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I. Introduction. Wu [1] has considered the problem of the elastic properties of a
composite solid permeated by a sparse random distribution of identical spheriodal
inclusions, treated by the methods of static elasticity. Limits can be taken to give the
cases of included needles, spheres and disks. The properties of a spheroid are of course
characterized by the smoothness and convexity of the surface. In the case of the disks,
the singularities in stress at the edges are sufficiently great that, in this limit, a non-
physical result is obtained for the case in which the shear modulus of the obstacles is
allowed to vanish. Wu was careful not to take this limit. Walsh [2], however, did take
the disk limit for vanishing shear modulus of inclusions and attempted to apply the
result to the long-wavelength scattering problem. Walsh [3] later recognized the dif-
ficulty and proceeded to avoid the problem of the singularities at the edges by retaining
a nonzero aspect ratio to the crack.

Mal and Knopoff [4] considered the scattering at long wavelengths from spherical
inhomogeneities and showed that the result was completely consistent with the static
result. They also investigated the effcet of a statistical distribution of radii of the spatially
sparsely and randomly distributed spheres.

We consider the problem of the average elastic properties of a homogeneous elastic
solid permeated by a sparse distribution of randomly located, randomly oriented thin
circular obstacles in a scattering process. The boundary conditions on the two walls
of the obstacles separately can either be free-free, in which the normal components of
the stresses vanish, or liquid-elastic, in which the normal shear component of the stress
vanishes while the normal compressional component of the stress and the normal com-
ponent of the displacement are continuous. We can also make the liquid filler viscous
by the introduction of impedance boundary conditions. The free-free and liquid-elastic
problems will be considered in separate papers. We consider only the long-wavelength
limit of the scattering problem. We assume, based on the demonstration for spheres,
that this will also give the static result.

These problems may be considered to be models of a completely flawed object.
Consider, for example, a building brick permeated with fine circular cracks, or the
partial melting of a solid in which the mode of melting is along grain boundaries. In
either of these problems, we might imagine that it would be of interest to learn something
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about the concentration of inhomogencities without a microscopic examination of the
interior.

Some progress on the attack of the problems of scattering of elastic waves by finite
inclusions with sharp edges was made by Ang and Knopoff [5, 6] who obtained the solu-
tion to the two-dimensional cases of scattering by a single finite crack or strip. The
problem, as in the present case, involves the solution of coupled dual singular integral
equations. Mal et al. [7] have considered the scattering of normally incident compres-
sional waves by a penny-shaped crack. The plan of this paper involves the solution
of the problem of the scattering of long-wavelength compressional waves incident
obliquely on a single circular crack imbedded in an infinite, clastic, homogeneous,
isotropic medium. We then give a method for determining the properties of a medium
randomly permeated by such cracks.

II. The integral equations. Let the location of the crack be given by z = 0, 0 <
r < 1, in cylindrical coordinates (r, ¢, 2z). All lengths are normalized with respect to
the radius of the crack. The time harmonic behavior exp (—iwt) in all the physical
quantities is suppressed. The displacement vector u for the diffracted field satisfies

kE2V(Veu) — k2 V XV Xu+u=0, 1)
where
ki = w/v;, 1=1,2 2

and v, and v, are the compressional and shear wave velocities in the medium defined by
the relations

vi = (N + 2u)/p, 3
v = u/p.

X and g are the usual Lamé elastic parameters and p is the density.
Let the vector displacement ficld be decomposed into three scalar potentials @,

¥ and x as

_9® 13 %
'-ar+r6¢+az6r’ (4a)
_1o® ¥ 1%
Y =196 or Tragaoz’ (4b)
b 9’
U, = 'é; + <£’2‘ + k;)X, (40)

where &, ¥ and x satisfy
Vo +KEe=0 V¥+EY=0  Vx+kx=0. (5a,b,c)

The normal components of the stress in terms of these potentials are

R 1 0% 3 9
/b= 2t v as e T (2 a2t kz)"’ (6a)
2 %P RV 1a< 3 2)
T"’/"_raqsaz—araz-l_rad: 26z2+k2 X (6b)
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rMu=@ﬁ—ﬁ+2%ﬁ+2%@;+M%. (69)
Assume solutions of (5) to be
20,6,9 = 2 ¢ [ (Puld) F Pul®)Tur)e ™ ds, (7a)
Y(r, ¢,2) = _Z_ e‘”“fo [Qua(§) F Qua(D)}a(ir)e™™"! dg, (7b)
X, 6,9 = 3 ™ [ (R F R0} (06 (7o)
where
vo= =k, Rev; > 0, 1 =1,2, (8)

The F sign in (7) refers to z 2 0 respectively. The six functions P,,(¢), etc. are deter-
mined from the boundary conditions. For the free-free problem,

12+ Toilinor = 0 r<l1, 1=r1¢,z (9

where the stresses 7° refer to the incident field.
The displacement is continuous for » > 1 and the stresses are continuous for all r.
The latter condition implies

[1C8 = P + 20ROV dr = 0, (105)
[ P + @8 — BRI ds + 2 [ n@u@ ) ds =0, (100

% j; (20 P1a($) + (2{2 - kﬁ)Rz,.(f)]J,.(i‘r) d¢ — /; Q@ ()Ja(Sr) d = 0. (10c)
Using the identity for Bessel functions
zJi(x) £ nd,(x) = £ J.r1(2), 11)
(10b) and (10¢) may be written as
[ H120Pu) + @ = BRa(e)] F Q) srTans(s7) = 0.

A sufficient condition for this equation and (10a) to hold is

(28" — KD)P2u(8) + 208°R1(7) = 0, (12a)
2, P (5) + (28" — E)R..() = 0, (12b)
Q:1.(¢) = 0. (12¢)

The continuity of the displacement for » > 1 implies from (4) and (7)

[ tPus) + B a4+ 2 [ Qi dr =0, r> 1, (130
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zrﬁ fom (P2a($) + mRin(D]J.(r) df — f T Qu(O T dt = 0, (13b)

[ 0Pu®) + $ R0 ds = 0. (130)

There are three more relationships which arise from the boundary conditions (9), but
these will require that incident waves be specified. We assume that a harmonic plane
P-wave of frequency w travels in the 2-z plane and strikes the crack obliquely. The
incident wave is given by

¥ =x" =0,
@’ = exp (i(ax + B2)) = exp (if2) _Z_: exp (ing)J.(er), (14
o + 6 =k
Using (6), (7), (12), (14) and the identity (11) in Eqgs. (9), we get
[ 6@Pu0Ian &5 = 2 = Biden,  r<1, (150)
fo ) di[£IGEIRA(E) + 1:Qen(D]Tasi(§7) = F 2B pz1(ar) (15b, ¢)

where G(¢) = [4¢%vw. — (28° — k2)®)/(2¢* — k2). Putting (12) into (13) and using the
identity (11), we obtain the following dual integral equations:

[ G0P.@I.r) dr = @& — BT ), 0<r<1 (165)

5ir s ’"“) S TGN dE =0, > 1, (16b)

‘/;Q dff[iG(g-)Rln(?) + V2Q2n(§-)]Jn—l(§_r) = _2aﬁin']n—l(ar)7 0 S r < 1, (17&)

[ [w;R—'"(f 1 an(f)]S“J LGN dr =0 r>1 (17b)

fow d¢ SEGORWE) — 1@l nni(ir) = —2080Tsler), 0 <7 <1,  (189)
[ [;V;Rm(i')kz _ Qz»(()] (G ds =0, r> 1, (185)

Emboldened by our success in reducing the typographic complexity of these equa-
tions by introducing the function G(¢), we make some further typographic simplifications
by defining

8.(8) = nPu(0)/(2¢" — k2), (19a)
L) = 'LVlen(g')k /(2§' - kz) (19b)
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The dual integral equations may be written as

f: £S.OT.r) d = Aud o) + [ TAQSOLGH &, 0<r<1,  (200)
[ 807,667 ax = o, >, (20b)

[ FBL + Q)i at
= duslen) = [ HBOLO) + COQOWaa( dr, 07 <1, (ala)
[0+ e@ueea =0, >, )

[ P0E©) = QuleNans(er) a5

= oo = [ SBOLE) = COQOVan( dr,  0<r <1, (220

[ = Qe =0, >, (225)
where
AR = ¢ — 4§2”‘”2’(kg fof); B y=2l-o), o= % <1, (23a)
B(g) = _Vf,fg =k, (23b)
Ck) =» —g, (23¢)
A, = 2(%% - %) ;1 , (24a)
4, = —27ap. (24b)

III. Solution to the dual integral equations. Ior our purposes, it is convenient to
imagine the right-hand sides of (20a), (21a) and (22a) as known. Let these three ex-
pressions be h,(r), f.(r), g.(r). We must solve the dual integral equations (20) and the
coupled dual integral equations (21) and (22); the solution to the first problem is inde-
pendent of the solution to the second. The solutions will be obtained by introducing
auxiliary functions which are defined in terms of S,(¢), @:.(¢) and L,(¢). The particular
form of these auxiliary functions is chosen so that (20b), (21b) and (22b) are satisfied
identically. The remaining equations are then put into a suitable form for iteration in
the long-wavelength approximation.

The solution proposed for (20), (21) and (22) requires n > 0 for (20) and n > 0

for (21) and (22). This produces no difficulty since, from the integral equations, it can
be seen that
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S_(§) = (=1"8.(0),
L—n(() = (-l)ﬂLn(g-)y

Qe-a(§) = (=" Qua(©).

The case n = 0 in (21) and (22) will be treated separately.
We postulate the following solutions for (20), (21) and (22):

,uo=ﬁs@wmammw“@, n>0,
¢L,(5) = ?”{fo Pin(m) nersa(En) dn + fo Qin(m) T nr3s2(Em) dn] , n>0,

.('an(f) = §_1/2|:'/; pzn(ﬂ)Jn—lﬁ(g"?) dn + ‘/; Q2n(77)Jn+3/2(§"7) d’?] ’ n > 0.

Only p1.(n) will be found; the other auxiliary functions are determined similarly.

Before continuing, the following identities will be needed:

[ e raand e a = o, 0<n<ry>u>—1
0

_ 2u—v+lru(7]2 __ r2)v—n—1
Ty — wn’

) 77>ryy>ﬂ>'_1,

Il

fo TGN () dE = 0, n>r,p>v> —1,

_ 2r—p+lnv(r2 — n2)u—v—l
Ty — »)r*

7 v+1J i
‘/; (772 — IE%TT);E = (7"/2.()1/277 1/ZJ;,+1/2(§“'7):

@/dn)[n"J,(Em)] = 0" J($m),
@/dn)n~"J, ()] = —¢n"Ta($n).

We will also want to recall that the solution to Abel’s integral equation

(r — 2 a7z dn = (1), 0<r<ili,

is

Tf(T)
g(n) = - dﬂf ("l 1/2 dr.

, 0<n<r,u>v>—1,

(25)

(26a)

(26b)

(26¢)

(27a)

(27b)

(28)

(29a)
(29b)

(30a)

(30b)

In Egs. (26b, c), we have introduced four function transforms to describe the two
functions L, , Q.. . Thus we can assume two sufficient conditions among the four new
functions. Eq. (22b) is satisfied if p;.({) = p2.(¢). This can be shown if identity (27a)
is applied. Eq. (21b) is also satisfied by applying (27b). This can be shown by using
(27a) on the p,.(¢) term, and (29b) and (27b) on the ¢,.(¢) and ¢.,(¢) terms. Assuming

the relation

71.(8) = — () /v,
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the integrand of (21a), after integration by parts, becomes

(VL)) + Q)] = =70 + 1){171"(1)«7,.—3/2(?)

— fo %[77”"3/2101,.(17)]n_"””2 n-a/2(57) dn}, (31)

where it has been assumed that lim,., [pi.(17)Ja-3,2(in)] = 0. Substituting (31) into
(21a) and using (27a), we get

’ i n—3/2 dy R e fn(r)rn_l.
[ & (> puta) 2 = (5) ES 2

The integral equation may be inverted by assuming f,(r) is known and using (30),
(21a) and (28). The resulting equation is then integrated over » from 0 to n and gives

pu) = Pal) = =5 [ PABOLG) + COQOM (e s, (3B0)

where

0 _ 22 an—1/2(an)‘
pln(n) - ¥ _'_ 1 _\/a

Similar calculations for (22) yield

n
vy + 1)

i) = qin(n) — fo m Y BELLE) — vCE)Qen(D)uiare(Em) df,  (342)

where

o _ an 77Jn+3/2(0”7).
QIn(n) - ’Y(’Y + 1) \/C( (34b)

Substituting (26b) and (26¢) into (33a) and (34a) gives

0 n ! '
Puln) = ph(n) — 2 [ [ pu@Futn, 0 @t + [ qu@Fsuta, dt], (350)

s _on 1 1 ]
QIn(n) - Qun(”l) ')’('Y + 1) [4/(; pln(t)Gln(n) t) dt + j; qln(t)G2n(77) t) dt ’ (35b)
and a similar calculation for Egs. (20) using (26a) gives

s = 8 + [ Fuln, 050 dt, (36a)

where

83(11) = A,,(n/a)l/zfnﬂ/z(an) (36b)

and

Puln, ) = @ [ AQ©Tauns6DTurslen) dt, (37
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Fuln, ) = [ [BO) + COVaan(5Tusnlen) ds,
Fulty 1) = Gualn, ) = [ (B = YOG awaalend st d,

Gurln, 1) = [ [BO) + VOV arast1 (50 i

(37b)

(387¢)

(37d)

Due to the asymptotic behavior of A(¢), B(¢) and C({), Egs. (32) may be converted to

integrals over the branch cuts between £k, , ¢ = 1, 2. The result is

Fyo(n, §) = i(tn)"”* 52 b { f dy 4y°(1 — ¥")"H,2 (Tt T 2 (E<Ra)
# [ ay B H ki sttt
Fuln, ) = —4i0'® [ dy 3 = ) HS, (et o aloat<t)
— ik f Ly [Qy—?ﬁ + (1 - y%‘”]H,‘,‘_’l,z(kzay)J,._m(kzay)
Gunln, §) = — 4ol f dy YL~ ) H okt ) T ookt )
— [ (7 = 7+ ¥ — DMttt
P, 0 = Gty 1) = —4is'%s [ dy 370 = )V H,alobam) Tycaoats)

lsz (1 1/2 (H?/ - 1)
-y -y )]H'(zl—)l/z(kz’??/)Jn+3/2("72ty); <,
1
Fuu(n, t) = G, 1) = —4id4k§f dy ?/2(1 - yz)l/zflii)s/z(ﬂkgty)t]n-1/2(47"7277?/)

41]02 f dy .7/ 1 (J "D“ H '(.1+)3/2 (ko) Jnz1s2 (kz nY)

)1/2
+ n—1/2
- 1"',7”.1/2 (2n + 1), t > 77.

We have used the notation

=" i t>9 and =" if £<n.

< n < !

(38a)

(38b)

(38¢)

(38d)

If these kernels are expanded in powers of k&, , k, , it can be shown that F,.(», t),
Fs.(n, t) and Ga,(n, t) are of the order k* and Fy,(n, t) and G,.(n, t) are of the order of k*.
The solutions to (35) and (36) are obtained by iteration in which the first-order solution

is pia(n) = Pla(n), q1a(n) = gla(n) and s,(n) = 3(n)-
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To obtain the complete solution, we must now solve (17) and (18) for the case n = 0.
The equations under these circumstances decouple into

[ em@neas o, r>1, (392)

[ ta0n@ne) ds = —2e80,e),  0<r<1, (390)
[ eu@nenas =0, r>1, (402)

[ meuon@as =0, 0<r<y, (40)

where

4w, — (28 — )
A'(R) = Sy Vz(k;' )

(40) implies @,(¢) = 0. To solve (39), let

1
L@ = ¢ [ puta o) dn. (41)
Proceeding as before, (41) identically satisfies (39b). (39a) may be put in the form
v [ CLOIEn & = —2080) = [ BOSLOTG dr ()
Using (41) in (42), and inverting by using Abel’s solution, we get
_ Lo g Japlen) [
poln) = = 2an 5 = 1 [ arp ()Fs(a, 1), 43)
where
Fon, ) = [ dt BOTsnleDTsen
= “4iU4IC§‘/‘ dy y2(1 - yz)U?H;};(O'kzt>?/)Js/2(0'k2t<y)
— 1]62f dy <~y 1/2 Hé};(kzt>y)J3/2(k2t<y)’ (44)
Fo(n, ) = 0(k?).

IV. Effective elastic modulus. Having solved the problem of the scattering of
incident plane P-waves on a single crack, we proceed to find the effective elastic modulus
associated with the scattering of a P-wave by a random distribution of such cracks,
randomly oriented as well, and imbedded in an otherwise clastic material. The effective
modulus will be calculated by considering the flawed material as an equivalent homog-
eneous isotropic eclastic material subjected to a constant traction on the surface. The
deformational energy of the equivalent homogencous material will be calculated and
set equal to the deformational energy of the flawed material. It will be assumed that
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the density of inhomogencities is small, so that in the lowest approximation the deforma-
tional energy of the flawed system is equal to the energy of the unflawed homogeneous
host matrix plus a correction due to the flaws.

We write the total energy in the flawed case as

E = EO + AE = % f T?ie?i dv + % [ (Tl'ieii - T?iégi) dv, (45)

where the first integral is evidently the result in the unflawed case. In these expressions,
v is the total volume. The volume v in the flawed case is bounded by an exterior surface S
and the surfaces of the cracks S, . By an energetic application of the divergence theorem,
the boundary conditions 7,; = 0 on S, where 7 is the normal to S, , and the reciprocity
theorem, we can write (45) as

= l T?,‘G,‘i dv = 1 f T?,’G?i dU + ‘}' f T?fn,'[u;] dS (46)
2 J, 2J, 2 s,
where [%;] is the jump in u; across S, .
Let the effective moduli be A, , u; and the elastic moduli for the matrix material be
A, 1. There exist two Hookean operators L, and L, connecting the stress and the strain:

€ = LI(T?i)y 5?:‘ = LO(T?i)° (47)
Thus (46) becomes

N
AL = AL + X o [ el ds, (49)
p=1 Sp

where the two volume integrals have been evaluated by virtue of the uniformity of the
fields in both cases. The surface S, has been broken into N fragments corresponding
to each of the N disks in v; cach separate disk is identified by a surface S, . Each of the
S, is randomly oriented and uniformly distributed throughout the material.

The jump in displacement [w;] must be determined and the static limit taken. The
latter step requires the calculation of the lowest-order terms of [u,]. The discontinuity
in the z-component of the displacement across a circular crack is

o

) = 2 % exp ng) [ 807,00 dg (49)

n=-o

from Egs. (4c), (7a, b), (12b, ¢) and (19a). We substitute from Eq. (26a) for S,(¢)
and interchange the order of integration. We get

[u,] = 4(7%)”2103 ”Z; "¢, COS NP fr 1 dp G)%}))]/—zp; (50)
where
=% =n=0,
=1, n # 0.
The dominant term in the sum is that for n = 0. Thus the jump in u, in the static limit is

4 A (@A — )%} (51)

[u.]sp = ;
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from (36b). Using a similar procedure for the jump in u, and wu, , we have

Y EARR S Y dnpa(r”
[u,] = —4z<1r) ’;cosmﬁ[fr T — 7

e N i

w/  (n
L2\ & dnp, i d ' dng, o
[ug = 41(;) ;Slﬂn‘ﬁ[ 771?11(/127) o _r_ 1772 - (‘Y a T) . nnq+§(72—) (* =Y ]
(53)
The dominant terms are for the case n = 1. The results are
[usl: = +(16aB/(1 4+ y)m) {(1 — )"}, (54)
[w.]; = —(16aB/(y + Dm){A — r)'*}, (55)

from (35a) and (35b).
The stress 77; is obtained from the incident field

®° = exp (flar cos (@ — ¢o) + £°).

The Hookean operator acting on the stress 7}, is

. N SiiT
o = Li(rs; = T _ MOiiTke
) ) = o ™ B + 30
The energy density in the equivalent unflawed medium is
T?iLl(T?i) = (N + 2#1)]94(‘1)0)2- (56)
The scalar quantity [s, 72,7,[u:] dS is independent of choice of coordinates. Hence,

we take a coordinate system such that the normal of S, is in the z-direction for any disk.
The stresses in the incident field are

Tr. = —2uaf cos (¢ — ¢o)@°,
7o = 2uaf sin (p — ¢)2°,
7. = — (k] + 2u87)2°. (67

To this point, we have considered the scattering by a crack of unit radius. We now
dimensionalize the result for a crack of radius a, and we have

[u,] = ;ér Aokzaz(az _ r2)1/2,

16&,[3@2((12 _ 7‘2)1/2

[ur] = - (1 + 'Y)ﬂ- COoS (¢ - ¢0)7
- 160480 e 2\1/2 2 _
Substituting (56), (57) and (58) into (48) gives
1 _ 1 8a Susin® 0, cos® 6, . (N + 2u cos’ 6;) ]}
x1+2ul‘x+2{+3v,z[ 7 P S W (59
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It is now elementary to perform an average of this expression over all possible angles
on the unit sphere. We get

1 1 8 Na® [16 M D+, 1 N ]}
= 143 — 23 2 =
<xl+2m> x+2n{ T3 5m+a T2 u T2anall @
as the expectation value; i.e., the average compressional modulus of the flawed material
in terms of the properties of the matrix, i.e. the unflawed material, and Na®/v, the number

of cracks per unit volume scaled by a’, a quantity having the dimensions of volume
derived from the radius of the crack.
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