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Introduction. A solution to a boundary value problem in the classical two-dimen-
sional theory of plates is generally accepted as an approximate solution to a corresponding
boundary value problem in the three-dimensional theory of elasticity provided that the
plate is sufficiently thin. This conclusion is supported by several exact solutions for
plates in the theory of elasticity [1] and by the fact that the equations of plate theory
can be obtained from the equations of elasticity theory as the leading terms in parametric
expansions [2], [3]. Further, Morgenstern [4] has shown that the stresses and strains
obtained from a solution in plate theory converge in a mean-square sense to a solution
in elasticity theory as the plate thickness approaches zero. Related theorems on mean-
square convergence of parametric expansions for a problem in beam theory are stated
by Babuska and Prager [5].

In the present paper we derive an explicit expression for the mean-square error in
the components of stress obtained from a solution in plate theory with respect to the
exact solution of a corresponding problem in the theory of elasticity. In addition, a
precise bound is given for the relative mean-square error. The derivation employs the
hypersphere theorems of Prager and Synge [6] in the theory of elasticity. In the course
of the derivation the equations of plate theory are obtained in two ways by minimization
of portions of both the potential energy and the complementary energy. The general
expression obtained for the error contains only quantities which are available from a
solution in plate theory.

Our results and the previous investigations of convergence [4], [5] show that the
relative mean-square error in plate theory is proportional to the thickness of the plate
in general. This is somewhat surprising since the exact solutions for plates in elasticity
theory [1] give a rclative error proportional to the square of the thickness. This form
for relative error also is indicated by the parametric expansions [2]. The discrepancy in
our result can be attributed to the expression obtained for the components of transverse
shear stress, which differs from the classical expression. We have been unable to derive
the classical expression by the present method. (See note added in proof at the end of
this paper.)

1. Function space concepts in elasticity. We consider a three-dimensional elastic
body R bounded by a closed surface S. With reference to a system of rectangular Car-
tesian coordinates z; (i = 1, 2, 3), the field equations of the linear theory of elasticity
read as follows [1]:

equilibrium (in the absence of body force)

* Received January 5, 1970.
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oiii = 0, Oij = 0Oji; (Ll)l
strain-displacement
ei; = 3(ui; + u;); (1.2)
generalized Hooke’s law .
ei = Aijnon , oii = Biiuew (1.3)

where o,; is the stress tensor, e;; is the strain tensor and u, is the displacement vector.
The elastic constants A, and B, satisfy

Aiire = Aji = A = iy
Bijxi = Bijsi = Bijix = Buyii (1.9)°
AiixiBiimn = 3(8imbin + 8:nbim)
and are such that the strain energy density W is positive definite where
W = 14 000 = 3Bijue:ien . (1.5)

We consider boundary value problems where the boundary S is divided into two
parts S, and S, on which boundary conditions are

u; =u%¥ on 8S,, (1.6)
g; = O'.',"n,' = 0'": on S,, (1.7)
where u* is the prescribed displacement vector on S, , ¢* is the prescribed stress vector
on S, and n, is the outward unit normal vector to S. Somewhat more general linear

boundary conditions may be treated without difficulty.
Following Prager and Synge [6] and Synge [7], for states of stress o;; such that

f A.','HO',','O',,I dV < © (18)
R

we consider the vector space with componentwise addition and inner product defined by
& = [ AucloliaV, (1.9)
R

where ¢’ and ¢” denote two states of stress with components o/, and o/ which satisfy
(1.8). The norm of ¢ is defined as

llo]| = (s-0)"". (1.10)

It can be verified that the foregoing definitions satisfy the basic postulates for a linear
vector space [8].

In what follows unprimed quantities denote the actual solution to the boundary
value problem (1.1) to (1.7). For this same boundary value problem, primed quantities
satisfy (1.1), (1.3) and (1.7), and double-primed quantities satisfy (1.2), (1.3) and (1.6).

! Commas denote partial differentiation and repeated indices imply summation.
* The Kronecker delta 5;; takes the value 1 if ¢ = j and 0 if ¢ » j.
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Then, with use of the divergence theorem, it follows that

¢'-¢" = i u*o! dS + ) ui'e*% dS. (1.11)

Since ¢’ or ¢"’ in (1.11) can be replaced by ¢, we have
¢:6 — d¢’-¢ — ¢-¢" + ¢'-¢" =0,
which is equivalent to
ll6 — o4l = E, (1.12)
where
84 = 3(¢' +¢67), E =} —d).

Thus, if 8, is considered an approximation to @, (1.12) gives the error E of this approxi-
mation in the integral-square norm (1.10). In vector space geometry (1.12) implies that

¢ lies on a hypersphere with center at ¢, and radius E.
In order to investigate relative error we recall the inequalities [7]

lloall = E < [lo]] < losll + E, (1.13)

which follow from (1.12) and the triangle inequality. By (1.13), assuming that £ < ||d,]|,
we have the following bounds on the relative error E/||d]| :

E E K

ol + 2 = Tioll = Tlral [ = a1
Since, by (1.12),
lloall* = ¢'-6" + E, (1.15)
(1.14) can be written as
2V (L + 1) = 0) < E/|l6ll < 2(VA + 2°) + n) (1.16)
where
7= E/(@-¢")" (1.17)
From (1.16) we see that 5 is the leading term in an expansion of the relative error in
powers of 7.
A convenient method of obtaining ¢’ and ¢" follows from the easily verified relation [7]
E=3(V.+7V,) (1.18)
where

1/', = f %Ac’ikla:idil dV bl f u”:U: dS
R Su

V, = [ buuckottav — [ utiords
R

Se

are the complementary energy and the potential energy, respectively. Thus, the usual
methods of energy minimization can be interpreted as minimizations of the error E.
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2. Boundary value problems for plates. We consider an elastic body in the form
of a plate bounded by the faces 2; = ==k and the edge surface S which is generated by
normals to the middle plane S through the edge curve C. Attention will be confined to
plates of constant thickness 2k although there is no difficulty in extending the results
to variable thickness.

Stress boundary conditions are imposed on the faces of the plate. For simplicity we
consider the faces to be subject only to prescribed normal components of stress, i.e.

013 = 023 = 0 on r; = :}:h, (2.1)
033(331 %2 h) = 0;(131 , T2), 033(T1 , T, —h) = —a3(T, To).

The edge surface of the plate is divided into two parts S, and S, which have displacement
and stress boundary conditions of the form (1.6) and (1.7), namely

u; = u* on &S,, (2.2)
Tiala = o*% on S, , 2.3)

where n, is the normal to C in the middle plane and Greek indices take values 1 and 2.
Here, we restrict u* and o* to the forms

u¥ = Bz, , (2.4)
ut = w* + g*z; (2.5)
ot = 55 Mtz 2.6)
3 x§)
*x __ —_ *
g3 = 4h (1 h2 Q ’ (2'7)

where 8* , w*, g%, M* and Q* are independent of x; . The constants in (2.6) and (2.7)
have been chosen so that M* and Q* represent the stress couple and the shear stress

resultant, respectively, i.e.,
h

h
fh oz, dzy = M* f ot dz, = Q*. 2.8)
- -h

We now have a boundary value problem in the theory of elasticity for a plate with
boundary conditions (2.1) to (2.7). The aim of the theory of plates is to reduce this
three-dimensional boundary value problem to a two-dimensional problem involving
quantities which are independent of z, . Here we will derive the equations of the classical
theory of plates by consideration of both the complementary energy and the potential
energy (1.18). Then, (1.12) will yield an expression for the error in an approximation
for the stresses in the plate. Since the well-known edge conditions for the classical
theory of plates [1] are not as general as (2.4) to (2.7), we expect to obtain restrictions on
the quantities on the right-hand side of these equations.

For convenience we restrict attention to anisotropic plates for which the middle
plane is a plane of elastic symmetry. Then (1.3) takes the form [1]

€ap = Aaﬁyso'-ys + Aaﬁsaaaz , €33 = Axxysgys + Azz33033 €ar = 2.4 4283038 (2-9)

and

Capg = Baﬂyaew + Baaaseaa , O33 = B.‘4376e76 4+ Biassess Oaz = 2B .55 . (2-10)
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3. Potential energy. Here, (1.2), (1.3) and (1.6) must be satisfied and V, in (1.18)
is to be minimized. Guided by the three-dimensional solution for pure bending of a
plate [1], we assume displacements of the form

ul = —w.., uf =w+ g, CRY)

where w and ¢ are independent of r; . The first of (3.1) represents the classical Kirchhoff
assumption that normals to the undeformed middle plane remain normal to the deformed
middle surface.

By (1.2) and (3.1), the strains are

Ol = —Wapla . 0N = 393" el = 27, . (3.2
If we take
B?Saﬁ
-5 , 3.3
OB, Wes 3.3)

then, by (2.10) and (3.2)
ot =0 (3.4)

as in the solution for pure bending. The discrepancy between (2.1) and (3.4) is admissible
since ¢!/ need not satisfy stress boundary conditions on S, . By (2.10), (3.2) and (3.3),
the remaining stresses are given by

ot = —B.s W 51a ol = Baasg sls (3.5)
where
B.sys = Busys — BagssBysss/Bssss -
The displacements (3.1) must satisfy (2.2) with (2.4) and (2.5), i.e.,

w = w*(s),
‘Z—‘n" = —Bin. , on C (3.6)°
g = g*@), .
*
€aneBs = % J

where s is the arc length on C' and dw/dn denotes the normal derivative of w. Since g is
determined by (3.3), the function g*(s) cannot be specified arbitrarily but must be
compatible with (3.3). Thus, g*(s) is not known until w has been obtained for a particular
problem.* The last of (3.6) is a compatability requirement on w* and 8* as a consequence
of the Kirchhoff hypothesis.

By (2.1), (2.3), (2.6), (2.7), (3.2) and (3.3), the potential energy (1.18) can be written

3 The components of the e-symbol e,s have the values ey = ex = 0, ez = 1 and ey = —1.
4 It is possible to avoid this unpleasantness by not invoking (3.3) and leaving g as a basic variable
akin to w. However, classical plate theory does not result.
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V, = VO 4 y@op 3.7

where

VO = [ 4hBusiw. 0y — pul day dz + [ M30.. — Qo) ds,
3 ce

1
Vi = [ BWBunsg.c0.0 — po) dnv dzs — 5 [ gQ* ds,

p=oas +o;.
On minimization of V{” by standard techniques of the calculus of variations we obtain
the Euler equation

2h’Bapys.apys = p in S (3.8)
and the natural boundary conditions
My =M% (3.9)
Qun, — Mr _ oo _ M2 e
9s as
where
M% = M, , MY = e.psM2n, (3.10)
My = M n.ng, Mr = e, Mon.n, .
M. = ‘%hsgasww.-,s ) Qo = —%hsgahaw.ha : (3.11)

The quantities M ,s and @, may be interpreted as stress couple and transverse shear
force resultant, respectively. The subscripts N and T denote normal and tangential
components of stress couple on C. The derivatives in (3.9) should be understood in the
symbolic sense of the theory of generalized functions, i.e., a jump discontinuity in M,
gives a Dirac delta symbol for dM r/3s which represents a concentrated force.

4. Complementary energy. In this approach V. is to be minimized for admissible
stresses which meet (1.1) and (1.7). If we assume that the z, variation of stresses is of
the form

, 3z3 ..,
Tapg = 2h3 af
3 2
m=50—@:. (4.1)

o= (1= B)ep 4 g,
where
P=oj+o;, g=3%}oi—o3),
then (1.1) are satisfied provided that
ass — Qe =0, —Q¢.a = p. (4.2)
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Further, (4.1) satisfies (2.1) identically and guided by (3.9) we impose the boundary
conditions

My =M%, Qin, — dM1/3s = Q* — aM%/ds on C, 4.3
where
I,V = M;ﬂnanﬂ ) M; = eﬂ’(MLﬁnan-y

As mentioned in Sec. 2, classical plate theory requires a restriction on M* and @* in
(2.6) and (2.7). Namely, we can specify only the two quantities M¥ and Q* — aM*%/ds
on C, and we must accept the results of the plate theory solution for M* and Q*. With
this restriction on the elasticity problem, the stress (4.1) under (4.2) and (4.3) are
admissible as ¢/; in the formulas of Sec. 1.

On substitution of (4.1) into (1.18), V. can be written as

V.=V® 4+ V& (44)

where

VO = [ o5 Aun MMy doy dos — [ (M ns + w*Qin.] ds,

2 _ i / (Hﬂz 9:)
Vc - L [5h3 Aaﬂ33Ma p + A3333 l40h + h

1
+ £§ Aa3ﬂ3QlaQé] dz, dz, — 5 j; g*Qin, ds.

In order to minimize V!” subject to (4.2), we introduce the Lagrange multiplier w’ and
minimize

yo fs W (My.os + p) dz: dzs . (4.5)

By the calculus of variations we obtain the Euler equation

2_’3"3 Aaﬁ'yJM;l + w{aB = in S, (4.6)
which, by (1.4), is equivalent to

2
]‘Ifxﬂ = _—? Eaﬂybwf'ﬂ y (4'7)

where B, is defined at (3.5). We also obtain the natural boundary conditions

o= wr), G = —fim,  on C., 4.8)

which agrees with (3.6). Substitution of (4.7) into (4.2) results in

3
&% = 2 Byl «9)
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and
3
gg'—gap,swtagya =p, (4.10)
which is identical with (3.8).

5. Approximate solution and error. Since the field equations and boundary condi-
tions of Secs. 3 and 4 are identical we make no distinction between primed and unprimed
quantities w, M .5 and @, for the plate. Further, the equations and boundary conditions
for w, M .4, Q. are easily recognized as those of classical plate theory [1].

In a particular boundary value problem of plate theory, after a solution has been
obtained for w, then g*, M* and Q* can be determined from (3.3), (4.3), and (4.7) and
(4.9). These values of g*, M* and Q* together with the prescribed values o%(z; , z2),
w* and *n, define a three-dimensional boundary value problem for an elastic plate as
discussed in Sec. 2. For this problem we determine the error in the approximate solution
of plate theory by the method of Sec. 1.

For use in the error formula (1.12), by (3.4), (3.5), (4.1), (4.7) and (4.9), the approxi-
mate plate stresses are

U:ﬁ = —Eaﬂ76w.162:3 )
Ba3psBssy -
0:3 = %[_"353 22 I: - Eaﬁ‘y&(ha - Ig) W, gys » (.1)
3333

3
U;;; = @ (l - I§/3h2)123p + %q,

where p and g are defined by (4.1). By (1.12), (3.4), (3.5), (4.1), (4.7) and (4.9) we find
that

1 17
E’ = 5/; (3h°Basgsg.9.s — 2h°g..Q. + Asxaah(m p’+ q2)

+ ’56_}1 Aa3£3QnQ5] dxl dz? ’ (5'2)

¢'-¢" = fs (31°Buagysw.apt.ys + 30°(9.2Qa + 4gp)] dz, da, .

Thus, the error in the stresses (5.1) is given by (1.12) and (5.2). Bounds on the relative
error are given by (1.16) and (5.2).
By (3.8) and (3.11), (5.2) can be written as

E2 = Clh5 + C2h7, d"d” = Caha + C4h5, (5.3)
where C, , C,, C;, C, depend only on w and the elastic constants. Thus, by (5.3), we have
7 = E/(¢-¢")"* = Ch + O(K), (5.4)

where

c,\"* 1 1
C = (6;) = {L [i—a B0333g.ag.ﬂ - 1_5_ g.agaﬂ'y&w.ﬂ',&

2 1/2
+ '14_5 Aa333Ba73nw.7lnBﬂhffw.ll{E] dzl dxz/./; §Ba376w,aﬂw.1l dzl dxz} °
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Equations (1.16) and (5.4) show that the relative error in the approximate stresses (5.1)
is O(h). This result is somewhat surprising in view of the elasticity solutions for plates [1]
where corrections to classical plate theory are O(k®). A study of these solutions shows
that the relative error of O(h) in our formulas arises from the shear stress o4 in (5.1)
whereas o5 and o3; contribute O(h®) to the error. Since o, are usually the largest stresses
in plate bending, (5.4) may be unduly pessimistic from a practical viewpoint.

Note added in proof: James G. Simmonds (in a paper accepted for publication in this
journal) has improved the bound on the relative error to O(h®) for isotropic plates by
use of a more elaborate displacement field than (3.1). This result appears to hold for
anisotropic plates as well.
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