
Siegel’s Problem in Three
Dimensions

Editor’s note: Gaven Martin kindly agreed to write for us an introduction to the story he presented in his invited 
lecture “Siegel’s Problem on Small Volume Lattices” at the November AMS Fall Southeastern Sectional Meeting held at  
North Carolina State University at Raleigh.
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Abstract. We discuss our recent solution to Siegel’s 1943 prob-
lem concerning the smallest co-volume lattices of hyperbolic
3-space.

Over the last few decades the theory of Kleinian
groups—discrete groups of isometries of hy-
perbolic 3-space—has flourished because of
its intimate connectionswith low-dimensional
topology and geometry and has been inspired

by thediscoveries ofW. P. Thurston. The culminationmust
certainly be Perelman’s proof of Thurston’s geometrisa-
tion conjecture, which states that compact 3-manifolds
can be decomposed canonically into pieces that have
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geometric structures and that the “generic” piece is hy-
perbolic. This is an analogue for 3-manifolds of the
uniformisation theorem for surfaces and implies, for in-
stance, the Poincaré conjecture. There have been many
other recent advances. These include the proofs of the
density conjecture of Agol (2004) and of Calegari and
Gabai (2006); the ending lamination conjecture of Brock,
Canary, and Minsky (2012); the surface subgroup conjec-
ture of Kahn and Markovich (2012); and the virtual Haken
conjecture of Agol, Groves, and Manning (2013). While
we will not discuss these results here (nor even offer
statements of theorems), together they give a remarkably
complete picture of the structure of hyperbolic group
actions and their quotient spaces—hyperbolic manifolds
and orbifolds—in three dimensions.

Here we report on joint work with F. W. Gehring and
T. H. Marshall [2], [3] solving an old problem of C. L. Siegel.

A lattice Γ is the group associated with a tessellation
of hyperbolic 𝑛-space ℍ𝑛 by a finite hyperbolic volume
tile (fundamental domain), and an orbifold is the quotient
space ℍ𝑛/Γ—a hyperbolic manifold Γ should be torsion
free. The volumeof the fundamental domain is the volume

1244 Notices of the AMS Volume 63, Number 11



Figure 1. Siegel proved that the (2, 3, 7)-tessellation of
the hyperbolic plane is the unique lattice of minimal
co-area.

of the orbifold ℍ𝑛/Γ, equivalently, the co-volume of the
lattice Γ.

In 1943 Siegel posed the problem of identifying the
minimal co-volume lattices Γ of isometries of hyperbolic
𝑛–space ℍ𝑛 or more general rank–1 symmetric spaces.
For Euclidean lattices (Bieberbach or crystallographic
groups) such an infimum is obviously equal to 0, as one
can tessellate ℝ𝑛 by arbitrarily small hypercubes. Siegel
solved the problem in two dimensions identifying the
(2, 3, 7)–triangle group as the unique lattice of minimal
co-area 𝜋

42 , as illustrated in Figure 1.
Siegel in fact proved what has come to be known as

the signature formula from which one may deduce the
complete spectrumof co-areas of lattices of thehyperbolic
plane. Kazd̆an and Margulis showed in 1968 that for each
𝑛 the infimum of the co-volume of lattices is positive and
achieved. The set of lattice volumes is discrete in ℝ for
𝑛 ≥ 4 (Wang 1972), and Thurston–Jørgensen show this
set is of type 𝜔𝜔 when 𝑛 = 3.

At the time of Siegel’s result the theory of covering
spaces was not well developed, and he could only sug-
gest a connection between minimal co-area lattices and
Hurwitz’s 84𝑔−84 theorem of 1892, bounding the order
of the symmetry group of a Riemann surface in terms
of its genus. This suggested connection was due to the
many close analogies and ideas used in the proof and was
confirmed by Macbeath in 1961. Selberg’s lemma (1960)
established the existence of torsion-free subgroups of
finite-index in hyperbolic lattices, among other things.
As a consequence of the Mostow rigidity theorem, the
84𝑔 − 84 theorem in higher dimensions takes its expres-
sion in terms of bounding the order of the symmetry
group of a hyperbolic manifold by its volume. Thus the
largest symmetry groups arise as the finite quotients
of the smallest co-volume lattices. This is interesting in
light of Kojima’s result (1988) that every finite group can
be realized as the full isometry group of some closed
hyperbolic 3-manifold.

At the same timeas theexcitementover the connections
between 3-manifold theory and hyperbolic geometry was

running, the theory of arithmetic Kleinian groups was
developing with many similar objectives. Due to formulas
ofA. Borel (1981) various explicit calculations canbemade
in the case a Kleinian group is arithmetic; for example,
one can determine the maximal arithmetic Kleinian group
in which it embeds. This makes the associated manifolds
and orbifolds amenable to the use of techniques from
algebra and number theory, as well as the well-developed
topological, analytical, and geometric tools. Earlier work
with Gehring, Maclachlan, and Reid (1997) motivated by
this problem gave explicit criteria to determine when
a two-generator Kleinian group is arithmetic. It turns
out that nearly all the extremal problems one might
formulate are realised by arithmetic groups: the number
theory forces additional symmetries in a group, making it
“smaller.” Indeed many of these extremals are arithmetic
and generated by two elements of finite order. With C.
Maclachlan we proved that there are only finitely many
such arithmetic groups, while the orbifold Dehn surgeries
on two-bridge links give infinitely many nonarithmetic
examples. It would seem this finite family of arithmetic
groups contains all the extremal groups. The minimal
co-volume lattice, the minimal co-volume nonuniform
lattice, the minimal co-volume hyperbolic manifold, and
the minimal volume noncompact manifold are all two-
generator and arithmetic.

Thesolution toSiegel’sproblemlargely revolvesaround
an understanding of the geometry of the two-generator
subgroups of a lattice Γ ⊂ Isom+(ℍ3) ≃ PSL(2,ℂ). As
PSL(2,ℂ) has three complex dimensions, a two-generator
subgroup ⟨𝑓, 𝑔⟩ is determined uniquely up to conjugacy
by the parameters
𝛾(𝑓, 𝑔)=tr[𝑓, 𝑔]−2, 𝛽(𝑓)=tr2(𝑓)−4, and 𝛽(𝑔)=tr2(𝑔)−4
as long as 𝛾 ≠ 0. This exceptional case corresponds to the
elementary groupswhich are classified. These parameters
encode important geometric information. If𝛽(𝑓) ≠ 0, then
the isometry 𝑓 stabilises a hyperbolic line ℓ, the axis of
𝑓; translates along this axis by hyperbolic length 𝜏; and
in doing so rotates about ℓ with a holonomy twist 𝜃;
and 𝛽 = 4 sinh2[(𝜏 + 𝑖𝜃)/2]. If the hyperbolic distance
between the axes of 𝑓 and 𝑔 is 𝛿 and if the angle these
axes make along the common perpendicular is 𝜙, then
sinh2(𝛿 + 𝑖𝜙) = 4𝛾(𝑓, 𝑔)/𝛽(𝑓)𝛽(𝑔). A lattice in PSL(2,ℂ)
acting on ℍ3 admits a finite-sided hyperbolic polyhedron
as a fundamental domain, and the trace spectrum

tr(Γ) = {±tr(𝑔) ∶ 𝑔 ∈ Γ}
is discrete in ℂ. We seek to describe the parameter
space of two-generator discrete groups (in ℂ3) using
an intriguing semigroup of polynomial trace identities
found by us earlier. For instance, iterating the trace
identity 𝛾(𝑓, 𝑔𝑓𝑔−1) = 𝛾(𝑓, 𝑔)(𝛾(𝑓, 𝑔)−𝛽(𝑓)) implies that
{𝛾𝑖}∞𝑖=1 ⊂ tr(Γ), where 𝛾0 = 𝛾(𝑓, 𝑔), 𝛾𝑖+1 = 𝛾𝑖(𝛾𝑖 −𝛽), and
𝛽 = 𝛽(𝑓). The set {𝛾𝑖}∞𝑖=1 is discrete, so 𝛾0 cannot
lie in a bounded component of the Fatou set of the
polynomial 𝑝𝛽(𝑧) = 𝑧(𝑧 − 𝛽) unless it is preperiodic.
If |𝛽| < 1, then 0 is an attracting fixed point and the
disk 𝐷 = 𝐷(0, 1 − |𝛽|) lies in the basin of attraction.
Thus 𝛾0 ∉ 𝐷 unless it is preperiodic, and groups with
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𝛾0 preperiodic are elementary. We deduce that for a
nonelementary discrete group ⟨𝑓, 𝑔⟩ we have |𝛾(𝑓, 𝑔)| +
|𝛽(𝑓)| ≥ 1 and by symmetry |𝛾(𝑓, 𝑔)| + |𝛽(𝑔)| ≥ 1. This
is Jørgensen’s inequality and identifies a region in ℂ3

where parameters for discrete nonelementary groups
cannot be found. Similarly, the identity𝛾(𝑓, 𝑔𝑓𝑔−1𝑓−1𝑔) =
𝛾(𝑓, 𝑔)(1+𝛽(𝑓)−𝛾(𝑓, 𝑔))2 gives the inequality |1+𝛽(𝑓)|+
|𝛾(𝑓, 𝑔)| ≥ 1 unless 𝛾(𝑓, 𝑔) = 1 + 𝛽(𝑓) and ⟨𝑓, 𝑔⟩ is
Nielson equivalent to a group generated by elements
of orders two and three. The latter fact comes from
an analysis of the preperiodic points of the polynomial
𝑞𝛽(𝑧) = 𝑧(1 + 𝛽 − 𝑧)2. We find new inequalities using
other identities and considering other attracting basins.
This interplay between holomorphic dynamics and two-
generator discrete groups is remarkable in itself. Indeed,
generalising Jørgensen’s inequality using recursion led
to the very first, albeit quite primitive, picture of the
Mandelbrot set by Brooks and Matelski (1978).

We describe heuristically how these inequalities pro-
vide geometric information. If 𝑔 = ℎ𝑓ℎ−1 is a translate of
𝑓, then 𝛽 = 𝛽(𝑓) = 𝛽(𝑔). If 𝛿 is the distance between the
axis ℓ of 𝑓 and ℎ(ℓ) the axis of 𝑔, and supposing ⟨𝑓, ℎ⟩ is
nonelementary, we deduce from the formulas above and
Jørgensen’s inequality that

(1) cosh2(𝛿) ≥ 4(1 − |𝛽|)
|𝛽|2 .

Using the classification of the elementary groups, there is
significant information in (1). If there is an element 𝑓 ∈ Γ
with |𝛽(𝑓)| < 2(√2−1), then ℎ ∈ Γ either commutes with
𝑓, is of order two, ormoves the axis of 𝑓 a definite distance.
A diophantine analysis of 𝛽(𝑓𝑛) turns the requirement
that |𝛽| be small into a statement about translation
lengths. If 𝑓 has short translation length, then every
element moves the axis of 𝑓 a definite distance, giving
a volume bound on a fundamental domain constructed
around ℓ. These are called collar-volume estimates. If
there are no short translation lengths, then a ball of a
certain size must be moved off itself by every element
providing a definite volume. In the case at hand these
estimates are very poor (Meyerhoff 1988) and do not deal
with torsion elements, but they do suggest a way forward.
As an example, if 𝑓 ∈ Γ has order 6, then 𝛽(𝑓) = −1,
and the other inequality above gives |𝛾(𝑓, 𝑔)| ≥ 1 unless
there is a (2, 3, 6)-triangle subgroup. This is sharp. Now
cosh(𝛿) ≥ 2 and collar-volume estimates give a lower
bound of 0.1. Known examples have smaller volume and
have (2, 3, 6) subgroups with noncompact quotient. A
little more argument shows that PGL(2,𝒪(√−3)) of co-
volume about 0.0846… is the smallest lattice with an
element of order 𝑝 ≥ 6 (Gehring Martin 1999).

More generally, we use polynomial trace identities to
generate inequalities to provide geometric information
and a priori bounds. These inequalities hold unless the
parameters satisfy algebraic equations from their prepe-
riodicity which, remarkably, arise from two-generator
arithmetic subgroups if they have small volume (Gehring,
Machlachlan, Martin, and Reid, 1997). An enumeration
of two-generator arithmetic Kleinian groups identifies
the smallest candidates. Dealing with low-order torsion

is a major obstacle, for example, groups generated by
elements of orders two and three. Here 𝛽(𝑓) = −3 and
𝛽(𝑔) = −4 with one free parameter 𝛾 = 𝛾(𝑓, 𝑔) ∈ ℂ as
illustrated in Figure 2. The exterior of the lower bounded
region consists of parameters for discrete free products
ℤ2 ∗ ℤ3 and is similar to the so-called Riley slice. The in-
terior is partially covered by disks that eliminate regions
where a group cannot be nonelementary and discrete
as per the inequalities found from the trace identities.
Marked points are known groups, accumulating on the
boundary via Dehn surgeries on two-bridge link comple-
ments as indicated in the upper left. The dust in the upper
right consists of the roots of the semigroup of polynomial
trace identities. The red points are roots corresponding to
arithmetic groups. All these roots must lie in the bounded
region, and each root provides an inequality, but need not
correspond to a discrete group. By covering a large enough
region, the dashed ellipse, we obtain a sufficient lower
bound on volume and are left to examine the preperiodic
points inside. These turn out to be maximal arithmetic
lattices, so the two-generator group in question generates
the entire lattice Γ. In practice such moduli spaces must
be found for all groups generated by elements of order 𝑝
and 𝑞 with 2 ≤ 𝑝 ≤ 𝑞 ≤ 5.

Basically our programme of proof is predicated on the
belief that the extremals for these geometric problems
are two-generator arithmetic, and luckily this is the case.
Our main result is the following theorem identifying the
two smallest co-volumes of lattices.

Figure 2. Moduli space of Kleinian groups: 𝛽(𝑓) = −3,
𝛽(𝑔) = −4. The lower figure is the moduli space of
Kleinian groups generated by elements of orders 2
and 3. The interior is partially covered by disks that
eliminate regions where a group cannot be discrete.
Marked points are known groups. The dust in the
upper left consists of the roots of polynomial trace
identities, with the red points corresponding to
arithmetic groups.

1246 Notices of the AMS Volume 63, Number 11



Theorem 1. Let Γ be a Kleinian group. Then
volℍ(ℍ3/Γ) = volℍ(ℍ3/Γ0)=2753/22−7𝜋−6𝜁𝑘(2)∼0.0390 and Γ=Γ0

or volℍ(ℍ3/Γ) ≥ volℍ(ℍ3/Γ1)=2833/22−7𝜋−6𝜁𝑘′ (2)∼0.0408… .

Equality here is up to conjugacy. A description of the
groups Γ0 and Γ1 follows.
• Γ0 is a two-generator arithmetic Kleinian group ob-

tained as a ℤ2–extension of the index-2 orientation-
preserving subgroup of the group generated by
reflection in the faces of the 3-5-3–hyperbolic Cox-
eter tetrahedron, and 𝜁𝑘 is the Dedekind zeta function
of the underlying number field ℚ(𝛾0), with 𝛾0 a
complex root of 𝛾4 +6𝛾3 + 12𝛾2 + 9𝛾+ 1 = 0.

• Γ1 is a two-generator arithmetic Kleinian group, and
𝜁𝑘′ is the Dedekind zeta function of the underlying
number field ℚ(𝛾1), with 𝛾1 a complex root of 𝛾4 +
5𝛾3 + 7𝛾2 + 3𝛾+ 1 = 0.
This solves Siegel’s problem in dimension 3:

Corollary 1. The minimal volume orientable hyperbolic
orbifold is unique up to isometry and has volume

𝜇3 = 2753/22−7𝜋−6𝜁𝑘(2) = 0.03905… .
Theminimal volume nonorientable hyperbolic orbifold has
volume exactly half this number.

Theorem 2. Let 𝑀 be a finite-volume orientable hyper-
bolic 3-manifold and 𝐺 a group of orientation-preserving
homeomorphisms acting faithfully on 𝑀. Then

|𝐺| ≤ 2
𝜇3

volℍ(𝑀).

Exactly what groups establish sharpness is discussed
in a 2006 paper with Conder and Torstensson [1].
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