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1. Introduction. The purpose of this paper is to study the behavior as t — = of
solutions of a system of two nonlinear equations of the form

£) = 10 — [ @t~ 906, @) ds — [ axlt, g, 7:6) ds,
° ° (1.1)

20 = 10 = [ @t — 906, 20D ds = [ anlt ~ e, 2.6 ds

where f,(f) and f.(f) are asymptotically almost periodic and both g¢,(¢, ) and g¢,(¢, z)
are almost periodic in ¢ uniformly for z on compact sets. We seek conditions which
guarantee that the solutions z,(¢) and z,(¢) of (1.1) exist for all ¢ = 0 and are asymp-
totically almost periodic.

System (1.1) arises in a natural way from the partial differential equation

U = U, t>00<z<I) (1.2)
with initial conditions
u(0, 2) = F(x) 0<z< L) (L.3)
and nonlinear boundary conditions of the form
u.(t, 0) = (¢, u(t, 0)), w.(t, L) = —g(, u(t, 0)), (14)

for all t > 0. Indeed, if 4,(t) = u.({, 0) and A,(¥) = u.(t, L) are assumed to be known
functions and if 4, ¢ C[0, ) M C'(0, =) with A;(f) absolutely continuous in a neigh-
borhood of ¢ = 0, then well-known elementary methods imply that

u(t,z) = Fo/2 + i F, exp (— (nw/L)’t) cos (nwz/L)

— L! f‘ {1 + 2 i exp { —(nr/L)*(t — s)} cos (mrx/L)} A (s) ds

n=1

+ L™ f‘ {1 + 2 i (=1 exp | —(nx/L)*(t — s)} cos (mrx/L)} A,(s) ds
0 n=1 (1.5)
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where
L
F. = (2/L) f F@) cos rz/L) dz (= 0,1,2, ---) (1.6)
0

is the sequence of Fourier cosine coefficients of F. Setting z = 0 and then z = L in (1.5)
and using (1.4), one obtains the integral equations

w(t, 0) = Fo/2 + 3. F. exp | —(nr/L)t)

t

- L™ {1 + 2 i exp { —(nr/L)'(t — s)}g.(s, u(s, 0)) ds

[

- L™ j: {1 + 2 i (—D" exp {—mw/L)’(t — 8)}ga(s, u(s, L)) ds, (1.72)

and

u(t, 1) = Fof2 + 3 Fu(—1)" exp {— (un/LP4)
—r [ 2 £ ew -/ - 91 o, 76 d

- L™ f {1 + 2 > exp {—(nw/L)*(t — s)}}gz(s, 2,(s)) ds. (1.7b)
0 n+1

Eqs. (1.7) clearly have the form (1.1) with z,(f) = u(t, 0) and z,(f) = w({, L). On the

other hand, if u(¢, 0) and u({, I.) are the known unique solutions of (1.7), then u(¢, z) may

be obtained using (1.4) and then (1.5). This formal equivalence of (1.2)-(1.4) and (1.7)

will be made precise in Sec. 11 below.

Egs. (1.2)-(1.4) and also our assumption of almost periodicity may be physically
motivated using C. C. Lin’s theory of superfluidity of helium, cf. [1]. In three-dimensional
space with coordinates (z, y, 2) let the planes ¢ = 0 and z = L represent two infinite
plates. Suppose the region 0 < z < L between these plates is filled with liquid helium
initially at rest. If the boundary plates = 0 and = L are both given signosoid oscilla-
tions in the y-direction, then a one-dimensional flow will be set up in the liquid. Let
u(t, z) be the velocity profile at time ¢ > 0 of any point (z, y, 2z) with first coordinate z.
Then u(¢, z) satisfies (1.2) and (1.3), F(z) = 0. Lin’s theory implies boundary conditions
of the form (1.4); indeed

g:(t, w) = B(u — C sin (k;t))® (1.8)

for i = 1,2 where B and C are positive constants. For this problem we prove the following:

THEOREM 1. Suppose F ¢ C*|0, L]. Let g.(t, u) be given by (1.8) where B > 0, C 5~ 0
and k; ¢ 0. Then (1.7) has unique continuous solutions z,(t) = u(t, 0) and z,(t) = u(t, L)
defined for all t = 0. Moreover, there exist two almost periodic functions X ,(t) with Fourier
sertes of the form

X () ~ 5 Xom exp ((mk, + nk)) (1.9)

m,n=—w



A NONLINEAR VOLTERRA SYSTEM 555
such that
lim {z.() — X:()} =0 as t— .

This result follows as a special case of more general theorems which will be proved
below. These more general theorems concern a two-dimensional system of the form

2) = 00 — [ 4G~ 966, =) ds, ®
where A (t) is a matrix of the form

AQ) — {alw a(t)
a(t) @)

In Sec. 3 we use the special form of A(f) to show that system (E) may be transformed
into an equivalent system of the form

v = | "Ru(t — 9{y(s) — Culs, y(©)) ds (Ex)

where Ry(f) is a positive definite, diagonal matrix of class L'(0, «). Subsequent work
deals with equations of the form (Ey) rather than directly with (E).

Sec. 4 contains results concerning the global existence and boundedness of solutions
of (Ex). In Sec. 5 we study the existence and uniqueness of almost periodic solutions
of a related equation of the form

Y() = f ; Ryt — 8)1 Y(s) — Gu(s, Y(s))} ds. (1.10)

In the last section we show that the solutions y(¢) and Y (¢) of (Ey) and (1.10) are asymp-
totic, that is

lim {y(t) — Y({®)} =0 as t— o,

Transforming (Ey) back to (E) then yields Theorem 1 as a corollary. Sec. 6 also contains
results concerning the mean values of the solution z(¢) of (E). This information on mean
values is important in any study of the behavior of the nonlinear problem (1.2)-(1.4).

If L = + o and if the second boundary condition in (1.4) is dropped, then (1.2)-(1.4)
and (1.8) model the limiting case of a one-dimensional flow in a half space. This problem
has been studied by Levinson [2]. Some of Levinson’s results have been generalized in
papers of Friedman [3], [4] and Miller [5]. A similar problem involving heat flow has
been extensively studied by Mann and Wolf [6] and others [7], [8], [9]. The methods
used in this paper are extensions of the methods used in [5]. The main tools in our analysis
will be the “variation of constants’” equation (Ey) and invariance results similar to
those used in [5, Sec. V].

2. Equivalence of the problems. Let R’ denote real Euclidean two-dimensional
space of column vectors ¢ = col (2, , ;). Throughout the remainder of this paper the
norm |z| in R? will always mean |z[ = max {|z.] , |z:|}. Many of our results are explicitly
dependent on the use of this norm rather than some other equivalent norm.

Define

h() = Fo/2 + 3 Fuexp |—(ur/LVt), (2.12)
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and
1) = Fo/2 + 2 Fu(=1" oxp (— (ar/LY70 (2.1b)
where F, is defined by (1.6). Define
a,(t) == (1 + 2 il exp {—(m/L)’t})/L (2.2a)
a(t) =« (1 + 2 Zj; (—1)" exp {—(mr/L)’t})/L (2.2b)
and
(%) f2(t)

Let A(?) be the matrix

AQl) = a(t) ()| 2.4)
a() a(t) '
Then Eq. (1.7) has the form (E) where
Gt 7) = [g‘“’ up @.5)
gz(t; Z,)

THEOREM 2. Suppose u(l, r) is a function which satisfies the following conditions:
(1) u(t, z) is continuous on {0 £ t < «»,0 = z < L}.

(ii) u, and u.. exist and are continuous for all (¢, x) intheset {0 <t < »,0 < z < L}.

(i) u(¢, z) satisfies (1.2), (1.3) and also (1.4) in the sense that

lim u.(¢, 2) = ¢.(, u(t, 0))

z—0t
and
lim u,(t, I) = —g2(ty U(t, L))y (t > O)'
z—L~
(iv) The functions A,(t) = g(t, u(t, 0)) and A,({) = —g.(t, u(t, L)) are of class

C[0, ©) N C'(0, =) and are absolutely continuous in a neighborhood of t = 0.
If Fe C’0, L) and if g1 , ga € C* for all (t, =), then the functions
z:(t) = u(t, 0), z.(t) = u(t, L)
satisfy (1.1) for allt = 0.

Proof. Define functions a(z) = z°/2L, K(t, ) = a(z)A4,(t) — «(L — z)A,(f) and
o(t, ) = u(t, z) — K(t, ). Then

v = v = Qt, 7) = a@)A5(l) — oL — 2) A1) + {4:() — A,(D)}/L,
v,(1, 0) = v,(t, L) = 0,

and
v(0, ) = H(z) = F(z) — a(x)4.(00) + a(L — 2)4,(0).
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The functions H and @ are sufficiently smooth in order to solve uniquely for v(¢, z) in
the usual way (cf. [10, Theorems 1 and 2]). Therefore

u(t, z) = K(t, z) + v(¢, 2) (2.6)

= K(,z) + Hy/2 + Zw: H, exp {—(nr/L)’t} cos (nrz/L)

ne=1

+ [ fOL {L" + g exp | — (nr/L)*(t — )} cos (nwy/L)

- cos (n-zr:c/L)}Q(s, y) dy ds.

Here H, is the sequence of Fourier cosine coefficients of H. By the definition of a(z) it
follows that

a(r) = L/6 + 2 i (=1)"L*(nw)~* cos (nwx/L)
and

a(l — 2) = L/6 + 2 D L*nx)™* cos (nwz/L)
n=1
when 0 < z < L. Therefore, the definitions of K, @ and H together with integration by
parts suffice to put the above expression for u(¢, z) into the form (1.5). Since u(t, ) is
continuous, then setting ¢ = 0 and z = L in (1.5) yields (1.7). Q.E.D.

TaEOREM 3. Suppose (2.1)-(2.5) are true, F ¢ C*[0, 1] and the functions g,(¢, u) and
g2(t, u) are of class C* for all (t, w). If the solution x(t) of Eq. (E) exists for all t = 0, then
u(t, 0) = z,(t) and u(t, L) = xz,(t) are the boundary values of a function u(f, x) which
satisfies conditions (1)—(iv) of Theorem 2.

Proof. The conditions F ¢ C?[0, L] and (2.1) are sufficient to insure that f ¢ C[0, ) N
C'(0, =) and that ' is locally of class L' on 0 £ ¢t < . Since g, and g, € C*, then it
follows from results in [11] that z,(f) and z,(f) have these same smoothness properties,
that is 2(¢) € C[0, ©) N C'(0, «) and z’(t) ¢ L' near t = 0.

Define A,(t) = ¢:(t, z.(t)), A2(t) = —g2(t, z.()) and define u(t, z) by line (1.5).
Condition (i) of Theorem 2 can easily be verified directly using (1.5). Since 4,(f) and
A,(t) are smooth, the steps in the proof of Theorem 2 can be reversed to obtain (2.6).
Therefore, the results in [10] imply (ii), (1.2), (1.3) and the boundary conditions

limu,(t, 2) = A1), limw(t, 2) = 4,().

z—0 z—L

Setting 2 = 0 in (1.5) and using the present definitions of A, and A, it follows that
u(t, 0) = fi(t) — fo a(t — 9)gi(s, 2:(s)) ds — fo ax(t — 5)gs(s, z2(5)) ds.

(There is a similar formula for u(¢, L).) Comparing this with (1.1a) one sees that u(t, 0) =
z,(t) for all ¢ = 0. Similarly u(¢, L) = z,(f). Q.E.D.

3. Preliminary transformations. Given any matrix A(f) the resolvent R(t) of A(f) is
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defined to be the solution of the linear equation
t
R() = A() — f At — R() ds. 3.1)
o

If the entries of A (t) are locally of class L' on 0 < ¢t < « then it is known [12, Chapter IV]
that R(t) exists a.e., is locally L' on 0 < ¢t < , and R(f) also satisfies the equation

R() = A() — fo R(t — 5)A(s) ds (3.1%)

aeonl <t < .
Let @ denote the symmetric, unitary matrix

1 1]. 3.2)
1 —1

Q — 2—1/2

Then clearly @ diagonalizes any matrix of the form (2.4), that is QA (1)@ is diagonal.

Lemma 1. Suppose A(Y) is any matriz of the form (2.4) where a,(t) and a.(t) are
locally L' on 0 £ t < . For any N > 0 define.

Ay(t) = NQA@HQ

and let Ry(t) be the resolvent of Ayn(t). Then the following statements are true:
(1) Ax(t) = N diagonal (a,(t) + as(t), a,(t) — a:(t)).
(ii) Ry(t) = diagonal (\n(t), Aan(8)).
(iti) If a,(t) and a.(t) are defined by (2.2) then Xin(t) and hon(t) are positive and con-
tinuous on 0 < t < o« and

fx,,v(t)dz=1, f>\2~(t)dt<1.
0 0

Proof. The first two parts follow immediately from (3.2) and Eq. (3.1) for the
resolvent. Indeed, \x() is the resolvent of the scalar function W,(t) = N{a,(t) + a:(t)}
and Ay (t) is the resolvent of the function W,(f) = N{a,(t) — a.(t)}.

If (2.2) is true, then

W) = N{2+ 4 Y exp |{—mr/L)t}},

neven

W,(t) = Ni4 % exp {—(nr/L)*t}}.

These formulas show that W, and W, are nonconstant, locally integrable, and completely
monic on 0 < ¢ < o, thatis (=1)' (W) () > 0for0 <t < »,j=0,1,2, --- and
k = 1, 2. It follows from a theorem of Reuter [13] that \.y(¢) is completely monic on
0 < t < . The results in [5, Sec. II] immediately give the two integral estimates
in (ii). Q.E.D.

LemmMa 2. Suppose (E) satisfies (2.3)-(2.4), Q ts defined by (3.2) and both a,(f) and
a,(t) are functions which are locally L' on 0 £ t < . For any fired N > 0 let Ry be the
resolvent of the matriz valued function Ay(t) = NQA()Q. Then the transformation

y=Qlz — (O}  (orz = Qy+ i)
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may be used to transform (E) into the equivalent system

v = [ Rult = 91y — Gule, @) ds ®
where

Gyt y) = QG Qy + f())/N. 3.3)

Proof. Define 6(¢) = diagonal (3.(t), 84(t)) where 8,(f) is the Dirac delta function.
Let * denote the convolution operation. Then the resolvent equation ’

Ry(t) = Ax(t) — fot An(t — s)Ry(s) ds

may be written in the symbolic form
Ry = Ay — Ay * Ry,
or equivalently,
(6 —Rw)* (64 Ax) = 0. (3.4)

Eq. (E) has the form z = f — A * G(z). If y = Q(z — f) then (E) becomes

y=—QA)*GQy + f) = —N@QAQ) * (QGQy + f)/N) = —Ay* Gx(y).
Adding Ay * y to both sides of this equation yields

y+Avry =0+ Ay *ry = Ay*ly — Gy}

Applying 6 — Ry to both sides and using (3.4) one obtains

y=08*xy=00—Ry)* G+ Ax)*y = (6 — Ry) * Ay * {y — Gv(v)}

ory = Ry* {y — Gy(y)}. This is Eq. (Ey). The calculation is completely reversible so
that (Iy) also implies (E). Q.E.D.

4. Existence of bounded soluticns. Assume the functions f, G and 4 of Eq. (E)
satisfy the following conditions:

(A1) f, A and G satisfy (2.2)-(2.4).

(A2) {£ C[0, ©) and [(¢) is bounded on [0, «).

(A3) G, x) e C(R*) and G(t,0) = O forallt = 0.

(A4) There exist positive numbers N and K such that if |y| £ K then |y — Gy, )| =

K uniformly in ¢t & R'.

Note that more generally one could assume the existence of a vector-valued function
r(t) such that G(¢, r()) = 0 for all t = 0. (This is the situation in Theorem 1 above.)
However, the transformation X = r — r(¢) puts (E) in the form

X = 0 = r0) = [ AW~ 966, 76) + X(5) ds.

1f r(¢) is continuous and if |f({) — r(¢)| is bounded, then the new equation satisfies (A3).

TeEOREM 4. Suppose (Al)-(A4), (3.2) and (3.3) are all true. Then there exists a
solution z(t) of (E) such that |z(t)] = K for all t = 0.

Proof. LetC = C([0, =), R*) be the space of all continuous functions ¢ : [0, ©) — R?.
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Let C have the topology of uniform convergence on compact subsets of the interval
0 =t < . Define

S ={eeC:le®®)] = K forall ¢t = 0}.

For any ¢ ¢ S define

oo = [ "Rl — 9)lole) — Guls, ¢(s))} ds.

Clearly, M: S — C and M is completely continuous. Since the norm [z| = |(z, , 22)| is
defined by |z| = max {|z], |2}, then (A4), Lemma 1 parts (ii) and (iii) and the defini-
tions of S and M easily imply that [(M¢)(¢)| < K for all ¢ = 0. This means that Mpe S
if o € S. By the Schauder fixed point theorem the operator M has at least one fixed point
z(t). This fixed point solves (Ex) on 0 £ ¢t < « and thus also solves (E). Q.E.D.

It can be shown that if G is defined by (1.8) then (A4) is true. More generally assume:

(A4) G, 2, , z;) = col (g(t, z1), g(t, x,)) for all (¢, x, , ;) ¢ R’. Moreover, g(¢, 2)
is an odd, nondecreasing function of z and is bounded in ¢ ¢ R' uniformly for z
on compact subsets of R'.

LEmMa 3. Suppose G satisfies (A3) and (A4’). Let B = sup {[f(t)] : t = 0}. Then
for any M > /2B and for any & in the range 0 < & < B there exists N > 0 such that
(A4) is true with K = M + &.

Proof. Fix any such values of M and &. Pick N > 0 so large that 2 |g(¢, 2)] < N§&
uniformly in ¢ = 0 and |z| £ 5M. The map w = u — Gy(t, u) may be written in the form

Wy — = —{g(t, (w + w)/V2 + 1)) + 90, (u — w)/V2 + L)} /(V2N)  (4.1)
and

wy — uz = — {gt, (ws + )/ V2 + [(0)) — (¢, (s — w)/ V2 + £:())}/(V2N) (4.2)

forall¢: = 0.
If |[u| = max {|u], |us]} = M then for any ¢ one has
[y + ua)/V2 + Fi(®)], | — w)/V 2+ Fa(t)] £ V2M + M < 5M.

Thus (4.1) and the choice of N imply |w,| < |u,] + {68/V2 + 8/V2}/V2 £ M + &.
Similarly, |w,| < M + §&.

Now consider the region D = {ue R M < [u| £ M + &}. We must show that if
ue D then |w,|, |w)] < M + & Forj =1,2,3, ---, 8 define

S; = {(u, u) e R*: uy; + tu, = re*’ for some r > 0
and some 6 in (j — 1)(x/2) £ 0 £ jn/2}

and define D; = D N S, . Since g(¢, ) is an odd, nondecreasing function of r with
g(t, 0) = 0, then the map G(t, z, , z;) = col (g(¢, z,), g(¢, ,) maps each region S, into
itself. Also recall that Gy (¢, 2) = QG(t, Qz + f(t))/N.

If ue D, , then (3.2) implies that ¥ = Que D, . Since B < M/A/2 and |f(t)] < B,
then y = v + f(t) liesin S, , S, or Ss . Again Q maps S; = 8, , S = Ssand s — S,
so that
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Z = Qz = QG(t, Qu + f(1))/N = Gx(t, )

isin S, , S; or Ss . Finally, (4.1)-(4.2) show that Z = Gy(t, u) = w — u.

If Z = Gy(t,w) isin S, or S, , then the right-hand sides of (4.1) and (4.2) both lie in
the range (—§&, 0). Sinceue D, ,then M < u;, < M + &€and 0 £ u, < M + §&. There-
fore, w; = u; + 2, liesin therange 0 < M — 8§ < w; < M + & and w; = u; + 2, lies
in the range —8 < w, < M + &. Therefore, |w| < M + &.

Now suppose u ¢ D, and Z = Gy(t, u) £ S, . Since [f(f)] = B < M/V/2 one must
have M < u, S M + €and 0 < u, £ V2B < M in order that Z ¢ Ss . Therefore, the
right-hand side of (4.1) is in the range (—§, 0) and the right-hand side of (4.2) in the
range (0, 8). Thisand u; e D, meanthat ¥ — § < w; < M + and § < w, < V2B +
E§< M+ &

The analysis of the other seven regions S, , S;, - - , S;s follows in a similar manner.
The various maps involved in the analysis are illustrated in Fig. 1. Q.E.D.

CoroLLARY 1. Suppose (A1-3), (A4’), (3.2) and (3.3) are true. If G is sufficiently
smooth to tnsure the uniqueness of the solution z(t) of (E) then z(f) exists for all t = 0

\
2
U,

v=Qy




562 R. K. MILLER

and satisfies
Q{z(t) — f()}| = V2B (0=t < =)
where B = sup {|f()] :0 £t < o }.
Proof. By Lemma 3 and Theorem 4 above the solution z(f) satisfies
sup {|Q{z(t) — f(}|:t 20} = M + &

for each &8 > 0 and each ¥ > V/2B. Q.E.D.
5. Almost periodic solutions. The purpose of this section is to study the existence
and uniqueness of almost periodic solutions of equations of the form (1.10). First, we
give appropriate definitions and background information concerning almost periodic
functions. The first result in this section (Theorem 5) asserts that if Y'(f) is an almost
periodie solution of (1.10) for some fixed N, > 0 then it is also a solution of (1.10) for
all other N > 0. This result will be important since one value of N will be needed to prove
existence of almost periodic solutions of (1.10) and a second value of N will be needed
to obtain uniqueness and prove the asymptotic relationships between solutions of
(Ex) and (1.10).
The rest of the section is devoted to the existence and uniqueness of almost periodic
solutions of (1.10). Lemma 4 is an invariance theorem for bounded solutions of (1.10).
Lemma 5 asserts the uniqueness of bounded solutions of (1.10). The last result of the
section asserts that the unique bounded solution of (1.10) is almost periodic.
DEFINITION. A continuous function S(t, x) defined for all (t, ) ¢ R™*" is called almost
pertodic in t (uniformly for x on compact sets) if and only if given any sequence {t.} of real
numbers there exists a subsequence {{..} and a function S*(¢, ) such that
lim S(t + t. , x) = S*(¢, )
k—o
with convergence uniform in (t, z) for all te R' and z on compact subsets of R". In this case
we write Se AP.
The set of all functions S* which may be obtained in this way is called the closed hull of S,
written CH(S).
As general references on almost periodic functions see the books of Favard [14] and
Besicovitch [15] or the original papers of Bohr [16]. The results listed below are well-
known results in this field.
Given a function S(¢, ) which is almost periodic in ¢ uniformly for  on compact
sets define FM (S) to be the set of all almost periodic functions f(¢) with range in the same
space as S and satisfying the following condition:
If {t,} is any real sequence such that {S(¢ + ¢., z)} is a Cauchy sequence uni-
formly in t ¢ R' and z on compact subsets of R", then {f(¢ 4 ¢.)} is a Cauchy
sequence uniformly in ¢ ¢ R'.

The set FM(S) is called the function module of S.

Given S ¢ AP there exists a countable set of Fourier exponents {\,} C R' and a set
{S.(2)} of continuous nontrival functions such that S has Fourier series

S, 2) ~ 3 Su(@) exp (D).

If S is independent of z, then so are the functions S, . The module of S, written M (S),
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is the additive group of real numbers generated by the sequence {\,} of Fourier ex-
ponents. In other words M (S) is the smallest additive subgroup of R' containing the
set {N\.}. An almost periodic function f is in the function module FM(S) if and only if
the Fourier exponents of f are contained in the module M (S).

Let the functions f, 4 and G satisfy (A1)-(A4) and in addition some or all of the
following conditions:

(A5) There exist almost periodic functions p(f) and h,(¢, z) such that

lim {f() — p(®)} =0, lim {g,(¢{, 2) — hi(t, 1)} =0

with the last limit uniform in z on compact sets of R'.
(A6) For each t ¢ R' and for j = 1, 2 the function %;(¢, z) is nondecreasing in z.
(A7) The functions A,(f, z) and h,({, ) are locally Lipschitz continuous in z with
Lipschitz constants independent of ¢ e R'.
In Theorem 1 above g,(¢, z) = g.(¢, ) = hy(t, ) = ho(t, x) = Br’. Moreover, (2.1)
implies that

i) + Csin (kit) = Fo/2 + C sin (k;t)

as t = . Thus (A5)-(A7) are all true for this special case. Note that (A5) implies
that G(¢, z, , r,) has the special form (2.5).

Under the above assumptions the invariance theorem in [17, Theorem 1] implies
that the equation

v = [ Ralt = 9150 — Gute, v} ds (Ex)
has the limiting form

V(@) = [ Ryt = 91¥6) — Hyls, ¥(9)) ds 5.1)

where H(t, y) = H(t, y1, y2) = col (l(t, y1), ha(t, y2)) and
Hy(t, y) = QH(E, Qy + p()/N. (5.2)

Tueorem 5. Suppose (A1)-(A5), (3.2) and (5.2) are true. Suppose Y (f) 1s any
almost periodic solution of (5.1) for some fired N. If Y & FM(H, p) then Y is also a solution
of (5.1) for all other ralues of N > 0.

Proof. Pick any M > 0 with M £ N. Let Sy be the resolvent of NA(f) and Sy the
resolvent of M A (). Write (5.1) in the form

Yw=M0+wa—$W@—HmJ®N& (5.3)
where

hy = [ Rt = 91¥Q — Hyls, YE)) ds

- fQRN(s){Y(z —§) — Hy(t — s, Y(t — 8)} ds — 0

as t — . Let 8,({) be the Dirac delta function and let §(f) = diagonal (8.(t), 5.(t)).
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If * denotes convolution then (5.3) may be written in the form
' Y =h+ Ry*{Y — QHQY + p)/N}.

Since QRyQ = Sy = resolvent of NA({), then the transformation Z = QY puts the
equation in the form Z = Qh + Sy * {Z — H(Z 4+ p)/N},or (3 — Sy) * Z = Qh —
Sy * H(Z + p)/N. Applying (6 + NA) to both sides, one obtains '

Z =@+ NA)*Qh — A*H(Z + p) = (6 + NA) * Qh — (MA)* H(Z + p)/M.
Add (MA) * Z to both sides and apply (6 — Si):
=0 —8Su)* (8 +NA)*Qh + Sy *{Z — H(Z + p)/M}.
Letting Y = QZ, one obtains
Y =Q(6 — Su)* (8 + NA) *Qh + Ry * {Y — QH(Qy + p)/M}.
Note that
Qb — Su)* (8 + NAQ =Q{s6 — Sy + NA — (N/M)(MA — Su)}@Q
=84+ 10— N/MRSQ =8+ (1 — N/M)Ry .

Therefore Y = h + (1 — N/M)Ry*h + Ry * {Y — H,(Y)}. Writing this equation in
the usual form, one has

t t
Y(1) = h(t) + f (1 — N/M)Ry(t — s)h(s) ds + f Ryt — )Y (s) — Huls, Y(9))} ds
0 0
(5.4)
fort =z 0.

Let t, — o be an increasing sequence such that p(¢t + ¢,) — p(t) and H(t + t., y) —
H(t, y) asn — o, Since Y ¢ FM(H, p), then Y (¢t + t,) — Y({) as n — =. Note that
h(t) > 0ast— o and Ry e L'(0, ») implies that A(t) + (1 — N/M)Ry * k() - 0
as t — «. Replacing ¢ by t + ¢, in (5.4) yields

Yt+t)=ht+ t)+ (1 — N/MPRuy*h(t + t.)

+ | Bull = ){Y(s+ t) — Huls + ta, Yis + )} ds.

Taking the limit as n — « gives (5.1) with N replaced by M. Q.E.D.
We now turn to the existence-uniqueness problem. The following lemma will be
needed.

Lemma 4. Suppose (5.2), (A1)-(A3) (and A5) are true. Suppose (5.1) has a bounded
solution y(t) on — o < t < . Then given any sequence {t,} of real numbers there exists a
subsequence {t..}, a function (Hy)* ¢ CH(Hy) and a function y*(t) such that

Yt + tw) = y* (O,  Hy( + tw, y) = HYG y)

and

0 = [ Rt - 9ly® — Hi6, @) ds (= << @) (55)
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Proof. If {t,} contains a subsequence which tends to a finite limit point =, then the
result is trivial with y*(t) = y(t + 7) and H%(t, y) = Hx(t + 7, y). Therefore, assume
t, — == . Since p(t) and H({, y) are almost periodic in ¢, then there is a subsequence
(which we shall also index by n) and functions p* ¢ CH(p), H* ¢ CH(H) such that
p(t + &) — p*(t) and H(t + t., y) — H*({, y). Then

Hy(t+ta,y) = QHC + t., Qy + p( + t..))}/N — QH*(t, Qy + p*()/N = H}(, v).

Since y(¢) is bounded and H is almost periodic, then |y(t) — Hy(t, y(¢))| is bounded on
— o < t < o. The convolution of a function in L'(— , =) and a function of class
L?(— o, ») results in a bounded uniformly continuous function. Since y(t) solves (5.1),
then y(f) must be uniformly continuous. This in turn means that the sequence {y(t + ¢,)}
is a uniformly bounded, equicontinuous family of functions on each finite subinterval
of R'. By possibly taking a subsequence we may assume that y(¢t + ¢,) = y*({) asn — o
for some function y*. Replacing ¢t by t 4 ¢, in (5.1) one obtains

Wt ) = [ Rult = 9y + 1) — Hyls + 4, ylo + )] ds

taking the limit as n — « gives (5.5). Q.E.D.

LemMmA 5. Assume the hypotheses of Lemma 4. Assume (A6)—(A7) are also true. If
N > 0 1s sufficiently large, depending only on a bound for y(t) and the Lipschitz constant
of H, then y(t) is the unique bounded solution of (5.1).

Proof. Suppose there exist two distinct solutions y(f) and 2(f) of (5.1). Pick a
sequence £, such that

ly(ts) — 2(t)] = L = sup {ly(t) —2()| : —» <t < =}

By possibly taking a subsequence we may assume that y(t,) — 2({,) — u, a8 n — o
where u, is some point on the boundary of the square {u: |u| < L}. By possibly taking
another subsequence Lemma 8 insures that Hy(t + ¢, , y) — H%(, ), y@ + &) — y*(@)
and z(¢t + ¢,) — z*({) where H% ¢ CH(Hy) and y* and z* solve (5.5). Clearly H¥ satisfies
the same hypotheses as Hy . Moreover, u, = y*(0) — z*(0) = lim {y(t.) — 2(t.)} as
n — . Thus we have reduced the problem to the case where |[y(0) — 2(0)] = L =
sup {ly() —2()|: —= <t < =}.
The two components of b(¢f, y) = y — Hx(¢, y) have the form

bl(t) Y) =t — {hl(t! (y, + yz)/ \/2 + pl(t)) (5.7&)
+ ha(t, (0 — ¥2)/ V2 + pa(D)}/(V'2N)

and
bi(t, ¥) = va — {ha(t, @ + 1)/ V2 + pi() 5.7b)
— ha(ty (= ¥2)/ V2 + pa(D)}/(V2N).
Set u(t) = y(t) — z(¢) and define
m(®) = {(t, () + %:(0)/ V2 + p() — hi(t, @) + 2(8)/ V2 (5.80)
+ pa()n} (@ (t) + ua(9))/V2}7
if u,() + ua(t) = 0 and m,(f) = 0 if u,({) + us(t) = 0. Since u(f) is bounded and (A7)
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is true, then m,(¢) ¢ L™(— =, «). Moreover, m;({) = 0 by (A6). Similarly define
ma(t) = {ho(t, (1:(8) — y2(0)/ \/2 + p.(1) (5.8b)
= hy(t, () — 20)/ V2 + p(n} () — w(®)/V2)™
if u,(t) # ux(t) and m,(f) = 0 otherwise. Since u(t) = y(t) — 2(f), then (5.1), (56.7) and
(5.8) imply that

w® = [Nl = 9011 = ) + ma)/N o)

(5.92a)
+ {(mafs) — mu(s))/Njus(s)) ds
and
w(l) = f_ halt = ({9 — m6)/N (e 5.9
+ {1 — (m(s) + my(s))/Njus(s)) ds
for all ¢ in R". In system form (5.9) becomes
u(t) = ‘/:t Ry(t — s)(I — M(s)/N)u(s) ds 5.9)

where M (s) is the appropriate matrix.
Pick N > 0 so large that 0 < m,({), m.({) < N/3 a.e.on — <t < «. For any

fixed s the map 4 = (I — M(s)/N)u maps the square S = {u: |u,|, |us] £ L} into the
region
S = {u:|w, [us] £ Lmax {1 — 2m,(s)/N, 1 — 2my(s)}}.
Since 0 < 2m.(s)/N = 2/3 (by the choice of N), then S’ C S. Using the properties
of \.» obtained in Lemma 2, (5.6) and (5.9b) it follows that
h(l)] = f Now(t — )L ds = L f Mow(s) ds = Lo < ..
— 0

Letting t = 0 we see that |u,(0)| < L. Thercfore, u(t) is in the set
S() = {u: 'ull é L, IUQI é Lo}.

Since ¢ = (I — M(@s)/N) w maps S, strictly inside of the square 8, say
4] < BL (0 < B < 1), then for any ¢ line (5.9a) implies that

ol = [ ; Aw(t — )L d, = ( f T an(®) ds)mL) = 6L < L.

Therefore, |u,(0)| < Land |u,(0)] < Lwhich contradicts |u(0)| = max {|u,(0)], [u2(0)|} = L.
Q.E.D.

THEOREM 6. Suppose the hypotheses of Lemma 4 are true. Then y(t) e FM(H, p) so
that in particular y ¢ AP. Moreover, y(t) solves each equation (5.1) for all N > 0 and for
N sufficiently large is the unique bounded solution of (5.1).

Proof. Fix N > 0 and large. Let {t,} be any real sequence such that {p(t + ¢,)} and
{H(t + t., y)} are Cauchy sequences, p(t + t.) — p*(t) e CH(p) and H(t + t., y) —
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H*(t, y) e CH(H). It must be shown that {y(t + t,)} is a Cauchy sequence uniformly in
te R'. Suppose this is not true. Then there exists ¢ > 0, subsequences n, and m,, and a
sequence 7, such that n, > m, = k and |y(rx + tu) — y(re + tu)| = e Define

Te =7+ tw, S =1 + tor k=123, ---).
By possibly taking a subsequence of the ¥’s it follows that
H*t+ 7, y) > Hot,y), - p*(t + ) = po())
for some functions H, e CH(H*) and p, e CH(p*). Then p(t + T) = p(t + 7 + tu) —
Po(t) and _
Ht+ Tv,y) = Ht + 7 + ta) = Ho(t, v)
as k — o, Similarly p(t + Si) — po(t) and H(t + Si, y) — H.(, y).

By Lemma 4 there exists a subsequence (which will again be indexed by k) and fune-
tions y,(¢) and y.(¢) such that y(¢t + Si) — y.,(¢), y(¢ + T.) — y.(f) and

50 = [ Ralt = 9109 = H, w6 ds

forj = 1,2 and ¢t ¢ R'. Since
[4:(0) — 5.(0)| = lkim ly(Sy) — y(Tw| 2 &,

then y,(f) # y.(). But this violates the uniqueness asserted in Lemma 5. This contra-
diction shows that y ¢ FM(H, p). Theorem 5 shows that y solves (5.1) for all N > 0.
The uniqueness of y is Lemma 5. Q.E.D.

6. Proof of Theorem 1 and generalizations.
LemMA 6. Suppose (A1)-(AT7) and (3.2) ae true. Then for any N > 0 Eq. (5.1) has
at least one bounded solution. In particular, then (5.1) has a solution Y ¢ FM(H, p).

Proof. By Theorem 4 Eq. (E) has a bounded solution z(t). Since (E) is equivalent
to (Ex) for all N > 0, then each (Ey) has the same bounded solution. The results in [17]
imply the existence of at least one bounded solution of (5.1) for any N > 0. Now apply
Theorem 6. Q.E.D.

TaroREM 7. Suppose (Al)-(A7) and (3.2) are true. Then there erists a unique
function X ¢ FM (H, p) such that if x(t) is any bounded solution of (E) then z(f) — X(t) —» 0

ast— o,

Proof. LetY e FM(H, p) be the function given by Lemma 6. Define X (f) = QY (t) +
p(®) and y(¢) = Q(z(®) — f(£)). We must show that z(f) — X(t) - 0 ast — « or equiv-
alently that y(¢) — Y (¢) — 0. If this is not true, then there exists an ¢ > 0 and a sequence
t»— @ such that [y(t,) — Y (t.)| = e. By Lemma 3 we may assume that p(¢t + t,) — p*(?),
H(it+t.,y) = H*t,y) and Y(t + t,) —» Y*(t) asn — o where p*e CH(p), H* ¢ CH(H)
and Y* solves (5.5). Write (Ex) in the form

() = EQ) + f Ru(t — 9){y) — HaGs, y(s)) ds,
where

E() = f Ry(t — $)[Hyls, y(©) — Gyls, y())) ds.
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Assumption (A5), (3.3) and (5.2) insure that Hy(t, y(t)) — Gy, y(t)) > 0ast — o,
Since Ry ¢ L'(0, =), then E(f) — 0 as t — o. Therefore, Theorem 1 of [17] implies that
by possibly taking a subsequence of ¢, one has y(t + t,) — y*(t) where y*(¢) solves (5.5)
for the same value of N. By uniqueness of solutions of (5.5) for large N, y*(t) = Y*(¢).
On the other hand

ly*(0) — Y*(0)| = lim ly(t) — Y(t)| Z ¢ > 0.

This contradiction proves the theorem. Q.E.D.

THEOREM 8. Under the hypotheses of Theorem T the function H(t, X(t)) has mean
value zero. Moreover, if the mean values of p,(t) and p,(t) are equal then the two components
of X(t) have equal mean values.

Proof. Recall that for any ¢(f) ¢ AP the mean value of ¢ is defined to be

r
mie) = lim = [ o) ds.
Too )

Since Y (¢) = Q(X () — p(f)), then Y solves (5.1) on — » < t < «.Taking mean values
of both sides of (5.1) one obtains

m(Y) = R}0)(m(Y) — m(Hy)), (6.1)
where R¥*(w) is the Fourier transform of By . By Lemma 1 above

R%(0) = diagonal (1, Ng(1 + Ng)™")

where
6=£Wm@—%wma

Write Y(t) = col (Y,(t), Y.()). Then the equation in the first component of (6.1)
is m(Y,) = m(Y,) — m(Hy,). Therefore, m(Hy,) = 0, that is the first component of
QH(t, QY () + p())/N = QH(¢, X(¢))/N has mean value zero. The second component
of (6.1) is

m(Y,) = NB(1 + NB)’lm(Y2) — m(Hy,),
or
m(Hy,) = —N(1 + Nﬁ)_lm(Yz) (0 <N < x). (6.2)

Since the left-hand side of (6.2) is independent of N, then (6.2) can be true for all N > 0
only if m(Y,) = m(Hy,) = 0. We have shown that the mean value of

Hy(t, Y()) = QH(, QY() + p(0))/N = QH(t, X(1))/N

is the zero vector. Since Q is not singular and N # 0, then H(¢, X(t)) also have mean
value zero. We have also shown that m(Y,) = m(X, — X; — p. + p2)/V'2 = 0, that
ism(X, — X.) = m(p: — p2). Since m(p; — p;) = 0, then m(X,) = m(X,). QE.D.

Theorem 1 follows as a special case of the results in this section. In this special case
g(z) = Bz’ is smooth so that the solution of (E) is unique. Assumptions (A1)-(A7) are
easily verified with p(f) = col (p.(t), p-(1)) having components p;(t) = / ,/2 + ¢ sin (k;t).
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If k, and k, are linearly independent over the integers, then p(f) is quasiperiodiec with
fundamental frequencies (k; , k,). If k, and k, are linearly dependent then there exist
integers M, and M, such that ks = M.k, 4+ Mk, and k;/27 is the least common period
of p(t). In this case the functions X; in (1.9) will have the form

Xi(t) = 22 X, exp {in (M k, + Mok;)t}.

n=—o

If u(t, x) is the function defined by (1.5) and X i the functions defined by (1.9) then
u(t, 0) X, + E.@) (6.32a)

and

u(t, L) = X,(t) + Ex(1), (6.3b)

where X, and X, both have the same mean value, E;(f) ¢ C[0, ® N C'(0, «), d/dt E,(t)
is L' near ¢t = 0 and E;({) — 0 as t — . Therefore, one would conjecture that
lim,.. u(t, ) = U(¢, ) where U solves the problem

U, = U, (—e <t< ©,0<z< L) 6.4)
U, 0) = X,(9), U(t, L) = X,(1 (o <t < o).
Similarly u(t, x) satisfies boundary conditions of the form
du/az(t, 0) = B{X,(t) — Csin (k:t)}* + E.()) (6.52)
and
ou/dz(t, L) = —B{X,(t) — C sin (kd)}® + E,(), (6.5b)

for allt = 0. Here E, and E, have the same properties as the corresponding terms in (6.3)
and the two functions B{X,(t) — C sin (k;(#)}® have mean value zero. If it is true that
u(t, z) tends to a solution U of (6.4) then U(¢, x) should also satisfy the boundary condi-
tions
aU/dx(t, 0) = B{X,(t) — C sin (k, t)}®
and
aU/dx(t, L) = —B{X,(t) — C sin (ky(8)}?,
for —o << .
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