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SINGULAR STRESS CONCENTRATIONS IN SECOND-GRADE MATERIALS*

BY
R. W. LARDNER

Simon Fraser University, Burnaby, B.C., Canada.

Abstract. The problems of a second-grade elastic half-space deformed in plane
strain and subject to a concentrated load, a discontinuous load, and a double foree,
acting at a point on the free surface are solved. The nature of the stress singularity is
found in each case. Although the strengths of the stress singularities are the same as for
both classical elasticity and conventional couple-stress materials, the detailed forms are
different and depend on a certain combination of the five new elastic constants. The
displacement field produced by a point load is bounded in the neighbourhood of the
point of application of the force, in contrast to both earlier theories where it is singular.

1. Introduction. One of the problems of current concern in theories of continuum
mechanics is to what extent it is necessary to include details of the microstructure of
materials. In the classical theories of continua the basic assumption which eliminates
such details is that the action upon one another of two neighbouring parts of a body
consists solely of a force localised on the surface element separating the two parts. The
usual elementary argument used to support such an assumption is that, for a small
enough surface element, the micro-forces acting across it will all be parallel and hence will
lead to no resultant couple. From an atomistic viewpoint this argument is clearly invalid:
although it seems likely that the resultant couple due to all the interatomic forces will
be small, it is quite unlikely that it will actually be zero. Thus it is reasonable to demand
that theories of deformable media should include consideration of couple stresses.

The first attempt to include couple stresses was given in a series of papers by Grioli [1],
Toupin [2], Mindlin and Tiersten [3] and Koiter [4]. It was later realised that the materials
considered by these authors had certain anomalous features, and Toupin [5] pointed
out that the fundamental constitutive postulate which had been made was too restric-
tive. It turns out that these materials are special cases of a wider class of so-called second-
grade materials, in which the constitutive assumption is that the strain energy density
depends on the strain and strain gradient tensors. Such materials do not have the anom-
alous properties of the earlier ones. Because of this, the present author has given [6] a
linearised version of the equations obeyed by second-grade elastic bodies, and has solved
various vibration problems for them.

In both of the linearised couple-stress theories it is necessary to introduce a number
of new elastic constants (two in the Mindlin-Tiersten case, five in the present one),
and these can be regarded as introducing certain fundamental lengths. Because the
classical theories of elasticity agree very well in their predictions with experimental
results, it has to be concluded that these lengths are rather small. This means that the
results obtained from couple-stress theories differ from those of classical elasticity by
significant amounts only within a thin boundary layer close to any free surface or
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interface or else in situations where there is a small geometrie length [3], [7]. Some of
the results among this second group of problems offer a possibility of devising experi-
mental tests for measuring the new elastic constants.

An extreme case of a small geometric length arises in problems with singular stress
concentrations, where there is a zero length involved. Several such problems have been
investigated by Muki and Sternberg [8] for the old couple-stress theory, and results were
found which differed greatly from the classical results. Perhaps even more significant is
the fact that the couple-stress results do not tend to the classical results as the funda-
mental lengths tend to zero. In view of this, it scems worthwhile extending these results
to the general second-grade case.

After summarizing the equations satisfied by second-grade materials in Seec. 2, we
discuss plane strain deformation in See. 3, and further specialise to consider a half-space
in Sec. 4. It is convenient for plane strain problems to use two displacement potentials,
in terms of which the equations of motion are particularly tractable. As usual for half-
space problems we use an appropriate Fourier transform, and the transforms of the
potentials are found. These are then used in the boundary conditions on the free surface
of the half-space, giving four equations to be solved for the unknown coefficients. We
are interested in cases in which there are stress singularitics at the origin, due either to
a point load or to a discontinuous load or to a double force there. Consequently the
asymptotic behaviour of the coefficients in the transform variable is needed, rather than
the full solution.

The singularities in the three cases of classical clasticity, Mindlin—-Tiersten theory
and second-grade materials are compared. The strengths of the singularities are with
one exception the same, but their detailed form changes from one theory to another.
However, the results for all three types of material can be encompassed by a single
formula for each singular stress component involving a certain constant, k. For classical
elasticity k& = 1, for the old couple stress theory k = (3 — 2»)™"' where » is Poisson’s
ratio, while for second-grade theory k depends in a complicated way on the five new
elastic constants, but not on Poisson’s ratio. Although the three theories form a hierarchy
with each a special case of the next, in no case can the nature of onc singularity be derived
as a limiting case of another.

The displacement field produced by a point load has a logarithmic singularity in
both the classical and old couple-stress theories, and this implies that an infinite strain
energy is contained within the region around the point of application of the load. This
is completely different from the situation in second-grade materials, where the displace-
ment field is bounded near the point force. The strain energy density is singular as
(In 7)%, and hence a finite strain energy is contained within any finite portion of the body.

The exception to the uniformity of stress singularity strengths concerns the discon-
tinuous normal load. In the classical case all stress components are bounded near the
discontinuity, while both couple stress theories show a logarithmic singularity in shear
stress. (Here, as clsewhere, the singularity depends on which stress tensor we are using.)

2. Basic equations for linear second-grade materials. We consider a continuous
body in which the particles have positions x with components (z,) in a certain Cartesian
coordinate frame, and we denote by {u,(x, )} the components of the displacement of
each particle at time ¢ from its position in the unstressed state of the body. In the linear
approximation it is assumed that the first and second gradients of the displacement,
Uq .5 a0d U, 5y , are small. If it is supposed that the material has the usual kinetic energy
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density, p(x)%1°/2, and a strain energy density which is a function of the first and second
displacement gradients, then it can be shown that the equations of motion ean be written
as [6]

Pliqg = Topg+ Fo — Copp, 1)
and that the boundary conditions are
Te — TogNg + CopNg — Dg(Dop — Mop,N,) =0 2
and
M,s,NgN, = DN, . 3)

In these equations, p is the density, I, an external body force and C.; a body dipolar
force, T, is the surface traction and D, is a surface dipolar traction. T, and M .4, are
the stress and hyper-stress tensors, which will be defined below, N, is the unit outward
normal at the surface of the body, and Dy is a surface differentiation operator defined by

ad d

Dﬂ:&‘;_NﬁNy—a}:. (4)

If we define the usual strain tensor

Cap = %(ua.ﬁ + uﬁ-a) (5)

then the most general quadratic form for the strain energy density W in an isotropic
and centro-symmetric material is

W = ]VO + %/\(caa)z + ﬂeaﬁeuﬁ + Fleua,'yeﬂﬁ.‘y + eraa.6€ﬂ7.7
+ F3eaﬂ.ﬁea7.7 + F4eaﬁ.'reaﬁ.7 + Fseaﬂ.wea‘r,ﬂ ) (6)

where A\, u, I, , -+, F; are elastic constants. From this we obtain the following ex-
pressions for the stress tensors (using A = u,,4):

Tx)\ = A Aax)\ —l_ “(1Lx,k + u)\.x) - {(QFl + F2) 6K7KV2 A + (FZ + F3 + Fs) A.x)\

+ GF; 4 Fy + 3F)V e r + w0} @)

Mow = 2F; 80us.pu + 3Fs 80(uu 55 + Us ) + 3(F2 + F3)(8305.60 + 8,255
+ %Fii(é}\uux.ﬁﬂ + Bxpu)\,ﬁﬁ) + (F4 + %Fs)(ux.)\u + u)\,xu) + F5uy,x)\ . (8)
We can substitute from Eq. (7) into Eq. (1) and obtain the analogue of Navier’s equations
of motion in terms of the displacement field. For the case of equilibrium with no body

forces these take the form

N+ w Ao+ wViu — N+ 20)EVPA . — pli(Viu, — VAL =0,  (9)

where

(>\+2#)Zf=2(F1+F2+F3+F4+F5) and .U-lg=7%F3+F4+%F5— (10)

The positive definiteness of the strain energy density implies that both ¥ and I are
positive.

3. Plane strain. We now restrict to the case of plane strain by assuming that uy = 0
and that all quantities are independent of z; . Then it is convenient to introduce a pair
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of displacement potentials ¢(x, , z,) and ¥(z, , ;) which can always be found such that

m=¢1+ V¥ Ww=¢2— ¥1. (11)
If we now define
e =(\+2)Ve —LV%), ¥=uV(-LVY, (12)
then the equilibrium equations (9) become
a=1 : &, +7¥, =0, (13)

a =2 : ¢'2_q/‘1=0.

Consequently the problem is solved if we can find the two conjugate harmonic functions,
& and V. Eqgs. (12) give ¢ and ¢, from which we can obtain the displacements and
hence, via Egs. (7) and (8), the stresses.

It will be convenient later to have expressions for the stresses and some of the hyper-
stresses in terms of the potentials. These are

Ty = ® — 2up.0 + 2RV 0 20 + 2u(¢ — LV°Y) .12, (14)
Ty, = ® — 2up.1 + 2RV 0., — 2u(y — LV?Y) 10, (15)
Ty = 2pp.02 — 2RV 0 10 + 4(9 — 0,)(¥ — VYY), (16)
Ty = AV — (P — 2R)V', )
My, =PV%., — 2T¢ 100 + RV*Y 5, + T(01y — )¢5, (18)
My, = My, = RV, + T@ — d)e. — QV°Y, + 2TY s, (19)

]‘[221 = (P - 2R)V2¢_1 + 2T¢,221 + (R - 2Q)v2¢/.2 + T(azz - an)‘l‘.? . (20)
Here we use 9, = 9°/dxrdx, and the following abbreviations:

P=2(F1+F2+F3+F4 -|—I"5)=()\+2y)lf,

Q = 3Fy + F, + F; = ul2 1)
R:—%F2+F3+I’Y4+F5’
T = I’v;; +F5 .

4. Half-space problems. We consider now the problem of a half-space (x > 0)
subject to given tractions on its free surface, with the displacements tending to zero at
infinity. Then as usual with such problems we express all quantities in terms of their
Tourier transforms with respect to y:

Ja 9 = [t e ay. 22)

Since f(z, y) will always be real, f(z, —s) = f(z, 5)* and the inversion formula can be
written

e, = & [ {0 + T, 00 consy + 107, 9 — T, 9 simsg s @)
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Eqgs. (13) in terms of the transformed quantities become
0®/0x — is ¥ = 0, ov/dr + 1s® = 0,
and using that ® and ¥ tend to zero as x — o, the solutions are
&(z, 5) = A(s)e™™, Y(x, s) = 1A(s)e”*". (24)
Then Eq. (12,) becomes
(\ + 2p)(8°/02° — )L — 5(8°/92" — $)]e(z, s) = A(s)e™,

and integrating we obtain that

Ho,) = GO + a6 exp [~ + T = g e (29)
Similarly from Eq. (12,)
Pz, s) = bis)e™™™ + by(s) exp [— (" + L*)*z] — i‘;—lf? ze %, (26)

The boundary conditions (2) and (3) on the plane x = 0 take a simple form. In this
case N = (—1, 0, 0) and the surface differentiation operator is (D,) = (0, 35, 9;) =
(0, 95, 0). Then Eqs. (2) and (3) become

Ty, — 3,(Myp) = =T,
T — 0;(Moo) = =T,
My, = =D, ,
My, = —D,, .

We shall consider problems in which no dipolar tractions are applied, so that the right-
hand sides of the last two equations are zero and the second term in the first equation is
absent. Then the transforms of the resulting boundary conditions are

on z =0, 27)

Tu = —T, 3 Tzl -+ iSMzzl = _Tz )
Mlll = 1171211 = 0.

Now we substitute the representations (24)—(26) for the potentials into Eqgs. (14)-(20)
to obtain the stresses, and substitute these in turn into the boundary conditions (28).
The resulting equations are

on z =0, (28)

— M,y = 42Ts%(a, + b)) + ax(s* + L)Y’ [N + 2u + 275"
=0
. . . P+T R+ T] .
+ isby[(R + T);® + 2Ts°] + sA(s)[)\ " p =0; (29
iM sy, = 2Ts*(a, + ib) + as[(R + T)I;* + 2T5°]
z=0

R+T_Q+T]=0; 30)

+ by + LAY [u + 275" + sA(s)[x - P
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_ 2 . 2 _ pj-2 2 Q . R _ .
= 2us’(a, + b)) + 25°a[u — RI;"] + 2s A(s)[“ N 2#] = -T,; @1

Tll

z=0

— (T2 + isMy,,) = §*(a, + ©b)[2u + 27T5°]

x=0

+ a.s(s® + 7)Y (=N + 2Ts] + b5’ [2u + (T — R)I;° + 2Ts%)

N 2<T—P R—T)] o
-i-.l(s)l: )\+2“+s )\+2“+ p =T, . (32)
It is a straightforward, if laborious, job to obtain the coefficient functions (a, + b,),
as , b, and A from these equations and then to use them to find the stress and hyper-
stress transforms. In the stresses, obtained by combining Eqs. (14)-(16) and (24)-(26),
it is convenient to use Eq. (31) to eliminate the coefficient a, , and we then obtain

T“(x, 5) = e—u{zﬂsz(al + b)) — ") — Tle_”

pae2 e @ E e -], e
Tpo(z, ) = ie ”{%s (@ + zb)[ (14 ) ] - 1,1 +§§1l—f>l/2e"“’
+ AGs )[ 2 EE = 1)+ 2 ((ﬁ )( - (1 + s—ll—)/e)]} (34)
Ty(z,5) = { 2us*(a, + b )[1 — (1 + gélzf)e_] — T,(l + ;%)e‘

+ AG )[x Fo, A+ 282(% D f?y\)(l - (1 + ﬁ%ﬁ)e—ﬂ} (35)

where k = (s° + 1;%)"/* — s. In a similar way, expressions can be obtained for the hyper-
stresses. This enables us to solve an arbitrary stress boundary value problem for a
half-space, at least up to a Fourier inversion.

We shall also be interested in the displacements whose transforms can be obtained
from Egs. (11), (25) and (26). After using Eq. (29) to remove the terms in (a, + b,)
we obtain

u(z, 5) = e'”{az(s2 + l?)’”[)\z—; M- “’)]

- [®+ Di” B _w,] A(s) [P +Tse R+T+ Tsx]}
+ 1b23[ oTs + @ e )+ oTs L\ + 2u 4 y (36,)

iy(z, s) = ie‘“{az[(s2 + )\9_; 3“ 4+« +s(1 — e_”)]
paEEDE 4@y - o)

A@) [P + T+ Tse R+ Tsx]}'
2T's AN+ 2u u

+ (36,)

Here w = (s* + ;)"* — s
In the next section we shall look at the particular case of concentrated loads.
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5. Stress singularities of point loads. We consider separately the cases of normal
and shear loadings which are concentrated in the neighbourhood of the origin. In the
limit of point loads we have:

Case A T\@y) =Ms(y), Ti(s) =1, Tufs) =0;
Case B To(y) = 28@y), Tal) =2, Ti(s) = 0.

We are interested in the nature of the singular part of the stress field in the neigh-
bourhood of the point force. Consequently we do not need to solve Egs. (29)-(32)
completely, but merely for the asymptotic limits of the coefficient functions as s — .
However, even with this limited goal we cannot succeed without considerable algebraic
effort since, as can readily be seen, the rank of the leading terms in the four equations is
only two. This rank is increased to four if the terms in (a, 4 ¢b,) are first eliminated from
Egs. (29), (30) and (32).

As s — o the coefficients have the forms

ax(s) ~ a4+ a’/s® -+,  iby(s) ~ L3b 4+ b'/s* + ---
a(s) + tbu(s) ~v + /8" o, Al ~ AL+ A/ -

Then, having performed the elimination mentioned above, the leading terms in the four
equations are:

37

. Q__R ) -
wy + (lip — R)a + (# N+ % A4, =0, (38)
_ _ (@ —R ,  P—R ) _
®@-Pat@-mp— (L E=Ey) (59)
R _Q -
Ra+Qb+()\+2# ”AI—O, (40)
(— T/28)a — (4 — T/28)b — 2T E 4 — T, 44T (41)
M 1 M 2 \+ 2# 1 1 2 .
Provided the material is such that
[PQ — R*|[4PQ — T(P + Q)] # 0, (42)
the solution of these equations is:
b= Al//-‘; = —Al/()\ + 2#)) (43)
e Q] _ __2PQ(T, +iTy)
L [(x For Wl 2 A= T TP + )

Returning to the stresses (Eqgs. (33)-(35)), as s — o« they have limiting form
Ti(e,s) ~ e (=T, + Ksz},
TIZ(xy S) ~ ie_"{ _Tl + K(SiL‘ - 1)}; (44)

Ton(z,s) ~ —e *{—=T, + K(szr — 2)},
where

_B L_R >\+#],
K‘KV+A{ﬁ Pyt aa
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The terms not included in Eqs. (44) are proportional at most either to zs™* or to s,
and both of these lead to terms in the stresses which are bounded near the origin. Finally,
using Eq. (43) we obtain that

K = —k(T, + iT,) where k = 2Q(P — R)/(4PQ — T(P + Q)). (45)

In order to find the limiting behaviour of the stresses themselves we make use of the
following results [8]:
© © 2 2
f e’ cos sy ds ~ %ﬁ , f se” " cos sy ds ~ g(_x_ra_y_)
0 ) ( 4 6)

f e °* sin sy d. ~2§y- , f se” " cos sy ds~2§r,y
0 r ) r

asr = (¥ + ¢°)"”* — 0. Then combining the asymptotic forms (44) with the inversion
formula (23) for the two particular cases of Eq. (37) gives the following singular be-
haviours as r — 0:

I_T£
4

Case A T~ — (1 + k)2® + (1 — k)y°l,

Tiw~ =25 [0 + B + @ = By, (47)

T ~—~[(1 — k)2® + (1 = 3k)y].

Case B

232} 22k zy’ :
Ty~ —ZEZY g, BRI g 2L (48)

™ r ™ r ™

The singularities in the hyper-stresses can be calculated in the same way from Eqs.
(18)-(20) and the corresponding equations for the other components. In plane strain
there are ten different hyper-stresses so that it is actually simpler to work out the be-
haviour of the six strain gradients. It turns out that all of these are just logarithmically
singular at the origin (more precisely, e... ~ const. In r as r — 0).

Taking the asymptotic forms of the displacements in Iqs. (36) and using Eqgs. (43)
for the coefficients, we readily see that the terms of order s™ in @, and @, cancel out.
The remaining terms, of orders s7°, zs°, xs7% ete., all lead to displacements which are
bounded as r — 0. It is even more remarkable that the strains, e,; , are also bounded
as r — 0. (The simplest way to see this is to show that the terms of order xs° in @, and @,
are also zero.) Because of these results, the strain energy density (6) is singular only as
(In r)* as r — 0, so that the total energy in a region around the singularity is finite.

In the next section we shall compare these results with those obtained previously
by other authors.

6. Special cases. The materials considered by Mindlin and Tiersten [3] and by
Muki and Sternberg [8] are a special case of second-grade materials for which [6]
P=R =T =105 =0 and @ = 9 in the notation of these authors. For such materials
condition (42) is not satisfied and the singular forms (47) and (48) are invalid. Since
I? = 0, the expression (12,) for ¢ in terms of ® is of lower order than the general case,.
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and in the solution (25) there will be no a,-term. Then in the boundary conditions
(29)-(32), the first reduces to an identity, leaving three equations for (a; + b,), b,
and A. Proceeding as before to derive the asymptotic forms of these coefficients, we
obtain Eqs. (38)-(41) with ¢ = 0 and the above special values for the constants. The
solution analogous to Eqs. (43) is

b= Al/l-‘) a = O) Y= —ﬂAl/ﬂzt

X+ 2u

4, = ToN + 3u

(T, + iT»).
Then from Egs. (33)-(35) we obtain the asymptotic stress transforms, which have the
same form as those in Eqs. (44), (45) except that k has the value

k= 5’;{‘57‘ - @3- 2" (49)
where v is Poisson’s ratio. Then Eqs. (47) and (48) again give the form of the stress
singularity.

These results cannot be compared directly with those of Muki and Sternberg, since
the two stress tensors are different. For example the symmetric part of these authors’
stress tensor is

oW

TN = ge_‘(; = NAdy + #(ux.)\ + u)\,x)- (50)
By calculating the singularities of these stresses in the same way as above it is possible
to retrieve Muki and Sternberg’s results. It is worth remarking that, for the general
case of second-grade materials, these 7., stresses are actually not singular. This result
is tied in with the boundedness of the displacement and strain fields in the second-grade
case, in contrast to the Mindlin-Tiersten theory for which the displacements are log-
arithmically singular and the strains of order r™* as r — 0.

An even more special case is classical elasticity, which corresponds to taking all the
quantities {#,} equal to zero. In this case we must take both a, and b, zero in Eqs. (25)
and (26). All of the hyperstresses are identically zero and the boundary conditions
(31) and (32) reduce to

_ Tl_ . _ A + fod

2us®’ N + 2u
Proceeding as before, we obtain the same singularities as in Eqs. (47), (48) but with &k = 1.
These duplicate the standard results for classical elastic bodies.

The strength of the stress singularity is the same for all three cases, but its form is
different, depending on the value of k. It is remarkable that the detail of the singularity
depends on a single constant, particularly for the general second-grade case where there
are five dimensionless ratios of elastic constants on which it could depend. The logarithmic
singularities in hyperstress, however, do seem to involve more of these ratios.

Finally we note that in comparing different sets of résults for these materials it is
necessary to ensure that they refer to the same stress tensor. In particular, as is clear
from the boundary condition (2), the stress 7',5 does not describe the forces acting across
surface elements within the body. For plane surface elements this force is given by the

(a, + ib) = AG) = T, + 4T, .
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stress Tosg — D,M.,s , while in general the action across an element depends on its

curvature.
7. Discontinuous loads and double forces. As an idealised case of a load which has

a discontinuity at * = 0 we consider the following two cases.

Case A T(y)y =TI (0<y<a), To(y) = 0

= 0 otherwise.
Case B T.(y) = 0, T.(y) =2 0O<y<a),
= 0 otherwise.
The transforms are:
A Ti(s) = TIg(s); B : Ty(s) = Zg(s),

where

o(s) = (sins(sa)) 1 (1 — cos (sa)).

S

Eqgs. (44) and (45) will still give the singular terms in the stresses. Substituting the
above transforms and using the inversion formula (23) leads to the results:

Case A. Ty, and T, are bounded, Ty ~ H—(lﬂ_——k) Inr as r—0. (51)
2kZ
Case B. T,, and T, are bounded, Ty ~—=Inr as r—0. (52)
™

In obtaining these we have used the fact [S] that the expressions [ s7' sin sy e** ds
and [ s cos sy e ** ds + In r are bounded as r — 0 as well as Eqs. (46).

The same results with appropriate values for k apply for Mindlin-Tiersten materials
and classical elastic materials. It is especially noteworthy that in the classical case, a
discontinuity in normal loading does not lead to any singularity whereas the two couple-
stress theories do lead to a singularity in shear stress. In classical theory, the shear
traction boundary condition prevents any singularity, whereas in the present case, it
can be seen from Eq. (27,) that T, and M,,; can have compensating singularities.

Moving in the direction of greater singularity we can consider a double force, which
is the limit of the tractions:

T.(y) =F for 0 <z <aq,
= —F for —a<z<0,
=0 otherwise,
as a — 0 in such a way that Fa® = C remains fixed. The transform is
T,(s) = 1Cs.

Again Eq. (44) gives the leading terms of the singularity, and making use of the results
that

@ 2 _ 2 © 9 2 _ 2
f se™"" cos sy ds = 2z _C 3Y) and / se " sinsy = :U@”_TE_L) (53)
] 0
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we obtain that asr — 0

Ty~

~205 3k + 12 + (1 — 3R),

Too ~ 2 H (4 B2 + (1 - 30)°), (54)
c

Ty, ~ —5 (L 4 k)z* — 6ka’y® — (1 — k)y'}.

6
wr
In this case these are only the most singular parts and there will in general be additional
logarithmically singular terms. _ _
For the corresponding double shear force we take T,(s) = iCs and T,(s) = 0, and
this time we get, asr — 0
2kC 2*(2* — 3y°)
~N— g,
T T
L 2kC y’(y* — 327)
T r

Tll

Ty, ) (55)
L AkC 2y(@® — o)
T 6

T
12 r
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