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ABSTRACT. We consider the Dirichlet Laplacian in a straight three dimen-
sional waveguide with non-rotationally invariant cross section, perturbed by a
twisting of small amplitude. It is well known that such a perturbation does not
create eigenvalues below the essential spectrum. However, around the bottom
of the spectrum, we provide a meromorphic extension of the weighted resolvent
of the perturbed operator and show the existence of exactly one pole near this
point. Moreover, we obtain the asymptotic behavior of this resonance as the
size of the twisting goes to 0. We also extend the analysis to the upper eigen-
values of the transversal problem, showing that the number of resonances is
bounded by the multiplicity of the eigenvalue and obtaining the corresponding
asymptotic behavior.

1. INTRODUCTION

Let w be a not radially symmetric bounded domain in R? with C? boundary.
Set Q := w x R and (x1,29,23) =: (24,23). Define Hy as the Laplacian in
with Dirichlet boundary conditions, and denote by —A,, the Laplacian in w with
Dirichlet boundary conditions. Since w is bounded, the spectrum of the operator
—A, is a discrete sequence of values converging to infinity, denoted by {A,}5;.
Then, the spectrum of Hy is given by

oo
o(Hp) = U [An,00) = [A1, 00)
n=1
and is purely absolutely continuous.

Geometric deformations of such a straight waveguide have been widely studied
in recent years and have numerous applications in quantum transport in nanotubes.
The spectrum of the Dirichlet Laplacian in waveguides provides information about
the quantum transport of spinless particles with hardwall boundary conditions. In
particular, the existence of eigenvalues describes the occurrence of bound states cor-
responding to trapped trajectories created by the geometric deformations. For a
review we refer to [I2], where bending against twisting is discussed, and to [9] for a
general differential approach. Without being exhaustive we recall some well-known
situations: a local bending of the waveguide creates eigenvalues below the essential
spectrum, as also do a local enlarging of its width ([6l@]). On the contrary, it has
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been proved, under general assumptions, that a twisting of the waveguide does not
change the spectrum ([8]), and in particular a twisting going to 0 at infinity will not
introduce discrete eigenvalues ([8,9]). In such a situation it is natural to introduce
the notion of resonance and to analyze the effect of the twisting on the resonances
near the real axis. There already exist studies of resonances in waveguides: reso-
nances in a thin curved waveguide ([7,[I3]) or more recently in a straight waveguide
with an electric potential, perturbed by a twisting ([I1]). However, in both cases
the resonances appear as perturbations of embedded eigenvalues of a reference op-
erator and follow the Fermi golden rule (see [I0] for references and for an overview
on such resonances). As we will see, in our case the origin of the resonances will
rather be due to the presence of thresholds appearing as branch points created by
a 1d Laplacian. Our analysis will be close to the studies of energies near 0 for the
1d Laplacian (see for instance [I,5L[14]). A similar phenomenon of threshold reso-
nances was already studied for a magnetic Hamiltonian in [2], where the thresholds
are eigenvalues of infinite multiplicity of some transversal problem.

In this article we will consider a small twisting of the waveguide: Let ¢ : R -+ R
be a non-zero function of class C! with exponential decay; i.e., for some o >
2(A2 — A1)'/2 (this hypothesis can be relaxed; see Remark B.1]), ¢ satisfies

(11) 5(;1;3) = 0(6*0430’3))7 5/(1173) _ 0(6704303))7

where (z3) := (1 +22)'/2. For § > 0, take 05 such that 0}(x3) = de(x3). Then, we
define (25 as the waveguide obtained by twisting 2 with 6;; i.e., we define

Qé = {(reé(il)s)(xt)7x3)7 (xtu (E3) € Q}7
where 7 is the rotation of angle # in R2?. Set
W (6) := —00,e05 — 6030, — (528283 = —20ed,0; — 0’0, — 526283,,

with the notation 0, for ©102 — x20:. Then, it is standard (see for instance [9,
Section 2]) that the Dirichlet Laplacian in 25 is unitarily equivalent to the operator

defined in Q with a Dirichlet boundary condition. Since the perturbation is a
second order differential operator, H(J) is not a relatively compact perturbation
of Hy. However the resolvent difference H(5)™ — Hy ' is compact ([, Section
4.1]), and therefore H(4) and Hy have the same essential spectrum. Moreover, the
spectrum of H(J) coincides with [A1, +00); see [§].

In this article we will show that around A; there exists, for § small enough,
a meromorphic extension of the weighted resolvent of H(J) with respect to the
variable k := y/z — A\, where z is the spectral parameter (with the convention
v/—1 =i). In other words, the resolvent (H(J) — z)~! acting on a weighted space
of functions with exponential decay along the tube, which is first defined for z in
C\ [MA,+0) (i.e., Imk > 0), admits a meromorphic extension in a neighborhood
of A1 in the 2-sheeted Riemann surface of v/z — Ay.

We will identify the resonances around A\; with the poles of this meromorphic
extension in the parameter k. We will prove in Theorem B.2lthat in a neighborhood
independent of J, there is exactly one pole k(¢d), whose behavior as § — 0 is explicit:

(1.2) E(0) = —iud? + O(5%),

where g > 0 is given by ([B3) below and, moreover, k(d) is on the imaginary axis.
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The fact that k(J) is on the negative imaginary axis means that in the spectral
variable the resonance is on the second sheet of the 2-sheeted Riemann surface, far
from the real axis (it is sometimes called an anti-bound state [15]). In particular
such a resonance cannot be detected using dilations (a dilation of angle larger than
7 would be needed) and is different in nature from those created by perturbations
of embedded eigenvalues. Besides, a difficulty comes from the non-relative com-
pactness of the perturbation W(J). This problem will be overcome by exploiting
the smallness of the perturbation and the locality of our problem.

Our analysis provides an analogous result for higher thresholds, namely, in Theo-
rem [.T] of Section Ml we prove that around each A,, there are at most mg resonances
(for all § small enough), where myg is the multiplicity of A\, as eigenvalue of —A,,.
Moreover, under an additional assumption, each one of these resonances has an
asymptotic behavior of the form ([2]), where the constant p is an eigenvalue of
an mo X mg explicit matrix (symmetric but not necessarily Hermitian). Although
Theorem EI] may be viewed as a generalization of Theorem B.2] we preferred to
push forward the proof for the first threshold for the following reasons: it is easier
to follow, it contains all the main ingredients needed for the proof in the upper
thresholds, and the eigenvalues of —A,, are generically simple as we know the first
eigenvalue is.

Remark 1.1. Independently of the size of the perturbation W (d), a more global
definition of resonances would be possible by showing that a generalized determi-
nant (as in [3] or in [I6] Definition 4.3]) is well defined on C \ [0, 4+00) and admits
an analytic extension. Then the resonances would be defined as the zeros of this
determinant on an infinite-sheeted Riemann surface (as in [2, Definitions 1-2]).

2. PRELIMINARY DECOMPOSITION OF THE FREE RESOLVENT

Let us describe the singularities of the free resolvent. Setting D3 := —ids3, we
have that
(2.1) Hy— M\ = (=Ay, —\) ® I, + I, ® D3

For k € CT := {k € C; Imk > 0}, define
Ro(k) := (Ho— A\ — k)~

and R similarly for H(J). If for n € N, 7, is the orthogonal projection onto the
space ker(—A,, — A,), using (2] we have that

(22)  Ro(k)=(Ho— M —k)"'=> m@ (D5 + (A — A1) — k)71

q>1
The integral kernel of (D? — k?)~! is explicitly given by

b pikles—ah|

(2.3) -

Let 77 be an exponential weight of the form 7(x3) = e~ NV{#3) for (A — A\)Y/? <
N < «/2. Also, for a € C and r > 0 set B(a,r) := {z € C;|a — z| < r}. Then,
as in [2 Lemma 1] it can be seen that the operator-valued function k — (Ro(k) :
nL?(Q) — n~1L%*(Q)), initially defined on C*, has a meromorphic extension in
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B(0,7) for any 0 < r < (Ay — A\1)Y/2, with a unique pole, of multiplicity one, at
k = 0. More precisely,

1
(2.4) nRy(k)n = 77 ® ag + Ag(k),

where ay is the rank one operator ag = 5|n)(n| and k — (Ag(k): L*(2) — L?(Q2))
is the analytic operator-valued function

(2.5) Ao(k) :=m @ri(k) + Y 7 @n(Di + (A — A1) — k%) ',

q>2
with 7; being the operator in L?(IR) with integral kernel given by

(eik|x37xé| -1

Clearly, for 0 < 7 < (Aa—A1)'/2, the family of operators Ag (k) is uniformly bounded
on B(0,r).

(2.6) in(zs)

Remark 2.1. Note that the condition o > 2(A\g — )\1)% on the function ¢ enters here
in order to have analytic properties in the ball B(0,7), 0 < r < (A — A;)*/2. This
assumption can be relaxed to > 0, but the results would be restricted to B(0,r)
with 0 <r < 3.

In order to define and study the resonances, we will consider a suitable mero-
morphic extension of R(k), using the identity

(2.7) nR(k)n = nRo(k)n (Id 4+ n~"W (8) Ro(k)n)

Since H(J) has no eigenvalue below A\; (see [8]), the above relation is initially well
defined and analytic for k¥ € CT. It is necessary then to understand under which
conditions this formula can be used to define such an extension. Since we cannot
apply directly the meromorphic Fredholm theory (W (d) is not Hy-compact), we

-1

will need to show explicitly that (Id + ='W (8)Ro(k)n) s meromorphic in some
region around zero.

Let 91 be such that —A,¥1 = My, [[¢h]lr2w) = 1 (then m = [¢01)(¢1]), and
define

(2.8) @5 1= — 5 (Dpthr © ') + 608 @),

Proposition 2.2. Let 0 < r < (A — A;)'/2. There exists §y > 0 such that for any
0<d<épand k€ B(0,r)\ {0},
0
n~ "W (6)Ro(k)n = EKO +0T(6, k),
where Kj is the rank one operator
(2.9) Ko :=|®5) (Y1 @1,

and B(0,7) 2 k — (T(8,k): L*(Q) — L3(f2)) is an analytic operator-valued func-
tion. Moreover,

(2.10) sup ||T(8,K)|| < co.
0<§<do, keB(0,r)
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Proof. Thanks to (2.4),

_ 1 _ _ _ _
(211) W) Ro(k)n = W (@)~ (m @ ao) + 0 W0 Ao (k).
Since the range of the operator n "ty = %\1}(77 is spanned by constant functions,
we have 030 1oy = 0, and therefore

. . i .
N W@ (m @ ag) = 5|0~ (=0¢'0, — 0% )0 (1 © ) (s @ | = O K.

We now treat the last term of ([ZII)): Setting 07(,k) = n~ W (8)n~LAg(k) we
get,
T(6,k)

:2(a¢m @ edsn (k) + Y 0oy ©n  eds(D3 + (A — A1) — kz)‘ln)
q>2
— (@m @t (k) + YOm0 e (D5 + (A — A1) — kz)_ln)
q>2
—(5(83,771 @n te?n e (k) + Z 83,71',1 @n e (D3 + (Mg — A1) — k2)71n).
q=>2

It is clear that the last two terms are analytic and uniformly bounded in B(0, r).
For the first one, we note that the kernel of d3n~'ri(k), the kernel of r; being
(286), is given by (x5, %) — —in(a})sign(zs — ah)etles =25l and therefore d,m ®
n~lef3n~lr; admits an analytic expansion which is uniformly bounded. The same
arguments run for ) -, 0,mg @ nleds(DZ + (N — A1) — k%)~ 1.

Finally, K is of rank one for ¢ small enough, because 0,11 # 0 (see [, Propo-
sition 2.2]). 0

3. MEROMORPHIC EXTENSION OF THE RESOLVENT
AND STUDY OF THE RESONANCE

Lemma 3.1. Let D C B(0,+/\a — A1) be a compact neighborhood of zero. With the
notation of Proposition 2.2), for & sufficiently small, let us introduce the functions
b5 = (Id + 5T(5, k))flq)g and

(3.1) ws (k) = 6(®s|y1 @n).
Then:
(i) There exists oo such that for any k € D, § € (0, o),
(3.2) ws (k) = ipd?® 4+ O(6%) + 6%kgs (k),
where
(3-3) pe= 53 (g = M) Imdptn P (el (D3 + Ay = M) 7'e)
q>2

is a positive constant, and gs is an analytic function in D satisfying

sup sup |gs(k)| < +oo.
6€(0,60) k€D

(ii) When 8 € RN —iD, there holds ws(i3) € iR.
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Proof. We use the Taylor expansion and Proposition to see that
(3.4) (Id + 0T(6,k))~* = 1d — 6T(6,0) + kG5 (k) + O(6?%),

where G5(k) is a holomorphic operator-valued function that is uniformly bounded
for k € D and d small.
By definition of &4, we have

(®s|Y1 @m)
= —% (<8¢77[}1|7/}1>L2(w) <77715/|77>L2(R) + 5<6i¢1|¢1>L2(w) <777152|77>L2(]R)) .

The first term is zero because € tends to zero at infinity. Using integration by parts,
since v satisfies a Dirichlet boundary condition, we deduce that

?
(@slv1 @ n) = 35104117 le]1*.
Noticing that ||®5|| = O(1), from ([B.4) we get
(3.5)  ws(k) = 52%||3<;ﬂ/11||2\|€\|2 — 8%(T'(8,0)®s]t1 ® 1) + 6°kgs (k) + O(8%),

where gs(k) is holomorphic and uniformly bounded for k € D and ¢ small.
We now compute (T'(d,0)®s|1h1 @n). Recall that T(8,k) = 6t~ *W (8)n~t Ag(k).
Next, note that since (9,41 |¢1) =0,

7T18<p'l/}1 =0,
and therefore, using the definition of ®5 in (2.8)), we get
7 _
(7‘(’1 ® 7“1(0))5135 = —(5§7T18iw1 X 7“1(0)77 152,
which in turn implies that
(6~ "W ()~ (m @ 71(0)) @5lthr @ 1) = O(6).

In consequence, having in mind ([2.8)) again, we deduce that

(3.6) (T(8,0)®5,91 @ 1) + O(9)
=(n"! (—260,05 — €0, — 0=20%) (D mg @ (D3 + (Ag — A1) ') D51 @)
q>2
i, ’ ’
=5 (20,05 +£'0,) (D _ 7 @ (D3 + (\g — A1) 1) 0pthr ® €' thy @ 7).
q>2

We compute the last expression using integration by parts, both in the ¢ and
the x3 variables:

<77_1 (258083 + 5/890) qu ® (Dg + ()‘q - )‘1))_1 5<p¢1 & 5/|¢1 ® 77>
(3.7) 922

= Z@wlmawg x (€'|(D3 + Xy — A1) e,

q=>2
Now, we notice that
(€'1(D5 +Ag = M) 7re") = (e|(DF + Ag — A1) ' Die)
= [lell® = (g = AM)(El(DF + Ag = M)~ le).
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In addition, since m19,%1 = 0 and Zq21 mq = Id, we have that

(38) Z<a¢¢1‘ﬂ—q&p¢1> = ‘|6<p¢1||2
q=>2

Then, from B6]) and B71) we get

(3.9)

<T(67 O)(P57 wl ® ,’7>
= L1ellPl0pwnl® = 5 > (g = M) (Ot |mgdptn) (e(D + Ag — A1) ~'e) +0(d).

q22
Putting together (BA) and [B1), we deduce [B2)). Moreover, pu is clearly non-
negative, and since dy1¢1 # 0 (see [, Proposition 2.2]), from (B8] there exists
q > 2 such that (9,41 |ma0p11) > 0. Since (D3 + A\, — A1) ™! is a positive operator,
we get p > 0.
Let us prove (ii). Let 8 € R such that i € D, i.e., 8 € —iD. Then Ay(if3)
has a real integral kernel; see (ZF). Therefore if u € L?(f2) is real valued, so

is (Id + 6T(6,i8)) " *u. In consequence, since ®s has values in iR, so is ®5 =
(Id + 87°(3,iB3)) ~1®s, and we deduce that ws(i3) has values in iR as well. O

Theorem 3.2. Let € : R — R be a non-zero C'-function satisfying (LI) and let
D C B(0,v/A2 — A1) be a compact neighborhood of zero. Then, for ¢ sufficiently
small, k — R(k) = (H — X\ — k)71, initially defined in C*, admits a meromor-
phic operator-valued extension on D whose operator-values act from nL?(§)) into
n~rL?(Q). This function has exactly one pole k(8) in D, called a resonance of H,
and it is of multiplicity one. Moreover, we have the asymptotic expansion

E(0) = —iud® + O(6%),
with u given by B3) and Re(k(d)) = 0.
Proof. Consider the identity (2.7), and note that from Proposition for k €
D\ {0} and ¢ sufficiently small we can write

(3.10) (k&+n’1ﬂd5)R0Mﬂn)::(kl+67(&kﬂ)(hi+—%Gd—%éTﬁ&k»’lkb).
For k € D\ {0} let us set
K 2= 204 676K Ko = 2 @l

which is a rank one operator. Then, we need to study the inverse of (Id + K).

Let us consider H(J;-, the projection onto (span {1 ® n})* into the direction Dy
and Iy = Id — H(J;-, the projection onto span {@5} into the direction normal to
(1 ® ). We can easily see that

0 = k +ws(k
(Id+ K)IIy =Ij and (Id+ K)IIs = (1+E<¢6|¢1®7l>)n§ _ %()H(;.
Therefore, Id + K is invertible if and only if k + ws(k) # 0, and

k
3.11 d+K) ' =mf+ —" 11
(3.11) ( ) S T

Let us consider the equation k 4+ ws(k) = 0. Using [B.2)), for all k € (0, v/ 2 — A1),
for 0 small enough, the equation has no solution for k¥ € D and |k| > k. We then
apply Rouché’s theorem inside the ball B(0,x): consider the analytic functions
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hs(k) = ipd? + k and fs(k) = ws(k) + k. The function hs has exactly one root,
and on the circle C(0, k), using again ([B.2]), there holds |hs — fs| < hs for § small
enough. Thus, we deduce that the equation k 4+ ws(k) = 0 has exactly one solution
k(0) in D, for each fixed § small enough. In consequence, putting together (271),

©4), (3I0)), and BII) we obtain that for all k € D\ {0, k(d)},

nR(k)n = (%m ® g +Ao(k:)> (ng + 1d + 0T (5, k)~

k
o)
k+ws(k) (
By the definition of II3, we have that (m; ® ag)Ilf = 0. This relation is crucial in
order to drop the degeneracy of the kernel near k = 0; indeed it provides

nR(k)n (71 ® ao)s(Id + 6T(8, k))~*

T k+ wg (k)
n k
k+ ws(k)
Therefore, for § sufficiently small, the weighted resolvent k — nR(k)n admits a
meromorphic extension to D \ {k(d)}, where the pole k(d) is given by the solution
of k+ws(k) =0.

Using ([32)), the asymptotic expansion of k(J) follows immediately. Further, the
multiplicity of this resonance is the rank of the residue of nR(k)n, which coincides
with the rank of (m ® ag)Ils + k() Ao(k(5))Ils. It is one because Il is of rank one
with its range in span{®;} and

((m@aa0) +h(3) Ao(k(3)) ) &5 = & (@shia©n) (11 ©m)+0(?) = L (tr @) +0(6?)

does not vanish for ¢ sufficiently small.

Finally let us prove that k(d) € {R. As a consequence of Lemma B1(ii), we have
that the function s, defined on RNB(0, §) by s5(8) = i(i8+ws(if3)), is real valued.
Moreover, using ([B:2)) for § small, s5(0) < 0 and ss(—¢) > 0. In consequence, this
function admits a root () which is real. By uniqueness, k(d) = i5(9). O

Ao(F)IL5(Id + 0T (6, k)) ™" + Ao (k)3 (Id + 6T(6, k)) "

4. UPPER THRESHOLDS

We now extend our analysis to the upper thresholds. We will show that if Ay, is
an eigenvalue of multiplicity mg > 1 of (—A,,), then my is a bound for the number
of resonances around Ay, .

Let (¢gq,5)j=1,....m, be a normalized basis of ker(—A, — A4, ). In analogy with
B3), for 1 < 4,1 < mg define

Hit = (OpWqo,i Mo Opgo,1) HEH2

4.1
@) +% Z (Ag — /\qo)<6w¢qo,j|7"q6w¢qo,l><(D§ + A — /\qo)_15|5>a
9790
and let T, be the matrix (p; ;).
Introduce 7o := min(y/[Agy — Ago—1], v/|Ago+1 — Ago|) and the upper right part
of the complex plane C*+ := {k € CT; Rek > 0}.

Theorem 4.1. Suppose that Ay, is an eigenvalue of multiplicity mo > 1 of (—Ay,),
that ¢ : R — R is a non-zero C'-function satisfying (LI) with o > 2ry, and
that D C B(0,719) is a compact neighborhood of zero. Then, for all § sufficiently
small, the operator-valued function k v+ (H(8) — Ay, — k?)71, initially defined in
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C**, admits a meromorphic extension on D, from nL?(Q2) into n~1L3(Q). This
extension has at most mqg poles, counted with multiplicity. These poles are among
the zeros (ki(8))1<i<m, of some determinant which satisfy

kl(é) = —1Vg 1 6% + 0(52), 610,
where (Vg 1)1<i<m, are the eigenvalues of the matriz Y, .

Proof. Some points in this proof are close to what has been done for the first
threshold. We will keep the same notation and explain how to modify the arguments
of the previous sections. In analogy with Section [2 set

. mo
i _ _
(I)jﬁ = _5(((9@1/}%7]'@”7 15/)+6(6<,201pQO,j @n 152)) and Ko := Z ‘(I>j’5><w%,j®n‘7
j=1

where K is of rank mg for é small enough, because due to the non-radiality of
w, following the proof of [4, Proposition 2.2]), we check that {0,vq,. ; to<j<m, are
linearly independent. Then, the analoguous of Proposition still holds. Here,
since ), is in the interior of the essential spectrum, the resolvent (H(J) — z)~*
is initially defined for Imz > 0 near z = Ay, and the extension of the weighted
resolvent is done with respect to k = \/z — Ay, from C** to a neighborhood of
k=0.

Also, as in the proof of Theorem [32] we have for k¥ € Ct+, with Ry(k) :=
(Ho — A\gy — k)~ ! (and similar notation for R(k)),

(4.2) nR(k)n = nRo(k)n(ld + K) =" (1d + 6T(5, k)",

where
mo

_ ) ~
K :=—(1d+6T(6,k)) 'Ky = E2|¢j’5><¢qo,j®n|
=

>

is now of rank mg for § small enough with obvious notation for <i>j’5.
1

Next, let IT3 be the projection over (ker(—Aw —Ag) ® span{n}) in the direc-
tion of Span{fi)m, ey &)mo’(g} and Il := Id — Hg-. Then, the matrix of (Id + K)II;
in the basis {®;s}1" is given, for k # 0, by

) k+ wl,l)g(k) ... wm0,1,6(k) )
4.3 — : - : = —Ms(k
(4.3 o | , TA(h),
w1’m0’5(k‘) .. k+ wmo’mo’g(k)

where we have set w;;5(k) = 5(®; s

Then by (£2)
nR(k)n (Id 4 0T'(6, k))

Ygo1 @ M). Assume that Ms(k) is invertible.

= i Z ‘wQOJ (29 "7><wqo7j (29 "7‘ + Ao(kj) (1_16L + kM(s(k)—ll—[é)
J

- %Z |¥g0. @ N (g5 @ 1| Ms (k)" TIs + Ao (k) (ITy + kM; (k) Il5)
j
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In consequence, since the w; s are holomorphic, nRn admits a meromorphic
extension to D, and the poles of this extension are the poles of

(1.4 (53 s 1) (g 1 + o)) M ()T,

Evidently, the poles are included in the set of zeros of the determinant of Ms(k).
Define

A(k,0) := det(Ms(k)).
We can check as in Lemma Bl that
(4.5) w;.5(k) =i 6% + O(0°) + 6%kg; (k. 0),
where the 1, are given by (I]). Then
A(k,8) = 6™0det(kd 2 + ipjy + O(8) + kg (k,6)),

and the zeros of A(-,§) are the complex numbers of the form k = ud?, with u being
a zero of

A(u,8) := det(u + ipj, + O(5) + 6%ug; 1 (6%u, 5)).

Since

(4.6) A(u,8) = A(u, 0) + 6h(u, 8) = det(u + iu;;) + 6h(u, ),

where h is an analytic function in u and ¢, taking the ball B(0,C) with C larger
than the modulus of the larger eigenvalue of YT, and applying Rouché’s theo-
rem, we conclude that all the zeros of A(-,d) are inside this ball for § suffi-
ciently small. Moreover, if we denote by v, the eigenvalues of Y, , (L) yields
Ugo,1(0) = —i(vgy, 1 + 0(1)). This immediately implies that all the zeros of A(-,d) in
D, denoted by k;, are inside the ball B(0,C§?) and satisfy

ki1(8) = —i6%(vge1 + o(1)).
O

Remark 4.2. In the last theorem, if mg = 1, we are able to obtain extra information.
For instance, as in Theorem B.2] for the unique zero of the determinant, k;(4), we
have that ki(8) = —iug,d% + O(6%) with

1

Hao 7= H11 = 5 Z (Aq — /\q0)<5¢wq0|7Tq3¢¢q0><€\(D§ + A — /\qo)_15>-
9740

Then, as in the proof of Theorem [B.2] kg, is a pole of multiplicity one when 4, # 0.
It is also important to notice that, for ¢ < go, the operator (D3 + Ag—Ago) ! has to
be understood as the limit of (D3 +X,— A4, —k?) ™1, acting in weighted spaces, when
k — 0. It is not a self-adjoint operator anymore; therefore p,, is not necessarily
real. Actually, in general, it has a non-zero imaginary part coming from the first
terms when ¢ < qo. Indeed, thanks to ([23]), for ¢ < ¢o, the imaginary part of
2Ny — Ag) /2 (e|(D3 + Ny — \go) " t€) is given by

- (/RCOS(m:Eg)E(IL'g) dx3)2 - (/Rsin(m:ﬂgg) e(xs) d$3)
= _\/%E(\/ Ago — )\Q)|27

2
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where € is the Fourier transform of €. Then, the imaginary part of 14, is

V27 (A gg —Aq) ~
Im(pg,) = —¥—75— Z ||7Tqa¢7/’q()||2 lE(v/Aqo — )‘q)|2-

a<qo

This identity allows us to give sufficient conditions on the eigenfunctions of —A,
and on £, so that p,, # 0, giving rise to a unique resonance of multiplicity one,
with Rek;(d) < 0.

For mq > 1 the resonances (i.e., the poles of ([@4])) would be the poles of M;(k)~*
when the operator 3, [thg,,; ® 1)(1g,,; ® 7| is invertible on the range of IIs. This
property will be satisfied as soon as the matrix Y4, is invertible, but it does not
hold in general.
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