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ABSTRACT. Certain sufficient homological and ring-theoretical conditions are
given for a Hopf algebra to have a bijective antipode with applications to
noetherian Hopf algebras regarding their homological behaviors.

INTRODUCTION

A classical result due to Larson and Sweedler [I0] states that any finite-
dimensional Hopf algebra has a bijective antipode. In general, the antipode of
an infinite-dimensional Hopf algebra does not need to be bijective. For instance,
Takeuchi [I8] constructed the free Hopf algebra generated by a coalgebra whose
antipode is injective but not surjective. On the other hand, Schauenburg [16] gave
examples of Hopf algebras whose antipode is surjective but not injective.

In recent developments, the study of infinite-dimensional Hopf algebras seems to
be of growing importance, which reveals that some well-known results about finite-
dimensional Hopf algebras surprisingly have incarnations in the realm of noetherian
Hopf algebras (see, e.g., survey papers [3L[6]). Among this progress, it is worthy to
point out that the bijectivity of the antipode frequently plays an essential role in
establishing these properties (see, e.g., [2L8[14.21]). Therefore, one is prompted to
ask for criterions concerning the bijectivity of the antipode of a Hopf algebra.

In [I7], Skryabin gave two sufficient conditions for the bijectivity, which are
purely ring-theoretic. As a corollary, he proved that the antipode of any noetherian
Hopf algebra is always injective, and it is surjective if a certain quotient ring exists
[I7, Corollary 1]. Moreover, he proposed the following.

Conjecture 0.1 (Skryabin). Ewvery noetherian Hopf algebra has a bijective an-
tipode.
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Recently, Meur showed that, by imposing a purely homological restriction, any
twisted Calabi—Yau Hopf algebra has a bijective antipode [12, Proposition 1]. The
next result proved in the present paper uses both homological and ring-theoretic
restrictions on a Hopf algebra.

Theorem 0.2. Let H be a Hopf algebra such that the left or right trivial module Ik
or ke has a resolution by finitely generated projective modules. Suppose H satisfies
one of the following conditions:

(i) dim Ext’y (.k, H) = 1 for some integer i > 0;

(ii) dim Ext’y., (., H) = 1 for some integer j > 0.
Then H has an injective antipode. Moreover, if both (i) and (ii) hold for H with
i =4 and if H additionally has one of following properties:

(iii) every right invertible element is reqular;
(iv) every left invertible element is regular;

then H has a bijective antipode.

Recall that an element of a ring is called regular if it is neither a left nor a right
zero divisor. The class of Hopf algebras satisfying the above assumptions is large.
For instance, the homological restrictions (i) and (ii) are weaker versions of the AS-
Gorenstein condition (see, e.g., Definition [[3]), and the ring-theoretic restrictions
(iii) and (iv) are held by any Hopf algebra that is weakly finite, which includes all
noetherian Hopf algebras and Hopf domains. We are able therefore to obtain the
following.

Corollary 0.3. Any noetherian AS-Gorenstein Hopf algebra has a bijective an-
tipode.

By a celebrated result of Wu and Zhang [22], any noetherian affine PT Hopf
algebra is AS-Gorenstein, which yields another proof of the following.

Corollary 0.4 ([I7, Corollary 2]). Any noetherian affine PI Hopf algebra has a
bijective antipode.

Now it becomes clear that an affirmative answer to the following question [3]
Question E] regarding the homological behaviors of noetherian Hopf algebras will
help to answer Conjecture [IL11

Question 0.5 (Brown). Is every noetherian Hopf algebra AS-Gorenstein?

The proof of our main theorem is based on analyzing the bimodule structures
arising from the Hochschild cohomology of H with coefficients in a certain bimodule
over H (see Theorem [2:8). With the help of Corollary 03] we apply the same idea
to noetherian Hopf algebras. We are able to extend Radford’s S* formula to any
noetherian AS-Gorenstein Hopf algebra (see Theorem BII]) and establish equivalent
conditions regarding the homological behaviors of noetherian Hopf algebras (see

Theorems 3.3 and [3.4).

1. PRELIMINARIES

Throughout this paper, we work over a fixed field k. Unless stated otherwise all
algebras and vector spaces are over k. The unadorned tensor ® means ®y. Given
an algebra A, we write A°P for the opposite algebra of A and A€ for the enveloping
algebra A® A°P. The category of left (resp., right) A-modules is denoted by Mod(A)
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(resp., Mod(A°P)). An A-bimodule M can be identified with a left A°-module, that
is, an object M in Mod(A¢) with action

(a®b)-m=amb

foralla®@be A® and m € M.
Note that an A-bimodule M can also be a right A°-module with right A®-action

m-(a®b) =bma

for all a @ b € A° and m € M. Conversely, if M is a right A°-module, then M
becomes an H-bimodule with bimodule action

bma=m-(a®Db)
for all a,b € A and m € M.
For an A-bimodule M and two algebra homomorphisms p and v, we let #M”

denote the twisted A-bimodule such that MY = M as vector spaces, and the
bimodule structure is given by

a-m-b=pula)mv(b),
for all a,b € A and m € M. If one of the homomorphisms is the identity, we will
omit it.
We preserve H for a Hopf algebra, and as usual, we use the symbols A, ¢, and
S, respectively, for its comultiplication, counit, and antipode. We use Sweedler’s

(sumless) notation for the comultiplication of H. We write .k (resp., k.) for the
left (resp., right) trivial module defined by the counit of H.

Definition 1.1. Let £ : H — k be an algebra homomorphism. The left winding
automorphism Eg of H given by £ is defined to be

Eﬁ(a) = §(ay)az,
for any a € H. Similarly, the right winding automorphism of H given by £ is defined
to be

E¢(a) = a1é(az),
for any a € H.

We recall some well-known properties of winding automorphisms.

Lemma 1.2 (cf. 2 Lemma 2.5]).

(i) () ==L,
(i) £€S%=¢, so Eé = 5232.
(iii) 5252 = 5252.
(iv) The above are true for right winding automorphisms.
(v) Left and right winding automorphisms always commute with each other.

Definition 1.3 (cf. [2| definition 1.2]). Let H be a noetherian Hopf algebra.

(i) We say H has finite injective dimension if the injective dimensions of g H
and Hpy are both finite. In this case these integers are equal by [24], and
we write d for the common value. We say H is reqular if it has finite global
dimension. Right global dimension always equals left global dimension for
Hopf algebras [21], Proposition 2.1.4]; and, when finite, the global dimension
equals the injective dimension.
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(ii) The Hopf algebra H is said to be Artin-Schelter Gorenstein, which we
usually abbreviate to AS-Gorenstein, if
(AS1) injdim g H = d < o0,
(AS2) Extiy(k, H) = 0 for i # d and dim Ext%(.k, H) = 1,
(AS3) the right H-module versions of (AS1, AS2) hold.
(iii) If, in addition, the global dimension of H is finite, then H is called Artin—
Schelter regular, which is usually shortened to AS-regular.

Suppose H is noetherian AS-Gorenstein of finite injective dimension d. Then
Extf{(glk, H) is a one-dimensional right H-module. Any nonzero element in
Ext$ (.k, H) is called a left homological integral of H. Usually, Ext% (K, H) is
denoted by || fl. Similarly, any nonzero element in Ext%op (ke, H) is called a right ho-
mological integral, and Extfgop (ke, A) is denoted by |, ;I Abusing language slightly,
/ é (resp., [;;) is also called the left (resp., right) (homological) integral. Since the
right H-module structure on f fl is given by some algebra homomorphism from H

to k, we can define left and right winding automorphisms given by [ fl. This also
applies to | ;I by using its left H-module structure. We say H is unimodular if

f fl = k. as right H-modules. Clearly this is equivalent to the left or right winding

automorphism given by || fl being the identity.

In [7], Ginzburg introduced Calabi-Yau algebras whose algebraic structures arise
naturally in the geometry of Calabi—Yau manifolds and mirror symmetry. Calabi-
Yau algebras are one of the examples satisfying the Van den Bergh duality, which
was introduced by Van den Bergh [20] in order to study Poincaré duality between
Hochschild homology and cohomology. We adopt all these definitions to noetherian
Hopf algebras.

Definition 1.4 (cf. [2l[720]). Let H be a noetherian Hopf algebra.

(i) We say H satisfies the Van den Bergh condition if H has finite injective
dimension d and

; . 0, 1i#d,

Exty.(H,H®) = {U, i—d
where U is an invertible H-bimodule. We usually call U the Van den Bergh
dualising module for H.

(ii) We say H has the Van den Bergh duality if it satisfies the Van den Bergh
condition and H is homologically smooth, that is, H has a bounded resolu-
tion in Mod(H¢) by finitely generated projective modules.

(iii) We say H is twisted Calabi—Yau if H has the Van den Bergh duality with
the Van den Bergh dualising module given by H” for some algebra auto-
morphism v of H. Moreover, we say H is Calabi—Yau if v can be chosen as
an inner automorphism.

2. AN ISOMORPHISM LEMMA FOR HOPF BIMODULES

In this section, we aim at investigating the bimodule structures arising from the
Hochschild cohomology of H with coefficients in the enveloping algebra H€¢. In
particular, we do not require H to be noetherian or have a bijective antipode.
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Note that the map
(1®S)A:H— H® ar a; ®S(as)
is an algebra homomorphism.
Definition 2.1. We define the left adjoint functor .Z from the category of left H¢-

modules into the category of left H-modules such that, for every left H¢-module
M, £(M) = M as vector spaces with the left action

a-m=(1®8S)A(a)-m = (a1 ® S(az)) -m

for a € H and m € M. Similarly, the right adjoint functor % from the category of
right H°-modules into the category of right H-modules such that, for every right
He-module M, Z(M) = M as vector spaces with the right action

m-a=m-(1®S)A(a) =m- (a1 @ S(az))
fora € H and m € M.
Here we introduce natural module actions and elementary properties which will
be used. Since the enveloping algebra H€¢ is an algebra, H€ is equipped with a

natural H¢-bimodule structure induced by the multiplication of H¢. That is, the
left action is given by

(1) (a®b) = (2®y) =(a®@b)(z®y) = ax @ yb,
called the outer action, and the right action is given by
(2) (r@y) « (a8b) = (z@y)(a®b) = a3 by,

called the inner action. As a consequence, .Z(H¢®) can be viewed as an H-H®-
bimodule, where the left H-action is given by applying the left adjoint functor to
the outer action

a-(z@y) = (1@ 5A)(z@y) = mz@ysS(a)

and the inner action gives the right H¢-module structure. On the other hand,
Z(H°) is an H®-H-bimodule with the right action

(r®y)-a=(zey)((1®S5)A(e) =rar @ S(az)y

together with the outer action for the left H¢-module structure.
Let M and N be two left H-modules. Then M ® N is a left H ® H-module with
a natural left H ® H-action

(a®b) = (z®y)=(a-2)®(b-y).
Since there are two natural algebra homomorphisms from H into H ® H such that
H—-H®H, a—a®l

and
H—-H®H, a—1®a,

there are two left H-module actions on M ® N such that
a-(z@y)=(a®1l) = (z®y)=(a-z)®y (denoted by .M @ N)
and
a-(zy)=(18a) = (zQy) =2 (a-y) (denoted by M ® .N).

Analogously, for any right H-modules M and N, there are two right H-module
actions M, ® N and M ® N..
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Since the comultiplication map A : H — H ® H is an algebra homomorphism,
every left (respectively, right) H ® H-module becomes a left (respectively, right)
H-module with the action induced by A, namely

a-(r®y)=Al) = (z@y) = (a1-2) © (a2 y).

Let R and T be algebras. For a left R-module g N and an R-T-bimodule M7,
Hompg(rN,r Mr) is a right T-module with the right T-action

(ft)(n) = f(n)t

for f € Homg(rN,g Mt), t € T,n € N. For a right T-module Ny and an R-T-
bimodule g My, Homp(Np,gr Mr) is a left R-module with the left R-action

(rf)(n) =rf(n)

for f € Homp(Np,g M7), r € R,n € N. We often write Homyop (N7,g MT) for
Homp(Nr,g Mr). For an R-T-bimodule grNr and a left R-module grM,
Hompg(rNr,r M) is a left T-module with the left T-action

(tf)(n) = f(nt)

for f € Homp(rNp,r M), t € T,n € N.
The following is parallel to Lemma 2.4 in [2] and Lemma 2.1.2 in [21]. For the
sake of completeness, we include a proof here.

Lemma 2.2. Let A be an algebra. There are natural isomorphisms for all integers
1> 0 as follows:

(i) Let M be an H®-A-bimodule. Then Extly.(H, M) = Exty (.k, Z(M)) as
right A-modules. _ _

(ii) Let M be an A-H€¢-bimodule. Then Extye(H, M) = Extyop (ke, Z(M)) as
left A-modules.

Proof. We only prove (i); the proof of (ii) is quite similar. Note that the H¢-A-
bimodule N is canonically a left H¢ ® A°°’-module and that H¢ @ A°P is a right
He¢-module with the right action induced by the multiplication of H¢ ® A°P since
He is considered as a subalgebra of H¢® A°P by the inclusion map H¢ — H®® A°P,
x+— = ® 1. First of all, one easily sees that any injective H¢-A-bimodule N is still
injective when viewed as a left H¢-module since

HOmHe(—, N) = I‘IOH’I[-[e(—7 HOmH6®Aop((He & AOp)He, N))
= HOHlHe®Aop((H8 (24 AOp)Hc X —7N)
by [15, Theorem 2.11].

Next, we view H¢ as an H°-H-bimodule, where the left H¢-action is given by
(@) and the right H-action is given by

(r®y) a=2xa1 ®S(a2)y.

We simply denote it as geH§, which is free as a right module by the fundamen-
tal theorem of Hopf modules. Indeed, there is an H®-H-bimodule isomorphism
meHf — H,® H defined by = ®y — 1 ® 29y with inverse given by z @y — 1 ®
S(z2)y, where the left He-action on H, ® H is given by (a®b) - (z®y) = a12 @ azyb
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and the right H-action on H, ® H is given by (2 ®y)-a = (2 ®y)(a®1) = za®y.
Since .Z = Hompe (g H§, —) as functors, one gets that

Hompg(—,. 4 (M)) =2 Hompy (—, Hompge (ge Hfy, M))
= HomHe(Herq Ry —,M).
As a consequence, .Z is exact and preserves injectivity.

Since there is an isomorphism yeH§ — H, ® H by the above paragraph, we
have the canonical isomorphism

weHfg @y k=2 H, @ HRy k= geH.

Hence (i) holds for i = 0. It follows that (i) holds for all ¢ > 0 by taking an injective
resolution of M as H€-A-bimodules. O

Lemma 2.3.

(i) Let P be a finitely generated projective left H-module. Then
Homy (P, £(H¢)) =~ Homy (P, H) ®  H5

as H-bimodules, where the bimodule structure on Hompg (P, H) ®HS s
given by a(x @ y)b = zb; ® ayS?(ba).
(ii) Let Q be a finitely generated projective right H-module. Then

Hompyor (Q, 2(H®)) 225" H, ® Homp(Q, H)

as H-bimodules, where the bimodule structure on SH, ® Hompy(Q, H) is
given by a(x @ y)b = S?(a1)xb @ azy.

Proof.

(i) Note that Hompy (P, Z(H¢)) is a left H°-module and thus a H-bimodule since
Z(H®) is a H-H®-bimodule. First of all, we claim that £ (H®) 2, H® H :=V as
H-H¢-bimodules, where the left H-action on V is defined by the left multiplication
on the first factor H of V' and the right H¢-action is given by (z ® y) + (a ® b) =
ra; ® byS?(az). It can be proved via the explicit H-H¢-isomorphism £ (H¢) — V
defined by z ® y — 21 ® yS?(z2) with inverse given by @ y — 1 ® yS(x2).

Next for any left H-module M there exists a natural H-bimodule map

&y : Hompy (M, H) @, HS" — Homp (M, £(H¢)) = Homp (M, V)
defined by ®p/(f ® h)(m) = f(m) ® h. One checks that ® commutes with a finite
direct sum, that is, ®q, v, = D,y P, since the diagram

ier My

P
Homp (D¢, My, H) @ HS ——<""» Homp (,., M;, V)

lz .

Dics (HOmH(Miv H) ®*HS2) Deos Dic Homp (M;, V)
commutes whenever [ is a finite index set. Suppose P is finitely generated projec-
tive. Then there exists another left H-module @ such that P ® Q = @, H; over
a finite index set I, where each H; = H as left H-modules. Note that @y is clearly
an isomorphism. Hence ®p @ ®g = Ppgg = ®iel &y, is an isomorphism, which
implies that ®p is an isomorphism.



4626 JIAFENG LU, SEI-QWON OH, XINGTING WANG, AND XIAOLAN YU

Finally, denote by W = H ® H, the H®-H-bimodule, where the right H-action
is the right multiplication on the second factor H of W and the left H¢-action is
given by (a ®b) = (z @ y) = S%(a1)zb ® azy. Then (ii) can be proved in the same
fashion by using the H¢-H-isomorphism Z(H¢) = W via 2 @ y — S?(21)y ® 22
with inverse @ y — y2 ® S(y1)x. O

Lemma 2.4. The following are equivalent:

(i) H has a resolution in Mod(H®) by finitely generated projective modules.
(ii) ¢k has a resolution in Mod(H) by finitely generated projective modules.
(iii) The right H-module version of (ii) holds.

Proof.

(i) = (ii), (iii) Let M be an H-bimodule, and let I = kere. Then it is easy to
see that k. @ y M = M/IM. Let B® be a resolution of H in Mod(H*®) by finitely
generated projective modules. Then, using the above result, one can easily observe
that k ® g B® is a resolution of k. ® gy H = .k in Mod(H) by finitely generated
projective modules. It is the same for (iii) when we tensor @ k. on the right side
of B*.

(i), (ii) = (i) In the proof of Lemma [Z2] one sees that the left adjoint functor
Z : Mod(H®) — Mod(H) is just a restriction functor, which certainly commutes
with direct limits. Applying [4, Corollary, p. 130], Ext%; (.k,.Z(—)) commutes with
direct limits for all 4, since .k has a resolution in Mod(H) by finitely generated
projective modules. This implies that Ext? «(H,—) commutes with direct limits
in Mod(H¢) for all i since Exty. (H, —) = Ext’y(.k, £ (—)) by Lemma Then
one concludes again by [4, Corollary, p. 130] that H has a resolution in Mod(H¢)
by finitely generated projective modules. The proof for (iii)= (i) is exactly the
same. (]

Theorem 2.5. Assume the conditions in Lemma [2.4] hold. Then there are H-
bimodule isomorphisms

Extiy. (H, H%) = Exty (k, H) @, HS =5 H, @ Extiyo, (ke, H)

for all i, where the bimodule structures on the second and third spaces are given by
a(z @ y)b = xb1 ® ayS?(bz) and a(x @ y)b = S?(a1)xb @ agy, respectively.

Proof. Since (H®¢)°P 2 H¢, there is an equivalence between the category of left He-
modules and the category of right H¢-modules. As a consequence, Extitle (H, H®)
can be computed by using both the outer action and the inner action of H¢ defined
in (1) and (@), respectively.

First of all, we use the outer action (1) on H¢ to compute the Hochschild coho-
mology Ext%.(H, H¢). By Lemma 24l we can take P* to be a resolution of Ik in
Mod(H) consisting of finitely generated projective modules. Then we have

(Lemma 2.2) Extly. (H, H®) = Exty (k, £ (H®))

= H'(Homp (P*, £(H®)))
(Lemma [23)) >~ H'(Hompy (P*, H) ®*Hsz)
(Kiinneth formula) =~ H'(Homg (P*, H)) ®,HS

= Exty (k, H) @, HS .



BIJECTIVITY OF ANTIPODE 4627

On the other hand, we can apply the inner action ([2) on H¢ to compute the
Hochschild cohomology Extl.(H,H¢). We get Extl.(H,H¢) = SH, ®
ExtYyop (ke, H) by the same argument. This proves the result. O

Proof of Theorem [02 For the injectivity of S, suppose (i) holds for H; the proof
for (ii) is analogous. Note that Hompy (M, H) is a right H-module for any left H-
module M. Hence we can write Ext’; (.k, H) = k¢ for some ¢ € Homae(H, k). For
simplicity, we denote the left winding automorphism Eg by £ as well. By Theorem
23] we have the isomorphisms

(3) 5 H, ® Extiye, (ke, H) = Ext, (k, H) ®, HS = k¢ @, HS ~ H5¢

as H-bimodules. Since the very left side of (@) is a free right H-module, this implies
that HS°¢ is torsion free on the right side. Thus S is injective.

Now assume that (i) and (ii) both hold for H with ¢ = j. Then we can further
write Extlop (I, H) ="k for some 7 € Homay(H,lk). We still denote by 7 the
right winding automorphism Z7. Then it is straightforward to check that @) implies
that S""H and HS’¢ are isomorphic as H-bimodules. Take ® SN 5 HS to be
such an isomorphism with inverse ®~!. Denote by z = ®(1) and y = ®~!(1). One
immediately, by the definition of the inverse ®®~! = id = ® 1@, verifies that the
following hold in H for any a,b € H:

(4) wSten(a)S*E(y) = a,  S*n(x)S*en(b)y = b.
Here we use the fact that &,7,S? commute with each other by Lemma Let
a="b=1. One gets ©5%¢(y) = S?n(x)y = 1.

Suppose (iii) holds. One sees that S?n(x)S*¢n(y) = S?n(x)y = 1 by applying
S%n to 28%¢(y) = 1. So S%n(z)(y — S*¢n(y)) = 0, which implies that y = S*¢n(y)
since S2n(z) is right invertible, and hence it is not a right zero divisor by (iii). Note
that ® : S""H — HS’¢ is an H-bimodule map with ®(1) = z. Then in HS*¢ one
gets

S (y)a = S%E(y) — (1) = B(S*E(y) = 1) = ©(S*n(y)) = B(y)
=0(1 +y) = D(1) « y = x5%(y) = 1.

Thus x and S?¢(y) are mutually inverse. Using this to simplify the first identity in
@), one gets

(5) Sien(a) = S*¢(y)aa.

As a consequence, S%¢n is an inner automorphism given by conjugation of the
element . Thus S is bijective. Finally, the argument for (iv) is similar. This
proves the result. O

3. APPLICATIONS TO NOETHERIAN HOPF ALGEBRAS

In this section, we apply our result to noetherian Hopf algebras satisfying the
AS-Gorenstein condition, which we now know have bijective antipodes by Corollary
We refine many results focusing on their homological behaviors, some of which
were originally stated with the assumption of the bijectivity of the antipode (see,
e.g., [28]). The first result is known to be the generalization of the famous S*
formula [I3] of Radford to the noetherian AS-Gorenstein Hopf algebra case by
Brown and Zhang. We give another proof based on Theorem
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Theorem 3.1 (|2, Corollary 4.6]). Let H be a noetherian AS-Gorenstein Hopf
algebra. Then

St=ro0goc™,
where £ and ¢ are, respectively, the left and right winding automorphisms given by
the left integral of H, and v is an inner automorphism.

Proof. The result can basically be derived from the proof of Theorem First
of all, one checks that all the assumptions in Theorem are satisfied when H
is noetherian AS-Gorenstein. Namely, noetherianness guarantees that .k admits
a resolution in Mod(H) by finitely generated projective modules. Conditions (i)
and (i) follow from AS-Gorenstein assumption with ¢ = j = d. Note that in a
noetherian ring, a left or right invertible element is always invertible, and hence it
is regular (cf. [5, Exercise 5ZE]). So (iii) and (iv) hold.

Now we keep the same notation as in the proof of Theorem .2l Denote by & the
left winding automorphism given by the left integral | fI and 7 the right winding
automorphism given by the right integral f ;I We write f I; ="k for some 7w €

Homy e (H, k). By [II, Lemma 2.1] (note that S is bijective), fH = S(f;;) = k™.
So by using Lemma [[2} one sees that n~! = (E7)71 = E' o := ¢ is the right
winding automorphism given by f S

Finally, from (B one gets that S*n¢ is an inner automorphism of H, which we
now denote by 7. Note that S%, 1, &, and v commute with each other. Hence
54:70777105270(;50571. O
Question 3.2 (Brown-Zhang). What is the inner automorphism 7 in Theorem

B.1r

The answer is known when H is finite dimensional, where v is the conjugation
by the distinguished group-like element of H given by || fl*. In view of Question
[05 we expect Theorem Bl should hold for any noetherian Hopf algebra.

Next, we establish several equivalent conditions regarding noetherian AS-Goren-
stein and AS-regular Hopf algebras. Recall that the noncommutative version of
the dualising complex was first introduced by Yekutieli in [23], and rigid dualising
complex was later introduced by Van den Bergh in [19] in order to ensure its
uniqueness.

Theorem 3.3. Let H be a noetherian Hopf algebra. Then the following are equiv-
alent:

(i) H is AS-Gorenstein.
(ii) H satisfies the Van den Bergh condition.
(iii) H has a rigid dualising complex R = V'[s], where V is invertible and s € Z.

In these cases, the rigid dualising compler is R = s SHId), where £ is the left winding
automorphism given by the left integral of H and d is the injective dimension of H.

Proof.

(ii) < (iii) follows from [19]; see also |2 Proposition 4.3].

(i) = (iii) is [2, Proposition 4.5], where the assumption of the bijectivity of the
antipode is automatically satisfied with the help of Corollary [0.3l

(ii) = (i) Suppose H satisfies the Van den Bergh condition with injective di-
mension d. In view of Theorem [2F one sees that Exty (., H) = 0 for i # d and
Ext%(glk, H) # 0. This holds for the right side versions of the Ext-groups as well.
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Moreover, the Van den Bergh dualising module U is isomorphic to Ext?{(slk, H)QuH
as H-bimodules, where the latter one is a free left H-module with basis given in
Ext% (., H). Since U is invertible, it is finitely generated projective when viewed
as a left H-module. It can be verified by considering the autoequivalence functor
U®pyg — : Mod(H) — Mod(H) with inverse functor given by U~! @y —. Note
that a left H-module M is finitely generated if and only if Homy (M, —) commutes
with inductive direct limits, which is certainly preserved under any autoequivalence
functor. Hence U = U ®pg H is finitely generated. As a consequence, this implies
that Ext% (k, H) is finite dimensional. By the same reason, Ext%., (k., H) is finite
dimensional. Then [2] Lemma 3.2] shows that H is AS-Gorenstein.

Finally, the formula of the rigid dualising complex is given in [2, Proposition
4.5]. |

Recall in Definition [[3[i) that a Hopf algebra is said to be regular if it has
finite right and left global dimensions, which are always the same according to
[2T, Proposition 2.1.4].

Theorem 3.4. Let H be a noetherian Hopf algebra. Then the following are equiv-
alent:
i) H is twisted Calabi-Yau.
(ii) H has the Van den Bergh duality.
(iii) H is AS-regular.
(iv) H is regular and ExtH( k, H) are finite dimensional for all i.
(v) H is regular and Ext'yo, (I, H) are finite dimensional for all i.

Moroever, H is Calabi-Yau if and only if H is unimodular and S? is inner.

Proof.

(i) < (ii) follows from [12, Theorem 3.5.1].

(iii) = (iv), (v) are clear.

(i) < (iii) can be easily deduced from Theorem B3] ((i) < (ii)). If H is noether-
ian, then it is regular if and only if it is homologically smooth. One direction is
clear. The other direction: suppose H is regular; then .k has a bounded resolu-
tion in Mod(H) by finitely generated projective modules. This implies that H is
homologically smooth by [21I} Proposition 2.1.5].

It remains to show that (iv), (v) = (iii). Here we only prove (iv) = (iii), and the
other one is similar. By [21], Proposition 2.1.4], the right and left global dimensions
of H are both equal to d. Since H is noetherian, one sees that Ext% (.k, H) # 0
and Ext%o, (ke, H) # 0 [1, §1.12]. Suppose Exti; (.k, H) # 0 for some i < d. We
can choose j to be the smallest integer satisfying such a condition. We will use
Ischebeck’s spectral sequence [9], 1.8] such that

k, p=gq,

) H _
By = Extlye, (Exty (k, H), H) = Tor,_ (H, k) = {0’ pa
Applying [1 Proposition 1.3], we have

B = Bxton (Extyy (I, H), H) 2 Extfyo (ke, H)® W Bxth RH) L

where we use the fact that Ext’; (., H) are finite dimensional for all 7. The differ-
ential d,. (r > 2) in the spectral sequence gives

Ed r,—j+(r—1) Ed —j dy EdJrr, —(r— 1)
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Since d+r > d and j — (r — 1) < j, one sees that
EIERIFITD gy dEr (Bxtl Y (L, H), H) = 0

by the choice of j and the global dimension of H being d. It implies that
Eﬁlir,—jﬂr—l) -0

forall r > 2 and EQd’fj = Egi’*j == Egg)’j # 0. But it contradicts the fact that
EP:=9 = 0if p # q. So one gets Exty (.k, H) = 0 for all i # d, and similarly one can
work out Ext’y,(ke, H) = 0 for all i # d. Finally, a dimension argument used in
[2, Lemma 3.2] yields that dim Ext%, (.k, H) = dim Ext%., (k., H) = 1. This proves
that H is AS-Gorenstein of injective dimension d and hence AS-regular.

Finally, the Calabi—Yau property is [8, Theorem 2.3]. O
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