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MOMENTS OF THE GENERALIZED RAYLEIGH DISTRIBUTION*

BY
J. H. PARK, JR.

General Mills, Inc., Mechanical Division
Minneapolis, Minnesota

I. Introduction. Gaussian processes are of considerable interest in problems involv-
ing random noise. Also of interest is the Rayleigh distribution which arises in work on
radar, the detection of signals in noise, etc. [1, 2]. The generalized Rayleigh process
promises to be of interest in the future especially when signals in noise are thought of
to exist in a finite dimensional Hilbert space [3, 4, 5]. The generalized Rayleigh process
‘was defined and some of its properties were investigated by K. S. Miller, et al. [6]. The
purpose of this paper is to investigate the moments of the generalized Rayleigh dis-
tribution.

Let X, , X, , --- Xy be independent Gaussian random variables with means %, ,
&£, , --- Iy respectively and equal variances of one. A generalized Rayleigh random
variable , Y, (also referred to as a non-central chi-square variable) is defined as
N
Y=Y X? 1.p
i=1
and the density function of Y, denoted g(y), is given by [Ref. 6, Eq. 1.6]
N2 g H /21 (x- y) for y >0
o) = {yo(y/yo xp [(45 + ¥)/21 cv-2/3Yot) y 1.9
0 for y =0,
where
N
vo = 2 & (1.3)
=1

and I,(z) is the modified Bessel function of the first kind. g(y) is called the generalized
Rayleigh distribution. In this paper expressions for the moments about zero of g(y)
and several interesting properties of these moments will be derived.

It does not complicate the problem to consider non-integer moments. Therefore,
the ath moment of ¢(y) is given by

MW, = [ e dy, (19

where “a” is any real number. (However, as will be seen later, the above integral exists
only for a > — N hence a can be any real number greater than — N.) Whenever only
integral moments are considered the subscript #» will be used.

The important results are:
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(1) The power series expression for M, (N, y,),

M, ) = 27 exp (—oiy2) 3 S O oy, (1.5

(2) The “closed form” expression for M, (N, y,),

MW, 99 = 2 e (=) ELDE iy + 0y, N/2, w2, (1)

where M (with no subscript) is the confluent hypergeometric function (in the notation
of Jahnke and Ende, [7, p. 275]).
(3) The asymptotic expressions for M, (N, y,),

MN, yo) ~ y‘;[l + a(N -;yz -2 + ala — 2)(N -I-2:z(2—?lz.)22(N +a—4 4. ]
' R as Yo — «, 1.7
and
M,N, y)) ~ N*? exp (ays/2N) as N — o, (1.8)

(4) The recursion formulas

Moo, 50 = O + DML, ) + 3] M, 30 + 3 DL ] g

and

MooV, 39 = 3 exp (—gi/2D " [ e @M (2]
’ for a>2 — N. (1.10)
(5) The upper bounds on negative integer moments
M_,<|1/y|” n=12---N—2 (1.11)
and
M_,<|1/(N—mn)|" =1,2,--- N. (1.12)

II. General expressions for the moments of the generalized Rayleigh distribution.
We first obtain a simple expression for the moments as defined by Eq. (1.4). Substituting
(1.2) in (1.4) and abbreviating M, (N, y,) by M, we obtain

M, = y})_wu) exp (—y§/2) j; '!/(ZMN)/2 exp (_y2/2)1 wv-2y72(YY0) dy. 2.1y

The integral in the above expression diverges if @ = — N. Therefore, whenever a
is used it will denote a real number greater than — N and n will denote an integer greater
than — N. Substituting in (2.1) the equivalent power series for I y.z),2 (o) [8, p. 163],

we obtain

— ol-(N/2) 2 Ty exp (—y°/2) 2r

Interchanging summation and integration in the above, we note that the integral is a
gamma function, hence Eq. (1.5).
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The sum in (1.5) can, recalling that BT'(B) = T'(B 4+ 1), be rewritten,
—~I'fr+ N + a)/2]( /2y = T[(N + a)/2]
I Th + (V/2)] T(V/2)

{1 + Z [H (N + a + 2k) /(N + 2k)](y3/2)'}- (2.3)

r-l

‘The term in brackets in (2.3) is the power series for the confluent hypergeometric func-
tion, M[(N + a)/2, N/2, y2/2], and will sometimes be abbreviated by M. Therefore,
using (2.3) in (1:5) we obtain the closed form expression (1.6).

III. Asymptotic expressions. In this section asymptotic expressions for M.(N, y,)
-as a function of y, with @ and N fixed and as a function of N with a and y, fixed will be
derived.

First consider the case when a and N are fixed. M,(¥, y,) is given by (1.6) in terms
of the hypergeometric function and therefore, using the asymptotic expression for M
given on p. 275 of [7], we obtain (1.7), the asymptotic expression for M,(N, y,) as ¥, — .

To obtain the asymptotic expression for M, as N — « we use the power series
-expression for M, given in (1.5) where the series has been rewritten as shown in (2.3).
‘The product in the right hand side of (2.3) can be written

"’ (N 4+ 2k + a)N
I +a+20/(0N + 2k) = [1 + (a/N)] H [N T o + 25

It is clear from (3.1) that this product is asymptotic to [1 + (a/N)]". Hence from (2.3)
and (1.5) we obtain

L[N + a)/2]

Ma(N’ ?/o) ~ I‘(N/2)

2°% exp (ay;/2N) as N — =, 3.2

But

TN + 9)/2]

TV2) ~ (N/2)** as N— o (3.3)

and hence Eq. (1.8).

IV. Recursion formulas. Recursion formulas can be easily derived for moments of
order ¢ 4 2 in terms of the moment of order a and its derivative with respect to y, .
Since M,(N, y,) = 1, moments of even integer order are easy to compute from this
formula. A recursion formula for moments of order a — 2 is also obtained in terms of
an integral involving the moment of order a.

As a preliminary step, consider Eq. (1.5) where & has been used in place of ¥3/2.
After differentiating with respect to « and rearranging terms we obtain

2:c(M¢ + dd—]‘ﬁ“) = 2.2 exp (—2) 3 % P[’FF; er (;; /g;]/ 2, (4.1)

r=u

But

2 [r+ (N + a)/2]T[r + (N + a)/2]
T'lr + (N/2)]

M., = 2:2"* exp (—2) E 4.2
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Therefore
Moo = (N + oM, + 2x(Ma + %) 4.3)

If we put (4.3) in terms of y, we obtain the recursion formula given in (1.9). In particular
since M, = 1

MZ = N + yg)
M, = NN + 2) + 2ys(N + 2) + v, (4.9
etc.

To obtain the recursion formulas for decreasing moments we multiply M,(x) by
exp (z)2V**™¥/* and integrate term by term from 0 to y?/2 resulting in

v03/2
f exp ()™ Y° M ,[(22)"?] dx
1]

— (yg/2)(N+a-2)/22a/2 g P[T ,,:le[r++(](ij-2)‘;)/2] (y§/2)r' (4.5)

But

_ ola-2)/2 a2 ~Ir =1+ N+ a)/2] >0
Ma—2 - 2 exp( y0/2) g ’I‘! F[T + (N/2)] (90/2) (4’6)
which together with (4.5) gives Eq. (1.10). It can be shown that the integration in
(4.5) exists only if a > 2 — N.

When @ = 0 (1.10) becomes

02/2

M_x(N, yo) = % exp (—yo/2)(yo/2)* V" fo exp (2)z "™V dx 4.7

and for a few particular values of N we have
M_,(4, yo) = 1/ys,
M 28, yo) = [1 — (2/y9)]/vs
and
M8, yo) = [1 — 4/y3) + (8/y0]/s- 4.8

V. Upper bounds on negative integer moments. Two very simple expressions which
are upper bounds on negative integer moments can easily be derived. Let » be a negative

even integer, say n = — 2m, m = 1, 2, --- then 1.5 can be written
m =1 ;T
Mosn = 27" exp (=95/2) 205 06/27 J12/(N + 2r — 20, 5.1)
r=u0 1. =1

Assuming (N/2) — m > 0 the right side of (5.1) is not decreased by letting » be zero
in each term of the product resulting in

M_,, £ 1/(N — 2m)™. (5.2)

Alternately if we assume (N/2) — 1 = m we can replace m for (N/2) — 1 in the product
in Eq. (5.1) and not decrease the right hand side. Therefore we have
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M_,, < 27" exp (—y5/2) Z Iy _|_ 1 o/ (5.3)
The sum in the right hand side of (5.3) can be written
i 1 2 r !
35 O/ s = A" Z iy (54)

By filling in some positive terms in the sum on the right hand side of (5.4) it becomes
an exponential and we obtain

M_,, < 1/y5". (5.5)
By Schwartz’s inequality
it S My, M. (5.6)
In particular if m = 0 and k is a negative integer, i.e., t = — n,n = 1,2, --- then
M2, <M., 5.9

Combining (5.7) with (5.5) and (5.2) we obtain (1.11) and (1.12) respectively.

BIBLIOGRAPHY

. 8. O. Rice, Mathematical analysis of random noise, BSTJ (1) 24, 46-156 (1945)

J. L. Lawson and G. E. Uhlenbeck, T'hreshold signals, McGraw-Hill Book Co., Inc., 1950

W. H. Huggins, Representation and analysis of signals, Part 1, The Johns Hopkins University Report

No. AFCRC Tr. 57-357 (1957)

4. J. H. Park, Jr. and E. M. Glaser, The extraction of waveform information by a delay line filter technique,
1957 IRE Wesson Convention Record, (2) 1, 171-184

5. David Middleton, A note on the estimation of signal waveform IRE Trans. on Information Theory,
IT-5, 86-89 (1959)

6. K. S. Miller, R. I. Bernstein, and L. E. Blumenson, Generalized Rayleigh processes, Quart. Appl.

Math. 16, 137-145 (1958)
. Eugene Jahnke and Fritz Ende, Tables of functions, Dover Publications, New York
N. W. McLachlan, Bessel functions for engineers, Oxford University Press, London, 1934

W=

0 =3



