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Abstract. The refraction of acoustic duct waveguide modes emitted from the open
end of a semi-infinite rectangular duct by a jet-like exhaust flow is studied theoretically.
The problem is formulated as a Wiener-Hopf problem and is ultimately solved by an
approximate method due to Carrier and Koiter. Continuity of transverse acoustic
particle displacement and of acoustic pressure is assumed at the jet/still-air interface.
The solution exhibits several features of the acoustics of moving media such as a source
convection effect, zones of relative silence, simple refraction, etc. Plots of far-field
directivity patterns are presented for several cases and show refraction effects to be
important even at modest exhaust Mach numbers of order 0.3. Only subsonic exhaust
Mach numbers are considered. In view of the problem’s technological interest, the
solution for the far-field directivity is written out in full detail in the appendices. In the
low-frequency limit when only one duct waveguide mode (the plane wave mode) pro-
pagates, we also examine the reflection coefficient. It is found that this reflection coeffi-
cient, in general, considerably exceeds either the no-flow value or the value for the case
with uniform flow both inside and outside the waveguide (i.e., in the whole space).
Apparently the acoustic medium mismatch enhances the geometric mismatch in the
jet flow case, thus producing a higher reflection cocfficient.

1. Formulation of problem. A slug-like jet flow of uniform subsonic Mach number
M issues from a pair of parallcl plates spaced a distance 2b apart (Iig. 1). The regions
y > band y < —b are occupied by still fluid at the same temperature and static pressure
as the jet. An acoustic duct waveguide mode with a transverse pressure distribution
of type cos (Nw(y — b)/2b) exp (—jwt), where j = +/—1, is incident from z = — »
within the pair of parallel plates. The problem is to determine the far-field acoustic
radiation pattern produced by the emission of such a mode.

The case when there is no flow has been fully solved by Noble [5], amongst other
authors. The problem with N = 0 and with a circular tube waveguide instead of a
pair of parallel plates was considered by Carrier [1]. However, Carrier employed con-
tinuity of transverse acoustic velocity as a boundary condition on y = =b and z > 0;
this is now believed to be incorrect. When one has mean flow velocity discontinuities
it is presently accepted (Ribner [6], Gottlieb [3]) that the transverse acoustic particle
displacement should be continuous. Also, Carrier [1] was more interested in the reflection
coefficient in this problem and did not obtain any explicit solution.

* Received October 20, 1971.
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In mathematical terms, with the usual assumptions of linear, inviscid acoustics and
assuming for all quantitics a time dependence of type exp (—jwt), and with reference
to Fig. 1, we wish to find a velocity potential ¢ such that

a) in regions I, I, ¢ satisfies:

V2¢ + kzd’ =0, (1)
where k = w/c.
b) in region II it satisfies:
(1 — M*)(0°/02%) + (9°/9y") + 2jMK(9¢/dz) + K’¢ = 0. )
c) aty = &b, d¢/dy = 0 forz < 0. 3)
d) (continuity of acoustic pressure) for z > 0,
o B M a¢]
oy = b el = o tii %] @
. M a¢] B
woy= b (ol g ®)

e) (continuity of transverse acoustic particle displacement) at y = =+b: forz > 0, 7,
the transverse acoustic particle displacement, is continuous. The relation between
7 and ¢ in regions I, I1IT is:

= (j/w)(8¢/3y), (6)
and in region II is:
[n + j(M/k)(9n/92)] = (j/w)(3¢/3y)- )

2. Fourier integral representation and application of Wiener-Hopf technique. In
what follows the notation has been arranged to conform closely to that used by Noble [5].
Clearly, from the symmetry of the problem it is sufficient to consider regions I, IT alone.

Adopt for ¢ the integral representation in region I of type:

A(oz) exp (v(b — y) exp (—jaz) da

o=y v ®
where v = (o — k%)'/%. ¥ has branch points at « = =k and branch cuts are introduced
joining =k to «. When aisreal and |o| < k, v = —j(k* — &*)'/% Similarly, in region IT
adopt the representation:

cosh (' y)} s
(2m)"* {smh (yb)}
cosh (y'b)

v = (o’ — (k+aM)?)'? and has branch points at « = k/(1—M) and a = —k/(1+M).
Branch cuts are introduced joining the points k/(1 — M) and —k/(1 + M) to « and
when « is real and —k/(1 + M) < a < k/(1 — M), v = —j[(k + aM)® — &*]'%
The combination cosh (y'y)/sinh (y'b) will be used in the integrand if N is even and
and the combination sinh (v'y)/cosh (y'b) if N is odd.
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The associated acoustic pressure p, transverse velocity v, and transverse particle
displacement 7 are given by:
a) in region I (y > b):

_ —Jwpy 7 Ale) exp (y(b — y) — jox) de
P = (27!')1/2 f_w v ) (10)
v = oy | 4@ e 6 — 1) = i) da, 1y
v = sy | A@ e 6 — 1) — jos) da. 12)
b) in region II (—b < y < b):
Ma\Jcosh (VY| _jaz
s ”B@(1+7fxwm¢ww% da -
P=en” L. ,@mww} ’
cosh (v'b)
Si-nh ('Y,y) —jaz
L el e e ”
"= en” . {sinh ('y’b)} g )
cosh (y'b)
sinh (Y'Y —jas
— J fw Bl {COSh (‘Y,y)}e de (15)
T een ), (1 + Mg) {sinh (7’b)} '
k /\cosh (y'b)

Clearly the integral representations for ¢ ensure satisfaction of (1), (2).

The integrals for ¢, p, v and 5 could be evaluated by closing the contour in the
a plane. For z < 0, one would close the contour by means of a large semicircle in the
upper halfplane and for z > 0, a large semicircle in the lower halfplane would be em-

ployed.
Let the wave incident from within the duct from z = — » be of form
$ine = exp (jKyz) cos [Nx/2b(y — b)),
where

_ —kM + [K* — (Nx/20)(1 — M)
Ky = 0= 1 (16)

The associated pressure, transverse velocity, and transverse acoustic particle displace-
ment fields are:

. MK . N
e = a1 = 2E) exp (1) o8 (7 0 — 1), a7

N- ) . [~
Vino = —Z_bI exp (jKyz) sin [%E (y — b)] ) (18)
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. =1’&)£&<M-[& _ ]
i (2b < MKN) sin | 55 @ = b) (19)
1 — £2&x
k
For z > 0, pi., can be written as:
T Pow “ _ MKN> exp (—]ax) , _
2r f_m (1 k (@ + K»x) cosh [v'(y — b)] da. (20)

The boundary condition that » = 0 for y = b for — o < z < 0 yields the result [5]
that A(a) = A,(a), Ble) = B.(a), where the subscript + denotes a function free of
singularities in an upper halfplane. The Wiener-Hopf technique employs analyticity
of functions in appropriately defined upper and lower halfplanes and the notion of
analytic continuation. It is appropriate at this stage, therefore, to state precisely what
one means by upper and lower halfplanes. As noted earlier, ¥ has branch points at
+k and 4’ has branch points at k/(1 — M) and —k/(1 4+ M). 1t is well known that
in the use of the Wiener-Hopf technique one employs the artifice of assuming initially
that k& has a small, positive imaginary part and later lets this imaginary part approach
zero. With this understanding, an upper halfplane is defined as one for which Im (@) <
—Im (k)/(1 + M) and a lower halfplane is one for which Im (a) < Im (k). We restrict
the whole analysis to subsonic Mach numbers (M < 1); this is more than sufficient to
ensure that there is a region of overlap between the upper and lower halfplanes, namely
the strip —Im (k)/(1 + M) < Im (e) < Im (k).

Continuity of transverse acoustic particle displacement for # > 0 ensures that
[A,(a) — B,(a)/(1 + Ma/k)]is analytic in a lower halfplane. But inspection of {4 , (a) —
B,(a)/(1 + Ma/k)} shows that it itself is analytic in an upper halfplane. Hence it is
an entire function of a. By placing appropriate restrictions on the behavior of ¢ (cf. [5])
and using Liouville’s theorem, we may conclude that the entire function {A4,(e) —
B.(a)/(1 4+ Ma/k)} is, in fact, zero. Continuity of acoustic pressure for z > 0 gives:

L e (S (B et

where M _(«) significs a function free of singularities in a lower halfplane. In writing
down (21) use has been made of the fact that B, (e) = (1 + Ma/k)A . (a).

Now consider the even and odd cases separately. In the case of N even, we may
rewrite (21) as:

2 12 2
A+(a)|:l + ng] b [77 sinh (y'b) + 7'(1 + Mf) cosh ('Y'b)]

v sinh (/0)(1 + 212)

_b _(; _ MKy 1 _
+ (271')1/2 (1 k )(a + KN) = bM—(a)- (22)

The next step in attempting to solve this problem by the Wiener—-Hopf technique would
be to try and factor the term multiplying 4 . (a) as a product of two terms, one analytic
in an upper halfplane and the other analytic in a lower halfplane. As Carrier [2] and
Koiter [4] point out, this factorization is often not at all easy and constitutes the most
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serious obstacle to solving problems by Wiener-Hopf techniques. Both Carrier and
Koiter point out that often if the exact kernel (we use the word ‘“kernel’” to denote the
function of « that multiplies 4, (e«)) is replaced by another kernel which matches the
exact kernel reasonably well, it may be quite easy to factor the approximate kernel.
This procedure is adopted in the present paper. Only part of the kernel multiplying
A, (o) is so replaced and the replacement is carried out according to guidelines suggested
by Carrier [2].

Consider the term {(y*/y) sinh (v'b) + v'(1 + Ma/k)? cosh (v'b)}/(1 + Ma/k)?
= P(a). Consider its possible replacement by

" v’ exp (v'b)(a + 2¢)
Pre) = 2(c + )

More will be said shortly concerning é. It is easily verified that P(0) = P*(0) = —jk

-exp (—jkb) and that both P(a), P*(a) tend to [37’ exp (v'b)] as @ — «. As suggested
by Carrier, we choose 6 so that dP/da, dP*/da agree at o = 0. As a result of a somewhat
tedious calculation, the matching of dP/da and dP*/da at & = 0 yields

= (k/2M)(1 + j cot (kb)). (23)
Consider now a modified version of (22) with P(a) replaced by P*(a), namely
401+ 2 w2 et = a0 - (1 - 2Ex)
{e(l + M) + k]2(a + &) sinh (v'b) + (2m)'"* (@ + Kuy)

= bla(l — M) — kIM_(a). (24)
Let

2(a + 6) sinh (v'b)
(e + 28)¥’b) exp (v'b)

where L, () is a function analytic in an upper halfplane and L_(«) is analytic in a lower
half plane. The term (a + 8)/(a + 26) is part of L. (a) if cot (kb) > 0 and is part of
L_(o) if cot (kb) < 0. Then, by a standard application of the Wiener-Hopf procedure
using Liouville’s theorem, ete.,

= L(@) = L.(@)L_(a) (25)

MKy
5 LK+ Kat — 30(1 — )

A+(°‘) = (27'_)1/2

L.« + M) + k].  (26)
Ma\?
(« + sz)(l + —Ic_>

Thus ¢(z, y) for y > b is:

—bL(~ Kk + Kyt — 20)(1 - 2Ex)
2m

¢ =

 Lui(a) exp [vy(b — y) — jax][a(l + M) + k] da
v(e + KN)<1 + >

@n
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Consider now the case of N odd. In this case

4,1+ 2] |2 cosh ) + (14 22 sioh )|

Y

2
(1 -+ %g) cosh (v'b)

M) s = N.@,  @9)

]
T @7 (1 Tk )@+ Ky

where N_(a) is a function analytic in a lower halfplane.
In a spirit similar to the even case we replace the term Q(a) = (v'/v) cosh (y'b) +
(1 + Ma/k)® sinh (v'b)/(1 + Ma/k)’ by Q*(e) = exp (v'd) (a + 28")/2(a + &), where

8 = (k/2M)[1 — j tan (kb)]. (29)
This ensures that Q(0) = Q*(0) = exp (—jkb), dQ/da = dQ*/da at « = 0 and that
both Q(a), @*(e) — % exp (v'b) as a — .
Now consider the approximate version of (28), namely:
A+(a)<1 + ]—”,f) e + 28
(a1 + M) + k)'*2(e + &) cosh (v'b)

(@l — M) — lc)”z(l - A—lkifﬁ)

+ (27'_)1/2 (C! + KN)

As before, we factorize 2(a 4 &) cosh (v'b)/exp (v'D)(a + 2§') = K(a) as K, (e)K_(c).
The term (a + §’)/(a + 26’) belongs to K, () if tan (kb) < 0 and to K_(«) if tan (kb) > 0.
Application of the Wiener-Hopf method and use of Liouville’s theorem now leads to:

= M_(@)1 — M) — K. (30)

A+(a) — _jK+(DC)[a(1 —+ ]”) +]§]V: (1 _ MIIfN)K_(_KN)[_k _ KN(]. . M')]”’.(31)
@n)" (@ + KN)(I + —kﬂ>

Therefore, in this case ¢(z, y) for y > b is:

% (1 - MkK”)K_(—KN)[—-Ic — Ky — M)

[+ 20+ B op G — ) — e b (g
. Mo
v+ K1+ M2)

3. Factorization of L(¢) and K(a). We recall that
L(e) = 2(c 4+ 8) sinh (v'b)
(@ + 26) (v'b) exp (D)
where 6 = (k/2M)(1 + j cot (kb)) and v = (® — (M + k)'*]'*. As noted earlier,
if cot (kb) > 0 then (o + 8)/(a + 26) belongs to L, (), otherwise it belongs to L_(e).
Now

33)

’Y' — (a[2 _ k/2)l/2,
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where
o =a(l — M) — (kM/1 — M*»)'?) (34)

and

K = k/(1 — M%)

Noble [5] has explained how to factorize a function of type sinh (yb) exp (—vb)/(vb)
into functions analytic in Im (a¢) > —Im % and Im (a) < Im k. We may adopt the
same formulae to the factorization of sinh (yv'b) exp (—+'b)/(v’b) except that the plus
function will now be analytic for Im («) > Im (—k/1 + M) and the minus function
for Im (&) < +Im (k/1 — M). This is, of course, entirely satisfactory from the present
standpoint. Noble [5] has made the interesting and useful observation that so long as
one is interested in |L, (a)| or |L_(«)| , very simple results may be obtained by the infinite
product theorem for meromorphic functions. We merely cite the results from chapter ITI
of Noble’s book that, for real «,

|Li(@)| ~ exp [—b—— cos” (a’/k’)] exp [— /a’b] 511(1;’_%@ 1/2

k B 2( )2]1/2_ kM
.”'(I—MQ)[I (1= M)\ 1 te

= L 2(7‘_7r>]”2 kM l
1—M2[1 C=M\) | t1—ar @

where N’ denotes the upper limit of numbers r = 1, 2, --- N’ for which 1 > (1 — M?)
(rw/kb)’. Expression (35) would be multiplied on the right-hand side by (a + 8)/(a + 26)
or not according as cot (kb) > 0 or cot (kb) < 0. The factorization of

K(a) = 2(a + &')/(a + 26') exp (—7'd) cosh (v'd),

1/2

35)

where
= (k/2M)(1 — j tan kb),

is similarly accomplished and for real «, one has:
’ 7' -1 (o rEVIL
IK,(a)] ~ exp [—1a’b] exp | —X= cos i |cosh (v'b)|3

k . 27‘__2>1/2 kM 1/3
st k 2\1/2
Pt (- a - e - p(5)) T+ P22 -

where N’/ denotes the upper limit of integers for which 1 > (1 — M?*)(N" — 1)*(x/kb)*.
Again, Eq. (36) is to be modified on the right-hand side by the factor (a + §’)/(a + 268')
according as tan (kb) < 0 or tan (kb) > 0.

4. Far-field directivity and discussion of results. Examination of the solutions
(27) and (32) shows that in the integrand in the integral representation for ¢, the only
space-dependent term is the term exp [y(b — y) — jex). If a polar coordinate system is
introduced with origin at y = b, £ = 0 then (for y > b) from Fig. 1, (y — b) = rsin

(36)
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y
Region I 6
—_ M <1
Region II
I . - . . - X
2b
Region III

Fig. 1. Definition sketch.

and £ = r cos 6. The term exp [y(b — y) — jax] = exp [—vr sin 6 — jar cos 6. Thus
for large r, the dominant contribution to the integral for ¢(z, y) comes from the neigh-
bourhood of the value of « for which —[y sin § + ja cos 6] is stationary, which is a =
—k cos 6. This result is fully explained in Noble [5] and Gottlieb [3]. To summarize,
the far-field radiation pattern can be obtained from (27), (32) by substituting @« = —k cos 8
in the integrand less the exp [y(b — y) — jaz] term and then multiplying the result
by sin 8. Both Noble [5] and Gottlicb [3] have shown this and Gottlieb [3] in particular
shows how other singularities of a contribute only terms negligible compared to the
above term for large 7. The full expression for the radiation pattern is written out in
the Appendices.

There are three nondimensional parameters on which the answer depends, namely
kb, M (the exhaust Mach number) and N. In Figs. 2-8, plots are presented of such
directivity patterns for fixed values of kb, N as a function of M for four values of M
of 0, 0.3, 0.6 and 0.9. These plots have all been renormalized so that the peak of the
radiation pattern is assigned a value of 100 db. Examination of the expressions for the
radiation pattern with flow in Appendix 2 reveals at least four discernible flow effects.
First, the exponential factor which attenuates the back-scattering, namely

exp [3kb cos 6(1 — M*'?

is less effective at the higher Mach numbers. This may be termed a simple refraction
effect tending to enhance the back-scattering slightly. Secondly (especially for M < 0.6)
the whole pattern is shifted from the axis (§ = 0) to § = 6, = cos™* (1/1 + M). For
example, for a nonzero N a node occurs at 6, instead of at § = 0. In Appendix 3 we have
tabulated the nodes of the radiation patterns for the twenty-eight cases studied in
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90°
o — f————— .
13 / o — 45°
. ——
// - \
Z7 s \
/ \
/ \\_

60 70 80 90 100
Fig.2. kb =125, N =0,—— M =09, —— — M =06, — - — M =03,—-—M =0.

Figs. 2-8. Note also the exponentially attenuating factor
exp [—kb(cos® 6 — (1 — M cos 6)*)'?]

in the zone of relative silence 0 < 6 < 6, . Third, the solutions display a substantial
“source convection” effect, as indicated by the 1/(1 — M cos 6)® term, which is frequency-
independent and markedly enhances the forward radiation. This effect may be understood
if one notes that the acoustic field in the regiony > band — ©» < r < « may be regarded

90°

135° 45°

4
13085

60 70 80 90 100

Fia.3. kb =375, N=0,—— M =09, —— — — M =06, —+ —M =03, —-—M =0.
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90°

135°

/.

Fi1g. 4. kb =375, N =1,

60 70 80 90 100
M =09 ———M=06— -—M=03—-—M =0.

as generated by dipole acoustic sources on the plate y = b and —» < z < 0 and by
acoustic sources moving along the jet/still-air interface. (To envision the latter, one can
see how the incident duct waveguide mode causes a rippling of the jet/still-air interface
which then causes a radiated ficld in the regiony > band — » < x < ».) Theinterfacial
moving sources’ directivity will display a source convection effect. This source convection
effects dominates the 4/ = 0.9 radiation pattern even at kb = 6.25.

|
)
K /,\
. .\
[ | N / A
,J ‘ - \

] 60 70 80 90 100

/

Fig. 5. kb =379, N =2, ——M =09, —— — M =06, —+- — M =03, —-—M =0.
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90°
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=
g / N\
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| W/
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60 70 80 90 100
Fia. 6. kb = 6.25, N = 0, M=9———M=6——M-=3—-—M =0.

Finally, an effect of the flow (cf. table in Appendix 3) is to increase the number of
nodes in the radiation pattern and particularly to crowd together successive nodes.

Some concluding remarks are in order concerning the flow model used and the
mathematical methods employed. The steady-flow model used is a ‘“top hat’ profile
and we may anticipate that such a profile exaggerates refraction effects as compared to
realistic, smooth shear profiles. Note, however, the strong refraction effects even at
M = 0.3. Regarding the use of the approximate method due to Carrier and Koiter, one

90°
-~ = 45°
13S° /’
/ .
/// ‘y/
|
N \
// \ /
I
[ /’
l
60
Fie.7. kb = 6.25, N = 1, M=9———M=6——M=3—-—M-=0.
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90°

135°

60 70 80 90 100

Fia. 8. kb = 6.25, N = 2, M=9 ———M=6——M=3——M=0.

could investigate its numerical accuracy by comparing Q(a), Q*(a) and P(a), P*(a)
for — » < a < » and real e, as Koiter has done. We have not done this but the several
examples studied by Carrier by this method suggest the approximate procedure is
quite accurate. In Appendix 4, a conversion procedure is indicated whereby one can
approximately handle a spinning mode problem emitted from an annular duct. Tyler
and Sofrin [7] have demonstrated the utility of this procedure for the zero flow problem.

5. Reflection coefficient when kb < =(1 — M?*)"?. If kb is less than (1 — M*)'?
it makes sense to consider the reflection coefficient also. In this event, only one duct
waveguide mode is propagating. This is the plane wave mode, i.e. N = 0. In the expres-
sion (13) for p in region II upon closing the contour in the upper halfplane (for z < 0)
one finds the integrand is free of branch points and has only simple poles at the zeros
of 4’ sinh (y’d). These poles of course correspond to the duct waveguide modes in region I1
for ¢ < 0. The lowest upper halfplane pole of 4" sinh (y'd) is relevant here when kb <
(1 — M?)"/* and occurs when o = k/(1 — M). The amplitude of the reflected pressure
wave is readily calculable and the amplitude of the reflection coefficient for the pressure
wave turns out to be:

B kb @M + M) sin® (kD)
IR| = exp ((1 - M“’)W){1 T T OF = 230 oof” (i0)

- kb Ny @M — M) sin’® (kD)
IR| = exp ((1 — 11/12)"2){l 14+ (M* + 2M) cos® (kb)

The reason for two different expressions in the ranges 0 < kb < #/2and n/2 < kb < =
is the use of the Carrier—Koiter method which in the present problem assigns the quantity
4§ (Eq. (23)) to the upper halfplane if cot (kb) > 0 and to the lower halfplane if cot (kb) <O0.

These results are plotted for fixed kb as a function of Mach number in Figs. 9a and b.
The Mach numbers to which the results are plotted are restricted by kb < (1 — M?)'/*,

1/2
} . 0<kb<a/2,

1/2
} . w/2 < kb <
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Fia. 10. |R| versus kb for M = 0.6.

Also shown on these figures as the “uniform exhaust flow solution’ is the solution that
one would get if a uniform exhaust flow was assumed over all space, i.e. in regions I
and III in addition to IT in Fig. 1. The circular tube waveguide version of this problem
was considered by Carrier [1] and the result in the present case would be

IR| = exp (—kb/(1 — M*)'?).

As Fig. 9a shows, for kb < 7/2 the problem considered in the present paper has a higher
reflection coefficient than the uniform exhaust flow problem. At kb = 57/8 the present
problem has a lower reflection coefficient than the uniform flow problem. At kb = 37/4
and 77/8 the two results are virtually indistinguishable and are not shown separately.
This change in behavior as kb exceeds 7/2 is, as noted earlier, a consequence of the use
of the approximate method due to Carrier and Koiter. To bring this out in sharper
focus we plot |R| against kb for M = 0.6 in Fig. 10. The curve exhibits a discontinuity
at kb = =/2. It is not clear whether this is a genuine physical result or is merely induced
by the use of the approximate method.

Practically, however, as Figs. 9a and b show, the exhaust jet problem (the problem
studied in this paper) shows in general a higher reflection coefficient than either the
no-flow or the uniform-exhaust-flow problem. The physical reason appears to be that
with an exhaust jet, one has at the exit plane an acoustic mismatch in addition to a
geometric mismatch. A uniformly flowing medium with the vector flow Mach number M
may be regarded as an anisotropic acoustic medium in which the velocity of propagation
of acoustic plane waves is ¢(1 + M -n), where n is a unit vector parallel to the direction of
wave propagation. The geometric mismatch is the same whether one considers the
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no-flow or the uniform-flow or the jet-flow problem. Of the three problems, the jet-flow
problem alone is characterized by a medium mismatch, and hence it is not surprising
that the highest reflection coefficient occurs in general for this case. Regarding the
discontinuity in Fig. 10, one should perhaps draw a smooth faired curve through the
two segments 0 < kb < 7/2 and /2 < kb < m. All of this would not in any material
sense affect the conclusion that the jet-flow problem in general exhibits a higher reflection
coefficient than the uniform-exhaust-flow or the no-flow problem.
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Appendix 1: Radiation pattern with no flow. Given kb, N:
Case 1: N even:let N = 2N'.

1. Let R be an integer such that R < kb/» < (R + 1).

2. Let 0, , 6, - - - 6z be angles defined by 8, = sin™' (rx/kb), wherer = 1,2, --- R,
and 0 < 0, < (7/2).

3. Let ¢, , ¢ - - - ¢z be angles such that ¢, = (# — 6,).

4. Tor0 #0,0,,0, -+ 0g,¢1 -+ Pr:

1 — cos @ kb
PO ~ Ico(s Oy — co)s 6)|eXp (E cos 0)

1/2 1/2

sin (kb sin 6)
kb sin 6

2 cos (6,) — cos 6
;=1 cos 0, + cos @

5. If 6 = 0, p = O unless N = 0, in which case it is:

[p(0)| ~ exp (3kb)

R

I tan (6./2)|
r=1

6. If 9 = 0, , p = 0 unless 7 = N’, in which case it is:

(1 — cos Oy.)

|p(0N,)| ~ m exp (%kb Ccos ON:)

R

cos (6,) — cos (8x-)
,I.Il cos (60,) + cos (6x-)

1/2
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7. If0 = ¢, pis:

(1 — cos (¢)
cos (65) — cos (¢m)]

- exp l:% cos (¢m):|\/2 cot (Pm)

Case 2: N odd, let N' = (N + 1).

1. Let R be an integer such that (R — 3) < kb/7 < (R + 3).

2. Let 8, , - -+ 8z be angles defined by: 8, = sin™" [(r — 3)(x/kb)].
3. Let ¢, , ¢, - -+ ¢ be defined by ¢, = (= — 6,).

4. For 0 £0,0,, -+ 0,01, -+ ¢z ;

 ___sin (6/2) (kb cos 6
p(@)] |cos 6y — cos 6| ¢ 2

5. For9 =0,p = 0.
6. For § = 6,,, p = 0 unless m = N’, in which case it is:

1p(0w)] ~ sin (%) exp [kb cs 0N,:| | w

[p@m)] ~

B cos (8,) — cos (6.)|"?
g cos (6,) + cos (¢..)

R

H cos (0,) — cos 6
+=1 cos (6,) + cos @

1/2

) |cos (kb sin 6)]'*

1/2 1/2

cos (6,) — cos (6y)

|2 sin (6y) +=1 cos (6,) + cos (0x-)
excl. N’
7. For 0 = ¢, :
S ($s/2) [@ ]
P@n)| ~ o ) — cos @) P | 3 05 @n)
_|2kb cos® (8.)|"* | ¥ cos (8,) — cos (¢,)|"
sin (¢.) +=1 cos (6,) + cos (¢.)

excl. m

Appendix 2: Radiation pattern with flow. Given kb, N, M, Let 6, = cos (1 + M)).

Case 1: N even,let N = 2N’.

A: cot (kb) < 0.
1. Let R be an integer such that B < kb/=(1 — M*)'* < (R + 1).
2. Define forr = 1, 2 - -+ R, a sequence of numbers:

1 [ 2 (m,)z:luz }
R,t=m{1—(l—M)E F M-
3. LetQ =1/(1 + M)if N = 0 and Ry. if N # 0.
4. Forall |R,.| < 1, define angles 6,, 60, -+ 0z ;¢,, - - - ¢z such that 6, = cos™* (R,,)
and ¢, = 7 — cos™' (R,.).
5. For0<0<6,:

cos § — cos 6,
[p(6)] l: cos § — Q :I

sinh [kb(cos® 8 — (1 — M cos 6)))7]|2
kb(cos’0 — (1 — M cos 6)°)'* |

1/2

-exp [—kb(cos® 8 — (1 — M cos 6)°)"*]

R

JEXp [3kb cos 6(1 — M*)'?]
(1 — M cos 6)*

R,, — cos @
=1 R._ + cos 6
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6. For 6 = 6,, p = 0 unless N’ = 0, in which case it is:

1 1/2
R —_——
. R r+
)] ~ exp i LMy g gy ] TEN
r=1 R _ +
’ 1+ M

7. For 6, < 6 < m, p in general is:

lsin {kB[(1 — M cos 6)° — cos® 6]%}
| kb[(1 — M cos 6)° — cos® 6]*

L EXp (3kb cos 6(1 — M2)1/2)
(1 = M cos 0)°

8. If @ = 6, , p = 0unless m = N’: in which case:

lp(8x)| ~ SOS_(%'}')C; (co(j)gg) exp {%b cos O (1 — Mz)"z}

.(_kb_>
N'm
9. If § = ¢,., then p is:

exp [’“—2" cos (6,)(1 — MZ)W] "
[1 — M cos (¢)]° <7n7r>

cos § — cos 6, 172

cos 0 — Q

[p(8)] ~

N 1/2

R,, — cos 0
=1 R, + cos 0

1/2 R

H R,, — cos 6y,
r=1 Rr— + COs BN’

1/2

M 4+ cos 8y.(1 — M?)
Ry . + Ry _

Icos (¢) — cos (6,)
P(#n) | cos (¢m) — Q

1/2

& Rr+ — cos (d’m)
,I.:[l R,._ + cos (¢.)

M + cos (@)1 — MD)(Rns + R,

B: If cot (kb) > 0, multiply all previous expressions by the term:

(1 — 2M cos 6)° + cot® (kb)
(1 — M cos 6)* + cot® (kb)

Case 2: N odd:let N' = (N + 1)/2:
A: tan (kb) > O:
1. Let R be an integer such that (R — 1) < kb/=(1 — M*)'* < (R + 1).

1/2

2. Define forr = 1, 2, -+ R a sequence of numbers:
1 { 2 2<7r 2]1/2 }
- __ — (1 — —_ 12T .
R = gl - a - ave - () |
3. For those R,. such that |R,.| < 1 define angles 6, , -+ 6z , ¢, , ¢5 - -+ ¢z such

that 6, = cos™' (R,,) and ¢, = = — cos™' (R,_)
4. LetQ = RN'+ .
5. For0 <6 < 6,:
(cos 6(1 + M) — 1)'* exp [l—cg cos (1 — Mz)”z]
[p(@)] ~ (1 — M cos 6)*(cos § — Q)
-exp [—kb(cos® § — (1 — M cos 6)*)"*] cosh'’® [kb(cos® § — (1 — M cos 6)°)""*]
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1/2

H ,+ — cos 0
re1 Be + cos 6

6. For0 = 6,,p = 0.
7. For 6, < 6 < :in general, p is

(1 — cos 6(1 + M))'? exp |:k—2b cos 6(1 — M’)m]
Ip(8)| ~ (1 — M cos 6)*(cos § — Q)

1/2

-|eos [kb((1 — M cos 6)° — cos® 6)*]|'”*

® R,., — cos 8
II,R + cos 6
8 If 6§ = 0, , p = 0 unless m = N’, in which case it is:

1 — (1 4+ M) cos (8x))"* exp [@ cos (6 )1 — M*® ”’]
lp(8w)| ~ [L = 2 cos (6x)T

E0)’ (M + (1 — M) cos (67)]
(N — Pr(By-+ + Ru-2)

1/2 1/2

“r R.. — cos (6x)
rI-l Rr- + cos (eN’)

9. If0 = ¢,, pis:

ool ~ L DD 08 G o [ g gyt — 2y

}(kb) (M + 05 @u)(l — M)](Rms + Ra)

(m — P

1/2 1/3

& R, — cos (¢n)
I=I, R._ + cos (¢.)

excl. m

B: If tan (kb) < 0, multiply all previous expressions for p by:

l(1 — 2M cos 6)* + tan® (kb)
(1 — M cos 6)® + tan® (kb)

1/2

Appendix 3: Nodes (p = 0) of radiation patterns (all angles in degrees).

No. of
kb N M Nodes 1st Node 2nd Node 3rd Node
1.25 0 0 0
0.3 0
0.6 0
0.9 0
3.75 0 0 1 56.9
0.3 1 70.68
0.6 1 77.16
0.9 1 80.63
1 0 1 0
0.3 1 39.72
0.6 1 51.32
0.9 2 58.24 109.5
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No. of
kb N M Nodes 1st Node 2nd Node 3rd Node
3.75 2 0 1 0
0.3 1 39.72
0.6 1 51.32
0.9 1 58.24
6.25 0 0 1 30.17
0.3 2 50.61 91.05
0.6 2 60.46 90.51
0.9 3 66.52 90.34 140.4
1 0 2 0 48.94
0.3 2 39.72 64.29
0.6 2 51.32 72.02
0.9 3 58.24 76.47 109.5
2 0 1 0
0.3 2 39.72 91.05
0.6 2 51.32 90.51
0.9 3 58.24 90.34 140.4

Appendix 4: Approximate analysis of spinning modes. In a spinning mode problem
in an annular duct the given inputs will be k’a where ¥’ = w/c, a = mean radius of
annulus, ¢ the hub tip ratio, m the tangential lobe number and N’ the radial mode order.
Then the two-dimensional problem which simulates the three-dimensional problem
approximately will have:

kb = W (1 - (Tmﬁ)/

and an N equal to the number of nodal circles in the mode pressure distribution for
the axisymmetric problem.



