| < r}

the open ball of R™ with radius » > 0 and center xg. When dealing with para-
bolic regularity, the geometry of cylinders plays an important role. We shall use a
parabolic cylinder with vertex (xg,ty) and width » > 0 given by

QT(J?o,to) = B(J?o,’l“) X (to — 7”2,t0).
Given a cylinder Q = B x (s, t), its parabolic boundary is
OpQ = (B x{s}) U (9B x|s,t]).

The integral average of a function u on U C R™ ™! measurable subset with positive

measure is given by
1
(u)y :][ u(x)dz = —/ u(x)dz,
u Ul Ju

where |U| is the (n + 1)-Lebesgue measure of U. The parabolic metric is defined as
usual by

distp(z, 20) := \/|z — 0|2 + |t — o]
whenever z = (z,t), 29 = (zo, tg) € R"TL.

2.1. N-functions. The following definitions and results are standard in the context
of N-functions (see [20]).

We shall say that two real functions ¢ and o are equivalent and write @1 ~ o
if there exist positive constants ¢, ¢ such that ¢101(s) < pa(s) < cap1(s) if s > 0.

Definition 2.1. A real function ¢ : [0,00) — [0, 00) is said to be an N-function if

©(0) = 0 and there exists a right continuous non-decreasing derivative ¢’ satisfying

©'(0) =0, ¢'(s) >0 for s >0 and lim ¢'(s) = co. In particular, ¢ is convex.
S—00

The assumption widely used in order to study regularity for systems with Orlicz
growth is the following:

Definition 2.2. We say that ¢ satisfies the Ag-condition (we shall write ¢ € Ag)
if there exists a constant ¢ > 0 such that

©(2s) < cp(s) forall s >0.
We denote the smallest possible constant by Az ().

Since ¢(s) < ¢(2s) the Ag-condition implies ¢(2s) ~ ¢(s). Moreover, if ¢ is
a function satisfying the As-condition, then ¢(s) ~ ¢(as) uniformly in s > 0 for
any fixed a > 1. Let us also note that if ¢ satisfies the Aj-condition, then any
N-function which is equivalent to ¢ satisfies this condition, too.

From now on, we assume that ¢ is an N-function satisfying the As-condition.
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Since ¢'(+) is non-decreasing, for all s1, so > 0 we have
(2.1) ¢'(s1)82 < ¢'(s1)81 + ¢’ (52) 82
Moreover, by the As-condition it follows that there exists m > 1 such that
(2.2) ©'(s)s <mp(s) for every s > 0,
(2.3) ©(As) < A" p(s) for every s >0 and A > 1.
Let us observe that by the convexity of ¢ and by the Aj-condition it follow that
(2.4) () ~ 50/(5)
uniformly in s > 0.

Finally, we say that a measurable function u :  C R™ — R belongs to the
Orlicz-Lebesgue space L¥(Q) if it satisfies

/Q o (Jul) do < oc.

The space L?(f2) is a Banach space if endowed with the Luxembourg norm

llull e () := inf {)\ >0: / %) (|ﬂ> dx < 1} )
Q A

If uw and Du belong to L?(2), we say that u € W#(Q). We denote by W, '# ()
the closure of C'2°(Q2) functions with respect to the norm

lullwre) = [lullLe @) + [Dull e (o)
3. L°°-ESTIMATE FOR u

This section is devoted to the proof of the main theorem. The following lemma
is a key ingredient in the proof of the L>-estimate for the system (I.I]).
Let us define, for v > 0, the following auxiliary function:

€
(31) v @) = [ T e(m)dr,
0
Then ., satisfies the following:

Lemma 3.1. Let ¢ be an N-function such that ¢ € Ay and let v > 0. Then there
exists a positive constant C, depending only on the characteristic of ¢, such that

14(€) ~ CE T ((€)).

Proof. Let ¢(7) € [0,k]; then T}/ (¢(7)) = ¢7(7) for any v > 0. Therefore, inte-
grating by parts and by using the fact that ¢(s) ~ s¢’(s) we can see that

[roma=[7 wmr [ e ey

0 0
2 13
< %907(6) - %Cl/o TY(T)dT
from which
(3:2) /ET ) dr < (€)= 2 TY((€))
. ; (% S 0 e 4 T 2% e k\P
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Analogously, by applying (24]) we have

[rowa=[3 wmr R

A\
AS)
2
™
|
o2 °
Q
[\
c\
Ay
\]
A
2
\]
N—
.
\]

and we deduce

1
(¢ = T E T (#(€)).

€
(3.3) /0 T (T)dr >

T 24 cs

Putting together (B2]) and B3] we have the assertion.
Now, let ¢(7) > k. Then T} (p(7)) = k7, and we can infer

3
(@) =1 [rar=cgw,
0
from which follows the thesis. O
Now we are in the position to give the proof of the main result.

Proof of Theorem [l Let 0 < p < R and zg = (wg,t0). Let x € C}(Bgr(zo)) be a
cut-off function in space such that

0<x(@) <1,
(3.4) x(x) =1, in B,(zo)
|Dx| < 7

and let 7. € C*(R) be a cut-off function in time such that, with € > 0 being
arbitrary

1 on (tg — p?,7),
e =0 on (=T,tg — R®) U (T +¢,0),
0<7n:(t)<1 onR,
t 1 on (1,7 +¢),
(ne)el < 5% on (to — R%,to — p?),

(3.5)

where 7 € (tg — p?,to) such that 7+ < t5. We take as a test function in (L))

g(x.t) = u T (p(|u])) 2 (t)x" (),

with pg > 1. We note that the following computations are formal concerning the
use of the time derivative u;. However, they can be made rigorous by the use of a
mollification procedure as, for instance, by Steklov averages with respect to time
(see [BLAI] for more details).
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Thus we have

0= [ (el
Qr(20)
STl 3 + T ()l (),

¢ (IDu]) 1y
+ T} ((ul))nZ x* {Du, Du) dz

(‘DUD Po Y
+/QR<ZO> W“ (Du, u D[T! (¢(|ul))]) d=

| Dul
=1+ II1+IIT+1V.

o' (| Du ~
o f )MTzwu))ngw L4 Du, D) ds
Rr(Z0

Let us consider I. Integrating by parts we obtain

[ e o d:
Qr(20)

= [ etu)zun e - T (ol NP O2) ) ds
Qr(zo0)
so, taking into account the definition of 7., I becomes

I= / T () o g 2 X dz
Qr(z0)

8 Po 7 — u ¢ Po P
—/Q 9 (b (ul)y 1 x7) d / () (7)1 X

n(z0) OF QR(zo)

to—p? T+e
= et = [ 2o
Br(wo) J/to—R? Br(wo) /7

to— p T+¢
- / / ()27 (e ™ =+ / ]l o () 202 P dz,
BR(IO t BR(JL’()) T

where v is defined in (B1).

We can see that I can be rewritten as
1= [ DD (ol
Qr(z0)
and I11 > 0. Regarding I'V we can infer

11V SPO/Q T (p([ul))n2x?~" ¢ (| Dul)|ul| Dx| d=.
R(Z0
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Putting together the estimates for I, I1, I11, and IV, (B.0) becomes

/ ][ U2 dz+ [ S (DUIDUT (o) d
BRCCO QR(ZO)

(3.7) S (Jul)ne xo dz

_p BR(mo)

+ 1o /Q T (p([ul)) fulr?x™ " ' (| Dul) | D dz.
Rr(Z0

to—R?

Let us observe that by 210), (Z2), and (23] we deduce that

D 1 4po|D 4dpo| D
o (Du) PPy < L g Dup up 4 T o (2P ) S0P,
X 1¥ X
1 4po| Dx|
< = (| Dul)|Dul + = ZPolZX]
< T/(Du)| u|+4pw( Bl
1 4po—1 :Dr)+1 |DX|pO
< 1@ (DuplDu) + ZFIXE o)
1 4Po— lppo+1
< -y ! R f (N
< 3 DuIDul + P ol

from which

Dx
w & () 2 g 3 7 (oful)) d=
Qr(z0) X

<

| =

[ DDl T (e dz
Qr(zo0)

4p071p;80+1 ,
T L e Tt i
r(Z0

+

Thanks to (1)) and (Z4]) we can see
¢'(IDu))|Dul = ¢/ (|ul)| Dul = &' (Ju])|ul = &' ([u])|Du| = co(Jul),

thus (B7) can be written as
T+€
[ ntuhzormds [ QD T o) 2 d
Br(wo) /T Qr(20)

c to—p”
< Py (Jul)ne x*° dz
R—p /BR(OCO)/%R2 ! )

C
g o DTl
Rr(Z0
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By passing to the limit as ¢ — 0 we have

(3.8)
sup / n (ful)m x™ dx+/ o (|u]) DT (p(Ju]))m? xPo T dz
TE€(to—R2,t0) J Br(zo) Or(z0)
C
<z [ s
R—p Qr(z0) K

C
i IR CEAC NI S
r(Z0

Let us define the function

G(a,t) := @(|ul) T (p(Jul)) n (#)x" ! (2).
We can see that

DG (@, )] < (v + 1) &' ([ul) [Dul T (@ (uD)n* ()x"* ()

2o £ Lo ul) T (oful)) () X7 (),

_|._
R — pl

from which integrating over Qr(zp), and taking into account (3.8)), we have

(3.9)

/ |DG(x,t)| d=
Qr(20)

<(y+1) /Q DIDU T )ty d
R(Z0

po+1
+ 2 o(|ul) T ((ful) n*x*° dz
|R_p| Qr(z0)
< c(y+1) c(vy+1)

< O () de + 0T / o(Jul) T (o ul)) P d.
R—p /QR(zo) ! R = plP Jgpu(z0) F

By Lemma 3.1 we get

| e as
Bp(zo)

-/ T () o+ [ T3 ol ul))
Bp(wo)N{lu|<1} Bp(zo)N{|u|>1}

< C|B,(wo)| + / PT () 7 X de

Bp(mo)

< C|By(xo)| + /B Ll de
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By using Holder and Sobolev inequalities we can infer

/ ()T (p(Jul)) d
Qo (20

to
< / </ T (e(|ul)) n xP daf)
to—p? B,(zo0)

x ( / fo((ul) T (o(Jul)) e+ 72 da:)
B,(zo)
(3.10) ,
= ( Sup / Py (Jul)mx? dx+C|Bp(x0)|>
B, (o)

to—p2<t<to

1

n

n—1

/ |DG| dz
Qr(z0)

<

c(v+ 1)/
L | ——= by ([ul)nx™ dz
( R—=p Jon) !

1+1

n

dvtl) /Q ( )@(IUI)TQ(SO(UI))HQX”WZ) 7

|R = plP

where we use Lemma Bl (3.8)), and (33).

To estimate the first term in the right-hand side, we use Lemma [B] and we get

/ b () dz
Qr(z0)

<C T (p(Jul)) [ul*nxP° dz
Qr(z0)

=C Ty (p([ul)) [ul*nxP° dz
Qr(zo)N{|ul<A1}

+C T, (@(|ul))|[ul*nx?e dz
Qr(zo)N{|ul>A1}

(3.11) < C| Qr(z0)| + C / 2 (ul) T (o (|u))) d,

Qr(zo)N{|ul>A1}

where Ap is such that if |u| > Ay, then o(|u|) > |u].
Putting together (BI0) and (BII]), and recalling the properties of n and x, we
have

/ (u)) T (p(|ul)) de
Q,(20)

c(y+1)

<c |1y <—|QR<ZO)|+ cy+1)

|B = plP

1+1
o /. R(Zﬂ“'”'?(*”('“”dz) ,
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and taking the limit as k — oo we obtain

(3.12)

/ P (Juf) dz
Qp(ZD)
1+1

C(fy+ 1) E(’}/+ 1) / 1+ "
<C |1+ | —=—=|9Qr(20)| + =——— Y(|ul) dz

Let 0 : =1+ % For some 7y > 0, we set
Yi+1 = V0.

In particular,

i1
Yit1 = Y00t

and lim;_, 4o 73 = +00. Define R; := %(1 + %), and take p = R;11 and R = R;
in (B12). We also define ®; = fQR»(Zo) @i (|ul) dz and B; = v; + 1. Thus we have

i <1+CHBT 4+ CHprdY.

Iterating we get

Byy1 < 14 CThmolimhtDe" TT g 9%l =1 g™
k=0

% ) j ‘
+ Y OBheolihe et TT g7t g2heolr" 0,
J=1 k=0

i—k+1

Now, taking into account that 8;—r < (y0+ 1)o , we have

log (H ﬁszl> = Zlog(ﬁﬁk;l) = Z " log(Bi_)
k=0 k=0

k=0

< Zo_k-l-l log((% + 1)o,i—k+1)
k=0

i %

from which

So we get
D <C+EK 07 £ K7 (i +1).

Now,
1 gitl ottt Sit1 1

I SO+ KB 4 K (i 1)
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oitt 1

Recallin% the definition of 7;41, we have that ;41 — o0, T and
(i +1)¥+1 — 1 as ¢ — oo. Therefore, we can infer that
%
swp guh<c( [ uds) e
Q&Ql (20) QR (20)

which ends the proof of theorem.
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