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ON LINEARIZED THEORY FOR COMPRESSIBLE VISCOUS
PLANAR FLOW WITH SLIP*

By
F. E. FENDELL
TRW Systems, Redondo Beach, Calif.

Abstract. Steady compressible supersonic planar flow of a viscous heat-conducting
fluid is examined under linearization about freestream conditions. Although the results
are derived here for a large-Prandtl-number fluid, Wu has shown that the conclusions
hold for an order-unity-Prandtl-number fluid in the limits of large and small Reynolds
numbers. First the compressible correction to the fundamental solution for flow past
a singular flat plate (a point source of momentum directed antiparallel to the uniform
freestreaming) is examined. Results valid near the point source are obtained by contour
integration. Then these results are superposed to form an integral equation describing
linearized slip flow past a finite flat plate at zero angle of attack. The large-slip limit
for a short plate is characterized as a regular perturbation limit while the small-slip
limit has singular-perturbation characteristics. For a long flat plate the integral equation
can be approximated as Poisson type and is easily solved; for a short flat plate the
integral equation can be approximated as a Carleman equation of the second kind and
is less readily solved. However, an approximate solution for the shear near the leading
edge of a short flat plate with small slip is given through the Wiener-Hopf technique.
The integral equation describing thermal slip at a finite flat plate is seen to be like that
describing velocity slip.

1. Introduction. Steady planar supersonic flow is here examined for Reynolds
numbers so low that there is no preferred direction for diffusion. The continuum model
is postulated to be valid for such conditions. However, such conditions are too rarefied
for adequate treatment by conventional merged-layer asymptotic analysis and a different
attack is required. For tractability the viscous compressible flow equations, linearized
about freestream conditions in the manner of Oseen [1], are taken to be uniformly valid.
Except near stagnation points, anticipated slip in both temperature and tangential
velocity at a solid boundary suggests small deviation from uniform freestream conditions
[2]. The usual reason for sharp gradients near the body, the no-slip boundary conditions,
is absent.

Much work has recently been done on linearized viscous incompressible flow past
lifting source distributions acting at arbitrary angles to the freestreaming [3, and the
references cited therein]. Here attention is confined to sources acting parallel or anti-
parallel to the freestreaming [4]-[10]. The emphasis on compressibility, slip, and finite
body size is novel. Linearized results are suspect in the transonic range [4, p. 94].

The solution for an individual source of mass, momentum, or energy in an unbounded
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expanse of fluid is here referred to as a fundamental solution [4]. In principle, because
of the linearization, one can superpose fundamental solutions to constitute any arbitrary
but small disturbance to the uniform freestream. Further, the fundamental solution
itself may be expressed as the superposition of a solenoidal (transverse) wave and an
irrotational (longitudinal) wave. The transverse wave is the same as in incompressible
flow and concerns the transport of vorticity. There are no pressure, density, or tem-
perature disturbances associated with this wave. Such disturbances are governed by
the equations of viscous heat-conducting acoustics, which describe the longitudinal
wave. A velocity potential and a force potential exist for the longitudinal wave, so that
the dependent variables occurring in the equations for this wave may be expressed
entirely in terms of scalar quantities. Still further decomposition of a fundamental
solution is sometimes possible. For example, the irrotational part of the transverse
wave may be isolated from the rotational part, or the compressible and incompressible
contributions to the longitudinal wave may be separated.

A concise review of linearized theory as developed by Lagerstrom and others is given
in Secs. 2 and 3. Explicit formulae for the contribution due to fluid compressibility
for flow past a point source of momentum directed antiparallel to the frecstream are
given for the first time for the region near the source in Sec. 4. Characteristics of the
integral equation formed by superposing point sources to simulate slip flow past a flat
plate at zero angle of attack are discussed in Sce. 5. The integral equation is approxi-
mately solved for the following special cases: for a long plate by Laplace transform
techniques (Seec. 6), a short plate with moderate slip by Picard iteration (Sec. 7), and
for a short plate with slight slip by Wiener-Hopf techniques (Sec. 8). The extraction
of previously derived no-slip results from the current solutions with slip is discussed
in each case. Comparison is also made with other solutions for slip flow given for cither
linear or nonlinear models. While the results are explicitly derived for velocity slip in
a large-Prandtl-number fluid, their validity for an order-unity-Prandtl-number fluid
and their straightforward extension for describing thermal slip is indicated in See. 9.

2. Governing equations. Nondimensionalization of the dependent variables against
their freestream values and the independent variables against a viscous length (u*/pX*q*)
yields in the conventional notation:

P = p]’, V(PQ) = 07 (21)
1
pq-Vq = SYE Vp + X + V-(udef q) + V- [(V-q)¢I], (2.2)
M’(y —

— 1 2 2
w1 = 2L o vp = 4 70w ) + MR et 9 + 1707 + @,
2.3

Here Pr and M are the freestream Prandtl and Mach numbers, respectively (c¢* const.).
The symmetric tensor def ¢ = Vq + (Vq)” where superseript 7' denotes transpose.
X is the perturbational force per unit volume nondimensionalized against (p%*q*®/u¥)
and @, the perturbational heat source per volume-time nondimensionalized against
(p%2q*°cxT*/u*). The magnitude of the disturbance is of order ¢, where now 0 < e < 1.
Far from the body (if i is the frecstreaming direction)

q—i p—1, T-—o1. (2.4)
Slip conditions on the body will be formulated later.
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For small disturbances,q =i+ eq’,p =14+ e, p =14+ ep', T =1+ T, p =
14+ e/, k=14 k', ¢ = ¢ + €. Substituting into Eqgs. (2.1)-(2.4) and dropping
the primes,

p=s+T, ds/ox + V-q = 0, (2.5)
d 1
se =~ VP X = Va(Vag) + 2 + £IV(V-9), 26)
A (p_r=1 ) _ 1l
az(T 5 D ——PrVT—l-Q, 2.7

subject to the conditions far from the body
q—0, p—0, T—O0. 2.8)

The coordinate z is measured parallel to the freestreaming. There has been no need
to specify the dependence of the transport properties on the thermodynamic state.
The dissipation term has been omitted because quantities of O[¢M?*(y — 1)] are taken
as uniformly negligible. This approximation is responsible for the relative unimportance
of momentum responses to thermal sources and of thermal responses to momentum
sources in cases to be discussed below. Finally, the Stokes relation ¢, = —2/3 is adopted
for explicitness; this relation holds for monatomic gases only and results may be readily
derived for other values of {. if experimental data are available.

3. The singular flat plate in a large-Prandtl-number fluid without heat sources.
For @ = 0, Pr > 1 one recovers, by using the boundary conditions at infinity, the
isentropic relationship between the thermodynamie variables [4]:

T=@&—-D/yp=>p=nrs (3.1)

One need just deal thenceforth with the continuity equation and momentum equations.
Since Pr = O(1) for gases, this approximation may seem incompatible with the retention
of compressibility effects. The reconciliation has been given by Wu [6] and will be dis-
cussed below.

Here the fundamental solution for planar two-dimensional flow is sought for the
so-called singular flat plate (a shear force of unit strength located at the origin in an
unbounded expanse of fluid and acting on the fluid in the direction opposite to the
freestreaming):

X = —é§(x) s(y)i. (3.2)

If the velocity perturbation for this point source is denoted —I'(z, y) and the con-
densation perturbation —s(z, y), the solution for any distribution of forces X,(z, y)
acting in the same direction is

00,9 = [[ T =5y~ DX ) dd, (33
Qy(xv y) = fjj: P,(I —&y— ﬂ)Xz(E, 71) d& d”» (34)

s = [[ S =&y — X dsdn, 35



40 F. E. FENDELL [Vol. XXVIII, No. 1

Fourier transform and inversion yields [4] [r = (&® + ¥)'*]:

I, = Zl q: (3.6)

where

q 51— Viexp (x/2) K(r/2)] = irrotational part of transverse wave,
™

Q@ = ——21— exp (x/2) K,(r/2) i = rotational part of transverse wave,
T
Q5= 51— V(n r) = incompressible part of longitudinal wave,
T
g« = compressible correction to the longitudinal wave.

Previously the method of Laplace [11] has given an approximate expression for q, for
large y in both the supersonic and subsonic cases [4], [6]. Here the contribution of q,
for small y is undertaken.

4. The compressible contribution to the fundamental solution for a singular fiat
plate. If @ = 3/4M® and b = 3(1 — M?)/4M’® then [4]

—Qq, = {—qh}
—4qs,

4.1)

1 [Texp@Bx) |8 || __ B BB = b))

il B4 [(ﬁ)‘”(ﬁ b)‘/?““)( W= —am )

iﬁ'c:)?/
_exp (—(8)'” 1;:/!)]

(52)1/2 d,B,
_ - (8 — a))"* B <ﬁ>’“<ﬁ bz‘)‘”] L
s= -8 f exp(wx)[—————(ﬁ )67 exp( ly] — )" ) dg. (4.2)

The definition of (8%)'? is such that the real part of the argument of the exponents
remains negative definite for all y. Thus, in the second term in the square brackets
in Eq. (4.1) (8" = |8 = B(sgn B); however, the first term in the square brackets
is more subtle. For 1 > M > 0 (q, = 0 for M = 0 by construction), there are two branch
points on the positive imaginary axis, one at 8 = az and one at 8 = bi. Here @ and b
are real and positive, and a > b. As M T 1 the branch point at bz goes to the origin,
and moves down the negative imaginary axis for M > 1. As M — =, the branch point
at av descends toward the origin along the positive imaginary axis, while the branch
point in the lower-half plane goes to —3¢/4. For M > 1 (the case of interest here) the
correct choice for the first term in the square brackets in Eq. (4.1) is (8°)'* = B; the
choice insures that the real part of (8°)'* (8 — bi)'*/(8 — ai)'’* remains positive. (The
branches of the square roots are chosen to be such that the expressions are real and
positive for large positive real 8, a choice adopted throughout this discussion.) The
branch cuts for M > 1 are chosen as in Fig. 1.
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ai

Fia. 1. Choice of branch cuts in the 8 plane for supersonic freestreaming.

Although explicit results will not be sought for M < 1, it is noted that
(8 — ai)’*/(8 — b3)'* has a positive real part everywhere on the real axis in subsonice
flow. For a negative definite argument for the exponential function, one must define

(85)'* = || = B (sgn B) in the first term in square brackets. However, || is not an
analytic function, and a common ploy is to let
G P R G R R b (4.3)

where & is a small positive real number. The limiting process § — 0 is deferred until
a convenient point in the analysis, and direct substitution justifies the procedure. The
branch cuts are taken as in Fig. 2.

With these conventions one may write for the supersonic case

_q4 —_ {—q‘*t} — {Il + Ia} (4.4)

_q4v I2 + I4

where
—_— 3 b 1/2

L= 4m (Z - Zz) exp [’ﬂx = Iyl /3;(3_‘”%2_] ds, *.5)
1, = % yf exp [zﬁx = |yl 13( bz) :l ds, (4.6)

— al
L= ﬁi f_w (sgn B) exp [ifz — |y| |8l1 dp = 217? _i et “.7)

I, = Sgnyf exp [iBz — |8 |y|l dB = - 4.8

x-i—y

By Jordan’s lemma the paths of integration are now deformed as shown in Fig. 3; these
paths suggest letting 8 =

Fic. 2. Branch cuts in the g plane for the subsonic case.
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Fic. 3. Contour paths for the compressibility-correction integrals.

The following well-known Laplace transform will be useful below [12], [13]:

J=[ [—%P_ﬁ%% _ Kya'z/2) oxp (@'z/2) @' >0, x>0, (49

By differentiation

© 1/2
j; (7 _: a’) exp (—vyx) dx

Also required will be
® N\ 1/2

I= f (”—_-'_—a> exp (—ox) do
° o

But

LK@/ ~ Kola'z/2) oxp (@2/2). (410

© y 172
exp (a'x) f_ , (y — a') exp (—yx) dy.  (4.11)

I =aJ — % = %,exp ( >[Ix0(a z/2) + K,(a'z/2)]. (4.12)

Differentiation of I and J, together with recurrence relations for the modified Bessel
functions of the second kind, permits one to evaluate all the real integrals that will
arise in connection with q4 for small y.

TFor supersonic flow for > 0 integration of integral I, around the contour shown
in Fig. 3 gives

@ _ 1/2 _ 1/2
—drl, = 2[ (Z — Z) cos [a ly] (Z — Z) ] exp (—vx) da. (4.13)

Lettingy = @ — @, noting @ — b = 3/4, expanding for small y, and invoking Eq. (4.10):

I, = %{exp [%2—2”]} {K (383”) - KO(%>} +0@) M>1, z>0. (4.14)

For supersonic flow for z < 0

—4al, = 2 f__:l (::IZ')me“ =1 [cosa ly| (D;L_lbl)m] da. (4.15)

a

Letting ¢ = —a — |b], noting @ + [b] = 3/4, expanding for small y, and invoking Eq.
(4.12)

e o [ ) 2D 4 S o e,
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Similarly for M > 1,z > 0

© 1/2
12 — Sg2111ry —az ‘/(; e "% sin [(T;*_T?’i) (T + a) ]yl] dr. (4.17)

For small y

B e, Y

1 4 3z 1 3z 3
+ (- g)0l®) + 5w} 0w e
Finally, for M > 1,2 < 0

® 1/2
I, = sg)r;y — 161 12l fo e~ 1% sin [(a + Ibl)(a :‘l" %) [y]] do. (4.19)

For small y

Lo 1% {exp [3(28M2 , ‘]} {(6 = M32M2) K0(3 gcl)

- [K<%l)] [4M2 + |x|:| + gK(gsﬁ)} (4.20

Addition of the four contributions to the velocity field for compressible viscous flow
past a singular flat plate yields for all y for M > 1

:/2

¢z, y) = —L(=z, y) — [Ko(r/2)+ Kl(r/2):| (4.21)

0.z, y) = —IL(z,y) — K (r/2). (4.22)
Explicit use will be made of the result

g.(z,0) = —I,(z,0) —

[KO(J? ) + Gen :c)K1<J—l)] (4.23)
where

Lz, 0) = %{exp [@%\'{%2—”}} {—K(%x) + K0<3§x)} x>0,

L {exp [3(2 ) Iz ]} {Kl(ysﬂ> + K0<?ig—xl)} z <0.

Recalling asymptotic forms, one finds that asz | 0 or z T 0 for M > 1 from Eqs. (4.23)
and (4.24) (y. = Euler’s constant = 0.57721 . . .):

0r,0 = 1,0 = - Ty o -0+ 5(M ) 4 amd]) @

(4.24)

This is, of course, functionally the same source-like form as found for the incompressible
case [10]

@@ 0) = ~L.@,0) = 4%,{111%[ + b - 11}— (4.26)
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Fory = 0,z > « from Egs. (4.23) and (4.24)
¢.(z, 0) = —T.(z, 0) ~ —(4mz)”"" (4.27)
as in the incompressible case. (The compressible correction contained in I, is expo-
nentially small as x — o for all finite supersonic Mach numbers.) Fory = 0,z > — o,
forM > 1
_ Nexp(—lxﬁ_( 3 ) [ﬁ(l—M"’) ]
2.(x,0) = —T.(z, 0) ar [o[7 6r z) P la\ a7 | (4.28)

7 |z

The compressible correction dies off less rapidly upstream than the incompressible
portion for all finite Mach numbers exceeding unity, but the decay is still exponential.
5. Extension to a finite flat plate with slip. Supcrposition permits extension of the
singular flat plate to a plate of finite length positioned at zero angle of attack to the
freestream (say, of dimensional length 2a*, with midchord at the origin). If the boundary
condition for slip is taken in the usual linear form [14], [15], then on the plate

dg.(x, 0)
ox

1+ eq.(x, 0) = Xe , |z] < Re = (5.1)

*
(u%/p%q2)
where )\, the dimensionless slip parameter, is [I<n (2 — ¢)/¢]. Here Kn is the Knudsen
number (the ratio of the molecular mean free path to the typical diffusive length char-
acterizing the flow) and o is the Maxwell reflection coefficient for the plate surface.
Since ¢ = 1 for a perfectly diffuse surface, and many surfaces behave nearly so, often
A = Kn. The linear slip relation, once thought to hold for small slip only, now is com-
monly adopted for all magnitudes of slip. As A — 0 (no slip), the inadequacy of the
linearization becomes apparent because the small perturbation must cancel the free-
streaming. Therefore, the linearization is formally extended to e = 1; such an approxi-
mation is inherent in all linearized studies of flows past bodies in which inertia terms
must be retained (cf. Inskog’s procedure for the Boltzmann equation according to
Chapman and Cowling [16]).

Since the two-dimensional force distribution

X.(z, y) = g@H®Re — |z|) 8(y) (5.2)

for a plate lying on ¥ = 0, |x| < Re and since T.(z, y) was given for a negative point
source, the slip boundary condition may be rewritten as

L+ [T 0® & = <3 e@, el < Re. 5.3)

This linear inhomogeneous Fredholm integral equation of the second kind with dis-
placement kernel [17] was derived on the basis that the force associated with a flat
plate at zero angle of attack is all due to the shear on the plate; the factor (1/2) arises
because the force g(z) is the shear acting on both sides of the flat plate, top and bottom.
The above integral equation was apparently first stated for incompressible slip flow
by Laurmann [14]; here the proper kernel I'.(z, 0) for compressible supersonic slip
flow has been explicitly given. The slip velocity along the plate is given directly by
the right-hand side of the equation, —Ag(x)/2. Finally, it is noted that one can associate
a homogeneous integral ecquation with the inhomogeneous one by letting

[Cotre-coroa= -3, =1/ wa 6o
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For A — o (perfect slip), g — 0; for A >> 1 iteration will converge to the solution,
as described below. This parametric limit has the features of a regular perturbation
expansion. For the opposite limit A = 0 linearized theory is known to give a square-
root singularity for the shear; yet for any finite A, no matter how small, linearized theory
should give a finite shear at the leading and trailing edges on physical grounds. For
0 < X < 1 one anticipates that g(z; N = 0) is substantially modified only for z ~ +Re.
Such boundary-layer behavior suggests that the limit A — 0 is singular.

6. Approximate solution for a long flat plate with slip. 1"'rom Eqs. (4.26) and (4.27) ¢,
vanishes exponentially rapidly for x << 0 for a source at the origin, but decays only as
the inverse square-root of the distance from the source for z >> 0. For a long flat plate
lyingony = 0,0 < z < Re where Re >> 1 the kernel is approximated [4]

—P,(CE, 0) = ‘1:(33, 0) A NI/2 H(QI) (61)

(4)

The error incurred by the inaccurate representation near £ = 0 might seem indeter-
minate, but the results will reveal the nature of the approximation. Use of this kernel
in Eq. (5.3) yields a Poisson integral equation:

g(é)
1 + (4 )1/2f (

For A = 0 (no slip) one recovers the Abel integral [17] equation formulated and solved
in [4]. The absence of the plate length Re or of the Mach number M is to be noted.
Kinetic theory suggests that M = O(\). Application of the Laplace transform yields:

mdi = —3gl), 0<z<Re 6.2)

1 c+im esz
o0 =~ [ ey (©.3)
or
gx) = —< e’/“ erfc (x'%/)). (6.4)

This is the same result given by Mirels [18] and later by Bell [19] by treating the lin-
earized partial differential equations governing compressible viscous flow past a semi-
infinite flat plate in the boundary-layer approximation (retention of diffusion normal
to the plate only). The kernel approximation is apparently equivalent to the boundary-
layer approximation. Asymptotic forms of (6.4) are (the small z result is of particularly
dubious validity since changes over distances shorter than a mean free path are being
described):

2 2 z'?
glx) ~ —=< [1 + ( — 7r—1/§>x + O(z ):| , T-—> 0. (6.5)
[The shear (—g) increases away from the leading edge if .94 > \.]
-2 1/2
g(fv)"’(”—x)x—/é[ —%+0< >:| %—»m. (6.6)

If D* is the drag per unit span, then the nondimensional force on the plate in the
direction of the freestream (the drag coefficient) is
D* 1 [
pXqXa* ~ "Re o

Cp = g(x) dz. 6.7)
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Equations (6.4) and (6.7) give

1/2
Cr = 5o { exp (Re/A) erfe (Re2/) — R—?,~} 6.8)
e A
Asymptotic forms are
277 (= Re)'? 2 Re'” ’ ' :
9
Co~5+00), Ao, (6.10)

Laurmann [14] studied steady linearized viscous incompressible flow past a semi-
infinite flat plate with slip via the Wiener-Hopf technique. He solved Eq. (5.3) with
modified integral limits and a kernel composed of —[g,,.(z, 0) + g..(z, 0) + ¢;.(z, 0)].
He found for x — «, in contrast to (6.6),

g(z) ~ —ﬁ{ 1+ [ (2) _ 0.04] _ % + } 6.11)

For any finite slip, Laurmann finds that far from the leading edge the full linearized
equation gives a different shear from that predicted on the basis of the boundary layer
approximation; in fact, for all  >> 1 obeying x > 2 exp [0.04 + )], Laurmann states
that the presence of slip increases the magnitude of the shear at the plate.

The question of what the correct results are for an Oseen model of slip flow past
a long flat plate is academic (except possibly for finding higher-order corrections) f
the Oseen model is not a reasonable approximation to the full nonlinear Navier-Stokes
equations. Murray [20] studied the steady viscous incompressible flow past a semi-
infinite flat plate at zero angle of attack under the usual linear slip relation. Using the
full nonlinear equations, Murray found for (z'/*/)\) > 1

1.32824 N A
g(x) ~ T [1 + v ;1 ( 1/2) + v = + ] (6.12)

Because »" and 7’ remain undetermined constants, Murray states that his results (which
are different from those obtained from use of the Oseen equations) are tentative: the
validity of his conclusions depend on what solution is eventually found to hold closer
to the leading edge. However, even if Eq. (6.12) is valid, one should not conclude that
the use of the Oseen equations is not appropriate for a study of slip phenomena. Since
slip is of diminishing importance as z increases, and the linear model is particularly
suspect near the plate when slip is vanishingly small, discrepancies between the linear
(Oseen) model and the nonlinear equations are not surprising far from the leading
edge. Where slip is appreciable, the Oseen equations may very well be valid approxi-
mations.

7. Approximate solution for a short flat plate with moderate slip. TFor a short flat
plate lying on y = 0, —Re < z < Re where Re < 1, Eqs. (4.25), (4.26), and (5.3) show

1+ f_; (@+ BIn |z —ENg®) dt = —;3 g@), |z £ Re 7.1)

where
M=0:a=—(y1 —1—1n4)/4r, 8 = —1/4nr, (7.2)
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M>1:a=—[Ty; — 4+ 30" — 2)/M* + 31n(3/4) — 7n4]/167, 8 = —7/16m. (7.3)

The solution of Eq. (7.1) is known to be even in z so similar behavior is anticipated
at the leading and trailing edges of the short plate.
For A = 0 solution of (7.1) was given by Carleman [11] and others:

- -1 1
90 = ¥ A In ®e/2)] Re — )7

Eq. (7.4) was given first by Bairstow, Cave, and Lenz [4] by a different approach. Despite
the singularities in the shear at the plate extremities, the drag is clearly finite:

(7.4)

1 1
Cr = ~3Re f_R., 9(0) dz = 5 B (Re/2)] Re' (7.5)

Finite slip involves treating the inhomogeneous linear Fredholm equation of the
second kind with symmetric displacement kernel of logarithmic type, Eq. (7.1). For
large enough slip approximate solution is achieved by Picard iteration (or, equivalently,
regular perturbation in descending power of ). If p(z) = Mg(x)/2

Re
“pe@ = 1+ [ @t Bl — eDp de (7.6
where ¢’ = 2/X and po(x) = —1 by choice. Since
Re
[ @tpmle—g)a <, a cons. .7
—Re

the successive approximations p,(z) converge to the unique solution provided [17]
Re Re 1/2
,L{f dxf @48 — gn?dg} <1 (7.8)
—Re —Re

or
u Re 2% (20" — 6a8 + 78° + 28 2 — 38) In (2 Re) + 26°In [(2Re)]’}* < 1. (7.9)

Substitution of a and g8 reveals that Eq. (7.9) is satisfied for A > O(1) for all M. Since
M = O()\), only the supersonic values of @ and 8 may be justifiably used. But even
then the results of iteration are of uncertain validity because (Re/\) ~ [(plate length)/
(mean free path)] < O(1). That is, continuum theory is being used to describe changes
occurring over a fraction of a mean free path. Nevertheless, it is interesting to proceed
purely formally. Iteration shows that the presence of slip leads to a finite shear at the
plate ends:

—g(@) >~ —g:(x) = ¢’ + #* {2Re (« — B) + Bl(z + Re) In (z + Re)

+ (Re — z) In Re — 2)]}, (7.10)
Co= = [ o)t = %{1 ~ 22100 — 35 + 281 (2 Re)]}~ (7.11)

The lowest-order result in Eq. (7.10) is invariant with Mach number and plate
length and has been given by Laurmann [2]. The lowest-order invariance recalls the
leading term in Eq. (6.5). A possible physical interpretation of the constant shear to
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lowest order is that no freestream molecule intersecting the flat plate has first undergone
a collision with a molecule that has already collided with the plate.

The full expression of (7.10) gives —¢g even about its maximum, which occurs at
midchord (x = 0); the magnitude of the difference between maximum and minimum
values of g is 2 In 2 |8] u’* Re. For Re < 1 [Eq. (7.9) holds only for Re < 1], decreasing
the slip coefficient \ increases the shear (—g¢) and thus the drag Cp, .

Numerical evaluation of Eq. (7.10) for Re = .2 with A = 1 or 5 is given in Fig. 4
for several Mach numbers. Since A = O(M), the M = 0 results are given merely for
contrast. All cases plotted satisfy Eq. (7.9). Monte-Carlo simulation on a digital com-
puter of colliding molecules in a supersonic rarefied gas flowing past a flat plate at zero
angle of attack is being conducted at TRW Systems by G. Bird, G. Broadwell, and
F. Vogenitz and will be reported in the near future. These calculations show the shear
gradually increasing to a midchord peak before decreasing (like the shear distribution
shown in Fig. 4) for cases of Maxwellian (‘“‘soft’””) molecules or plate lengths not very
much greater than the mean free path. Furthermore, the caleulations give the magnitude
of the shear coefficient (—g) to be 0(107"). Since the Monte Carlo calculations are
probably on a firm basis and the present continuum model is not, the similarities may
be fortuitous.

The criterion (7.8) is not fulfilled for small enough X for a fixed Re, and attention
is now turned to this case.

8. Approximate solution for the shear at the leading edge of a short flat plate with
small slip. The Oscen model is less accurate for the slight slip limit than for the moderate

Re = 0.2 ALL CASES

3.0~
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s L M=4
A0 \
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420 — S ——

410 —

| | 1 J
Y .05 .10 .15 .20
x

F1g. 4. The shear distribution predicted by Eq. (7.10).
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slip case just treated. Nevertheless, the singular small-slip limit retains some physical
(as well as appreciable mathematical) interest. Because M = 0, « and 8 should be
restricted to their M = 0 values in this section.

To solve Eq. (7.1) for A < 1, one may consider

% Re

4+ . Ko[B* |z — ]]g(t) dt = —N\*g(2) 8.1)

where A, 8*, and A* are constants to be determined. Since Re < 1, the kernel may be
expanded to give

A A\*
Qs* Qs+ ¢

where @ is another constant. Equations (7.1) and (8.2) are equivalent if
A = QB* \* = QB*\/2,QnB = —1, aQr = In (2/8%) — 7.
Letting h(t) = ¢g(t)/A, T = (t/Re) + 1,z = (z/Re) + 1, and 8/ = Re g%,

+ 5 f n 2/8%) —vi — Infe — dllg() dt =~ —2c g®)  (8.2)

1+ ﬂ;, f2 Ko8' |z — T|IH(T) dT = —\*H(2) 8.3

where h[Re (T — 1)] — H(T). It is recalled that for A* = 0, if the kernel is expanded
as in Eq. (8.2), one obtains [cf. Eq. (7.4)]

H@) = (b + In 8/91 7 [2(2 — 217 (8.4)

Substituting Eq. (8.4) in Eq. (8.3) shows that, for A* — 0, Eq. (8.4) is inadequate near
z = 0and z = 2 only.
An equation that is tractable by the Wiener-Hopf technique [11] is

1+ %’ [ K8’ o — TDH(T) dT = —\*H(). 8.5)

This equation recovers the behavior of (8.4) as z | 0 to within a multiplicative factor
for A* = 0 (demonstrated below), and it should be a good approximation to Eq. (8.3)
for z | 0 for \* <« 1.

If one defines H(z) = 0 for z < 0, defines g(z) = —1 for z > 0 and ¢(z) = 0 for
z < 0, and introduces p(z) where p(z) = 0 for z > 0, then Eq. (8.5) may be written

%/ f: Ko’ |e — TDH(T) dT = (@) + p(@) — NH(). 8.6)

The Fourier transform and inversion is here defined:

© ©

. 1 .
0© = [ ew(-i@ &, 0= [ ewee®aE 6D
Fourier transformation of Eq. (8.6) under convolution is

¢+ )" + B+ N + &)
- ¢ — )-

where the plus subscript denotes a function analytic in the upper-half ¢ plane and the

negative subscript, a function analytic in the lower-half plane. Since 8’ + \*(8’* + £°)'/?

H®- = ¢+ B)°p®. (8.8
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has branch points at £ = 478’ and no other singularities, a strip of common analyticity
lying in —¢8’ < Im (¢¥) < O is anticipated. Eq. (8.8) is rewritten

)" | BP N+, o [(s + )" — <z'ﬂ'>“2]
it + (3,3 _ 2«6/)1_/2 H_ = (f + 18 )+P+ it . =F,

8.9)

E is an entire function. Since H(z — 0, \* = 0) ~ 2z™"*and H(z — 0, \* < 1) is bounded,

one anticipates I/ = 0.
For \* = 0, inversion immediately gives [12, p. 57, pair 549]

H(z) = —{(x8'2)7"" exp (—8'2) + erf (8'2)"*}. (8.10)

Comparing Egs. (8.4) and (8.10) shows that for z — 0 shear on a short plate exceeds
that on a long plate; the freestreaming past a semi-infinite flat plate must be faster
for the leading-edge shear to be raised to the short-flat-plate level. The behavior of
(8.10) at large z is of less interest.

Tor \* # 0, if £ = ¢/B/, standard splitting techniques [11] yield

1 (e
’ exp [——* R(z). dx]
K@) = 14 06" + D7 = 108 = [ e SRt
+

= [ " S@). dx]

Itk = (1 — N2\,

RE). = ¢ — k)—‘{(”/ kil + €+ D] _ @/ kil O 4 k)}
by o@D A+ @D @/ 4 i (T — Ic)} |
+ (E + k) { ﬂ_(glz =+ 1)1/2 7|-/)\* ,
b2} —.Il ’ 12 £\1/2 - . -1
SE)- = ¢ - k)“{“/ e )}
" (8.13)
poy-d@/2) —dn B+ @ 4+ DY) @/2) —iln 7 — lc)}
+E ey n@ + D /N :
Since Eq. (8.11) states (1 4+ \*) M(0)- = L(0). , Eq. (8.9) is formally rewritten
@81 n B'H(E)_

(€ — 96)2"ME/B)-

_ 4+ B)pE. {_1 [(E +8)" (77,3')1/2]}
— LE/B)- L Les). —LoLf, =0 619

(1 + M)[M(0)]-2&-

Fourier inversion gives
—1 " oxp (i) o 1
2 (1 + N9 (@) f_w £ € — )" {GXP [2—}\; fo S_(z) dx]} dg. (8.15)

H(z — 0) is found by evaluating the integral (8.15) as ¢ — « [11]. The argument of the
exponential involves the sum of three integrals, conveniently taken (without any
approximations) as

H() =
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I - —Kf:""{@l—k) [——zln(k+>\* >]

™

+ @&+ k) l:- —iln 7 — k)]} dgl,  (8.16)
r l ” r o “ ’ ’2 =121t __ =1 ’ -1
IL=3 (./; dé; fw' d$1>{(51 + D7VE - BT+ G+ R (8.17)

/_,_2. “ r ” ’ A ’ ~17/12 -1/2
I = w(fo dt] fsm'dEl){[(& B+ @+ B)TE + 1)

‘In [ 4+ G+ DV (8.18)

These integrals are now evaluated for £/ > k> 1.
The definition of the logarithm involved in the evaluation of I} is implicit in the
path shown in Fig. 5:

Il =\ {=27"In@¢* — k) — 2Ink — in]
+ir'In@ —k) —Ink —ir]In (k + ")
+ i In @ + k) — Ink] In 0*7" — k)}. (8.19)
For¢ > 1
I~ N\{—In¢ +Ink + ix/2) +In (& + N + 0¢ ™). (8.20)

The semi-infinite integral in I} is standard; the other integral is negligible for current
calculation:

I = O\/2) {In[k(1 — BA9)/(1 — M)] + In[k(L 4+ kA%)/(1 — 3] — ix} + 0@ ™). (8.21)

TFor I} one lets £ = sinh ¢ in the semi-infinite integral:

, 1. ® ¢sinhe ln(E) -1
Il = —x z{2 fo e+ 2 4 og )} (8.22)

Twice the semi-infinite integral is the full-infinite integral, a multiple of which is given
by contour integration (see Fig. 6 for the path):

(¢ — @r)zsinh_a' o ® zsinhz I .
. smif o — K2 do = —2m1 IS p— dz = 2mt ; (residues); .  (8.23)
If sinh » = k, then the enclosed singularities are simple polesatz = —randx = v 4 7=.

Thus
I = =272 — M In {[1+ 1 — M)°)/0 — 207%[(In &)/&] + 0. (8.24)

&'PLANE

Py »

-k k \'

Fic. 5. Path of contour integral defined by I7.



52 F. E. FENDELL [Vol. XXVIII, No. 1

TF1c. 6. The contour C for the integral of Eq. (8.23). The path is taken below the singularity at —r to
preserve the evenness of the integral.

Substitution of Eqs. (8.20), (8.21), and (8.24) in Eq. (8.15) yields for 0 < M K 1

HE) ~ =bom [ € = i) op lige — a8/ (n/miiel ds. (5.29)
Recalling that for z — 0 the exponential is expanded for large &:

. ® ot e
H(z) ~ M% { f_ &7 oxp (i) dz — % f _E7(n g exp (i) dg}~ (8.26)
To evaluate the first integral one recalls H(z) = 0 forz < 0:

’

H@) ~ —X%z + '271_—2;2375 {z f v ?Invexp (@) dv —zlnz f »™* exp (i) dv}- (8.27)

The first integral in brackets yields a constant related to Euler’s constant and the
second gives by integration by parts

HiEz—0) ~ =\ L g2\ 2Inz + 0(2) 1> N>z 2> 0. (8.28)

The singularitics at £ = 0, 18" give H(z — ) [11] [see Iq. (8.15)]; again, A* — 0
is studied. The exponential factor of the integrand is unity at ¢ = 0 and goes
as 1 — « '\* In \* + O(\*) at £ = 48. IFrom Eq. (8.13)

H(z— o) ~ — {1 4+ 2772 (82) 72 [exp (—8'2)] [1 — = 'A* In A*]}.  (8.29)

If \* = 0, Eq. (8.29) recovers the asymptotic behavior described by Eq. (8.10).

Numerical evaluation of Eq. (8.15) [probably for z = O(\*)] would characterize
more precisely those 2 for which the slip correction merges with the no-slip result, Eq.
(8.4). Without such calculations the small correction (owing to slip) of the drag implied
by Eq. (8.4) cannot be precisely stated.

Fig. 7 compares the shear coefficient distribution ¢, along the flat plate [-H =
(c;/24) where A is defined below Eq. (8.2)] according to the classical no-slip Carleman
formula for a short plate [Eq. (8.4)] and the model for a semi-infinite plate without
slip [Eq. (8.10)]. Fig. 8 gives, for the semi-infinite plate model Eq. (8.5), the shear co-
efficient expression accounting for slight slip proposed for the leading edge [Eq. (8.28)];
the formal shear-with-slip expression obtained for distances far from the leading edge
[Eq. (8.29)]; and the no-slip expression for the model [Eq. (8.10)]. The asymptotic forms
are, of course, extrapolated beyond their domains of spatial validity in Fig. 8.

The increase of shear with z for small z when slip is included is noteworthy. The Monte
Carlo simulation of Bird, Broadwell, and Vogenitz does give a rapid increase to a peak
in the shear, then a gradual decrease along a long plate at hypersonic Mach number.
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Because the current nonmonotonic-shear results hold in the opposite limit M — 0
and are carried out for too short a plate for continuum theory to be demonstrably valid,
the similarity may be fortuitous. Relevant experimental results for the leading-edge
shear are not known to the author.

9. Extension to order-unity Prandtl number ; thermal slip. Wu [6] has relaxed the
condition Pr — « and has treated Eqs. (2.5)-(2.7) for planar two-dimensional flows
for Pr = 3/4y. For both large and small Reynolds numbers he found no cross-coupling
exists to lowest order in the fundamental solutions for point sources of heat and mo-
mentum. That is, because dissipation is neglected in the energy equation, a momentum
source leads to a velocity response but no thermal response, and a heat source leads
to a thermal response but not velocity response. Thus, the results derived here for
Pr — o for Re >> 1 and Re « 1 also hold for Pr = 3/4y.

These results imply that the formulation for thermal slip according to the Maxwell-
Smoluchowski formula leads to integral equations for Re 3> 1 and Re < 1 just like
those posed for the velocity slip [6]. Specifically

aT' (=, O)I 0.1

1+ 'z, 0) = 1 + 8, + ,Bgel

along the plate where 6, is the temperature of the plate and 8, = [2v(y + 1)] [(2 — a)/a]
(Kn/Pr) where o is the thermal accommodation coefficient (.01 < a < 1). Roughly
B2 =~ Kn/a for many gas-surface interactions. For a short flat plate

+2/@ = [ sl -ty@dE kISR 09

where for M = 0, &, = —(3/8my) [log (3/16) + v.] and B, = —3/8wy. For a long flat
plate

f(x) = f @ 1O d)él/z 9.3

where a, = (3/7)"*(4y)™". Here f(z) is the thermal gradient normal to the plate; it
gives the heat transfer to the plate. Expressed nondimensionally, this quantity is the
Nusselt number.

8l
EQ(8.4), SCALED TO APPROACH EG(8.10) AS z —0 /
EQ(8.10)

F1c. 7. The shear coefficient distribution along the flat plate (M = 0, Re = 0.1, and A = 0.1).
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