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Introduction. The conservation laws satisfied by the solutions of a previously given
system of differential equations play a basic role in various problems of continuum
physics: conservation laws such as the conservation laws of energy, momentum and
others that one uses for the analysis of theoretical properties of differential equation
solutions (a priori estimates, theorems for existence and uniqueness, stability, etc.), as
well as the numerical discretizations—the method of integral relations, conservative
difference schemes and finite elements.

In elasticity, in addition to the general applications mentioned above, the conser-
vation laws (or, rather their path-independent integral forms) are of key importance
in the study of cracks and dislocations [1, 2]. Instructive review of the conservation
laws in elasticity and their numerous applications is presented by Olver in [3].

The results of Knowles, Sternberg [4], and Fletcher [5] obtained by variational
principles being invariant at infinitesimal transformations are generalized for vis-
coelasticity in the paper [6].

The traditional method for obtaining conservation laws is based on Noether’s the-
orem and its generalizations [7, 8]. For its application it is necessary to analyze in
advance the group properties of the initial differential system of equations and to
obtain the functional for which Euler’s equations appear as equations to be analysed.
Moreover, if the functional is degenerate (this is possible in elasticity [9]) one loses
the one-to-one map between the groups which admit the initial equations and the
conservation laws [7, 8]. Thus the investigation of conservation laws by previous
determination of the groups of corresponding functionals sometimes leads to tedious
computations.

In the present work we seek the conservation laws without using group analysis and
a variational principle. In the case of an adiabatic, an elastic solid for the density,
and the flux of an arbitrary conservation law, an overdetermined partial differential
equations system of the first order is obtained, and the presence of the entropy permits
one to perform a direct analysis for compatibility. Briefly, the main result that we
obtain is the following. If the internal energy function does not satisfy a system
of two partial differential equations of the second order with constant coefficients
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(the condition (iii) of Theorems 2.1, 3.1) then all linearly independent conservation
laws in elasticity, which are explicitly independent of time and space are the classical
conservation laws of momentum, energy, entropy, and mass. The two- and three-
dimensional problems require a more delicate analysis.

Let us mention that with similar methods the conservation laws of other important
differential equation systems of continuum physics are obtained [9, 10].

This paper is divided into three parts. In Sec. 1 are discussed the basic equations
of one-dimensional elasticity in the case of compressible and incompressible solids.
In Sec. 2 are obtained the conservation laws of compressible nonlinear elasticity and
in Sec. 3 the conservation laws of incompressible elasticity. Also, two examples for
applications of the basic theorems are considered, and the role of entropy for deter-
mining conservation laws is discussed for the equations of isothermic incompressible
elasticity. The conclusion is that, like in the case of the shock waves theory [11,
12, 13], the presence of entropy does not allow conservation laws without physical
meaning and vice versa.

1. Basic equations. Without loss of generality we can consider a motion of a solid
in the form of waves parallel to the (x2 , x3)-plane in the Lagrange coordinate system
xX'=x,x*, x°, .

x;=X'+d(x,1), i=1,2,3,
where the x; are Euler’s coordinates and the d; are displacements. This motion
generates a velocity field v, = dd,/dt, i =1, 2, 3, and a deformation gradient field
p;=0d,/0x, i=1,2,3.

An adiabatic process in a compressible elastic solid without body forces is governed
by the conservation laws of momentum and energy, [12, 15],

dv, 0T,
Pogr ~“ax =0 (-
op, v, _
at  9Ox
0E 0 <
= _Z T = 1.2
a1 ax§”tT1 0 (1.2)
and the second law of thermodynamics
3
de=6d71+ZTidpi. (1.3)

i=1
Here, T;, i =1, 2, 3, are stresses, p, is constant density in the reference configu-

ration, © is temperature, 7 is entropy,
2, .2 2
v+ v, + Uy
2
is the total energy, and e = €(p,, p,, p;, 1) is the internal energy. The conservation
law of the mass can be expressed by the continuity equation

PIL+p,| = py, (1.4)
where p, is the density in the actual configuration.

E=e+p,
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Hence and henceforth we consider smooth solutions of the nonlinear elasticity
equations and shall not specify explicitly the domain of the variables if it is not
explicitly shown in adding.

Let us multiply the first equation of (1.1) by v, , the second by v, , the third by
v, and subtract them from (1.2):

Using 4-6 of the equations of (1.1) we can write the last equation in the form

de .. 0,
E_;Tiﬁ_o, (15)
which by analogy with gas dynamics can be called the “entropy” equation of the
energy. If we multiply the first equation of (1.1) by ¢, = —v,/6, the second by
g, = -v,/O, the third by ¢; = —v,/0, the fourth by g, = —-7,/0, the fifth by
g, = —T,/8, the sixth by g, = —T;/6 and (1.2) by ¢, = 1/6 and summarize the
results, we get

3
de op;
=3 2T, =0

From here and (1.5) the conservation law of entropy follows:
on
ot
It is not too hard to prove that in the dependent variables g;, i = 0, ..., 6, the

elasticity equations can be written as a symmetric quasilinear system, [13].
If the solid is incompressible, then p = p, and from (1.4) it follows that p, =0.

With additional physical motivation, see [15], one can show that the equations of
elasticity are reduced to

=0. (1.6)

ov, oT;
or "ok T (1.7)
op; _9vi _ i=2,3
ot  Ox ’ T
where
de v 4ol
T,=-——, i=2,3, E=e+p,—~52.

2

Let us consider the equations of a compressible elastic solid. If we choose the
velocities, deformations and entropy as basic unknown functions, the equations of
one-dimensional nonlinear elasticity can be written by the quasilinear system

ouU oU _
S5+ A< =0, (1.8)
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where

vV
U= (P) ,  A(U)=grad (—pg‘g—;, -V, o) . V=,
n
DEFINITION 1.1. The equation, [11],
oD(t, x, U) + oF(t,x,U)
ot ox

in which the functions D, F are second-order smooth functions of their arguments
is called a first-order conservation law of the system (1.8) if it is satisfied for every
smooth solution of the system (1.8). The functions D, F are called density and flux
of the conservation law (1.9). The conservation laws of the system (1.8) are linearly
independent if and only if their corresponding functions Z(¢, x, U) = (D;, Fj) are
linearly independent.

In the same manner the conservation laws for incompressible elasticity can be
defined.

2. Conservation laws in compressible nonlinear elasticity.

0 (1.9)

THEOREM 2.1. Let the function, e = e(P, n), P = (p,, p,, p;), have continuous
partial derivatives up to third order in a region Q = Q x (a, b). Let us denote

o2 9’ 9’
€; 317,- + i T (Tl > T2 > T3) > em apian ’ elj ‘91’,'31’1 ’
A = detlle, ||, i,j=1,2,3,

and by A, (i =1, 2, 3) the determinant, which is obtained from A by substituting

its ith column with (e, ,e,, e3)T . Let us suppose that the following conditions are
fulfilled : \
(i) A#0if (P, n)eQ;

(i1) 37 € (a, b), such that for almost every P € Q

3
J(e) = det ZeksrAr — Ay, || #0,
r=1
where 5 5
€k ek
eksr=6ps’ ek.m= a"S’ k,s,r=1,2,3.
r

Then, all conservation laws of the system (1.9) corresponding to its solutions U =
(V, P,n), for which (P, n) € Q are the following:

3
D= —c,e— /(c12T2 +¢,Ty)dp, - Z(poMix +L,)P,

i=1

3 3
- 10, Z €VY; — Z(PoMit + N)v;, + 9(x, n)
i,j=1

i=1

+/w(x,t)dt+u(x),
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3
F = Z ;v T; +Z(p0Mx+L)v +Z(Mt+N)e —/a// x, t)ydx +v(t),
i,j=1 i=1 i=1
where ¢, v, u, v are arbitrary functions, M,, N,, L, are arbitrary constants and

the constants c;; satisfy the conditions: c; ;i =Cji and

(c1 — ey +¢ppley —€yy) + €363, — €385, =0,

(iid)

(¢ = €33)€3; +C15(eyy — €33) +¢pp€p3 — €556, = 0.

Proof.. In the equation (1.10) D and F are the required functions of the variables
t,x,v;,p;, i=1,2,3, n, and each of the variables v,,p,, i =1,2,3,7 in
their turn depend on ¢, x . We differentiate in (1.11) D, F as compound functions
and using the system (1.1), (1.2) we eliminate the derivatives with respect to ¢. We
get a linear relation with respect to space partial derivatives, which must be zero for

arbitrary values of the solution derivatives. As a result the following system of eight
equations for two functions arises:

3

oF -1 6D .
a_pi—_po j=le,‘ja_vi7 l—l,2, 37 (2‘11)
i=1,2,3
oF oD
;9—11_—3_1);’ k_1,2a3, (2'13+k)
k=1,2,3
3
oF -1 oD
an - Po ). "jna_vj‘_’ (2.17)
oD OF
a0 Tax O 2.15)

At the first stage of the proof we will investigate for compatibility the equations
(2.1,)-(2.1;) . For this purpose we compute BD/B'vj , J=1,2,3, from the equa-
tions (2.1,)—(2.1,):

oD Po i+j -
“5u, - Z( 1) A,,a j=1,2,3,

where A, ; is the subdeterminant of A corresponding to its (i, j)-th element. After
substituting these expressions in the right side of (2.1,) and suitable rearrangement
we get the equation

i ZAij— =0. (2.2)

The general solution of (2.2) is

F=F(el,e2,e3,vl,v2,v3,t,x). (2.3)
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For example, we shall check that e is a first integral of (2.2), i.e., de/dp = const.
Indeed, in view of the characteristic system of Eq. (2.2),

on_op, _0p, _0n_,
ATA A AT

b

1
we get

3
de, =k (eMA+ Ze]jAj) .
j=1
But, using the notations for A, A, j=1,2,3, it is easy to verify that the right
side of this expression is zero.
Using the representation (2.3) for the function F we can rewrite (2.1,) in the
form
OF | 9D, (, OF 0D, ( OF 9D\, o .,
Pode, T av, ) 1T \Pode, T au, ) 2T \Pode, T oy, )3T TS
Taking into account that A # 0, then from this homogeneous linear system of alge-
braic equations for the unknowns p %X + 22 j =1, 2, 3, the equalities follow:

v,
oF 9D _
p 09e, = Ov,
Let us differentiate each of the equalities (2.4) with respect to p,, kK = 1,2, 3.
Taking into account (2.1, ,) we obtain

0, i=1,2,3. (2.4)

i

3
oF oD oF
PoQ_eks(P,m) = - = sk k=1,2,3. (2.5)
Og ks de e, dv,0p,  0v,0v,
Since A # 0 and
oe .
eiza_psei(plapz’p:;’”), l=la2a3a (26)
1

from the implicit functions theorem the (local) representation follows:
p;=Dp;e e, e, 1), i=1,2,3. (2.7)

Now we can rewrite (2.5) in the form

3 2 2
i 9°F(T,v) 9°F(T,v) 8D
poge’“(el €5 €3511) dede. — 0vdv, ~  Ov,0p, (2.8)
where
éks = eks(ﬁl(el ’ €2 3 6’3 ’ 'I) ’ p~2(e| ) ez s e3 ’ ’I) ’ p~3(e1 s 6’2 s 63 > ﬂ)) (29)

Let us put ¢;, i =1,2,3, from (2.6) in (2.7) and differentiate the two sides of
the equalities thus obtained with respect to 7. As a result of this a system of linear
algebraic equations arises for the unknowns 9p;/97 . Solving it we find

op; _ -4

a—’]— A l=1,2,3.
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Now, from (2.9) it follows

9é 1<
ks _ _
3773 = ’§=1 €5, Cpesn- (2.10)

Let us differentiate the two sides of (2.5) with respect to 1. We get a homogeneous
linear algebraic system of equations the determinant of which according to (2.10)
and (ii) at n =7 is nonzero. Hence

8°F .
6ei6ek—0’ i,k=1,2,3. (2.11)
Now from (2.5), it follows that

2
o F =0, ik=1,2,3, (2.12)
8vjc’)vk

and
8’D
ov,0p,
Thus, the representation for F follows from (2.11), (2.12):

0, i,k=1,2,3. (2.13)

3 3
F=c,t,x)ve+Y c(t, x)v,+ Y Klt, x)e,+1(t, x), (2.14)

i,j=1 i=1 i=1
and from (2.13) for D:
D=D(p,n,t,x)+D,(v,n,t,x). (2.15)

In (2.14), (2.15) ¢, 5 Cis K,,D,, D,, ! are arbitrary functions of their arguments.
In view of (2.14), from (2, 1,,,) and (2.4) we get for D:

3
oD oF .
a—pi_—a—vi_—élcijej-—c’., i=1,2,3, (2.16)
oD 2
50, = "o E ;v +K; |, i=1,2,3. (2.17)
i j=1

After a differentiation of the two sides of (2.16) with respect to p, (i =1, 2, 3) and
equalizing the mixed derivatives, we find that the functions c¢; i I,j=1,2,3 must
satisfy the conditions (iii).

From the first of the equations (2.16), after an integration with respect to p,, we
find that

D, =—c e — /(clze2 +c¢363)dp, —¢\p, + Ds(p,, P35, 1, 1, X) (2.18)

where D, is an arbitrary function. Let us differentiate the two sides of (2.18) with
respect to p, and replace the expression under the integral by its value from (iii).
After some easy calculations we obtain

Dy = —c,p, + Dy(py, 1, 1, X). (2.19)
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Taking D; from (2.19) we put D, from (2.18) in the third of the equations (2.16).
After calculations similar to the above we get
D,=—c3p3+ Dg(n, t, X), (2.20)

where D; is an arbitrary function of its arguments. Finally, from (2.14)-(2.21) we
get the formulas

D= —c,(t, x)e, — /(clz(t, X)e, +¢;5(t, x)e;) dp,

3

3
—Zc(t X)P; = 3Py D ¢t )00, = py Y Ki(t, x) + Dy(n, t, x),
i,j=1 i=1

3
=Ec txve+Zc(txv+ZK(txe+1(t X).
i,j=1 i=1 i=1

(2.21)
We put these expressions for D and F into Eq. (2.15) and equalize to zero the
coefficients at the degrees of v, , v,, v,:

ac..
57 =0. i,j=1,2,3, (2.22)
3 dc,;
-, a/*za =0, i=1,2,3, (2.23)

aD 39K,
IR > —te + L, (2.24)

We differentiate (2.23) successively with respect to p,, p,, p; and get a linear
homogeneous algebraic system of equations for the unknowns %l, %0;1 " %C;l , with
determinant A # 0O (see (i)). Thus, (2.23) reduces to the equations

dc;; 80K, dc;
P Sdinlel B R
6x ’ Po5r T ax 0. (2.23)
In the same way, using the condition (ii) we can show that (2.24) reduces to the

equations

K, ac, oD, ol
Z2=0.  Fi=0,  SEio—=0. (2.26)

An elementary analysis of (2.22), (2.25), (2.26) gives
¢, = —/w(x, ndt+ulx), I= —/w(x, 1) dx +v(x),

where ¢, ¥, u, v are arbitrary functions. This completes the proof of the theorem.

CoroLLARY 1. For an arbitrary function e = e(p,, p,, p;, n) having continuous
partial derivatives up to the third order there exist constants Cij =€ satisfying the
conditions (iii), but if the function of the internal energy is such that these constants

must satisfy the equalities
ci=¢;, ¢;=0, i#j, i,j=1,2,3, (2.27)

1
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which do not depend explicitly on the time and the space, then we get the classical
conservation laws: the conservation laws of mass (1.4), momentum (1.1), energy
(1.2), and entropy (1.6).

Proof. Now, in view of (2.27) the formulas (2.21) take the form

3 3 3
2
D =ce+ E (PoM;x + L)p; — 3 P,C E v; — E (PoM;t + N,)v, + o(x, 1),
i=1

i=1 i=1

F

3 3 3
c Z v, T; + Z(pOMix +L)v, + Z(M,.t + N))e,.
i=1 i=1 i=1
Setting successively in these formulas all constants except one to zero we get the
classical conservation laws except the conservation law of mass.

The only trivial conservation laws (which give no information about the solutions)
are the pairs

D= [vix.ndi+ux),  F=-[yix ndx+v0),
where y, u, v are arbitrary functions.

3. Conservation laws in incompressible nonlinear elastodynamics. An analogous
theorem is valid for the equations (1.8).

THEOREM 3.1. Let the function e =2(P, 1), P = (p,, p;), have continuous partial
derivatives up to third order in a region Q = Q x (a, b) C R®. Let us denote

_ 9 o’e o’e

ei—a—pi— i’ ei”—*a—pi-a—”, eij—Wa
A = detlle; ||, and let A; (i = 2, 3) be the determinant that is obtained from A
by substituting its ith column with (e2n’ "3,,) . Let us suppose that the following
conditions are fulfilled:

1) A#0if PeQ;

(i1) 37 € (a, b) such that for almost every P € Q

i?j=2’3’

3
det || e,A, —Ae, |l #0,
r=2
where 5 5
é’k ) ek
ksr=7§p—b’ r=2,3, Crsy = 67;

Then, all conservation laws of the system (1.8) corresponding to its solution U =
(v, P, n) for which (P, n) € Q are the following:

3 3
D= —cpe—cy, / Tydp, - Z(/’oka +L)p — 3P Z C;jV;V;
i=2 i,j=2

3
=S (oMt + Nyo, + 0, m)+ [ wix, de+ i),
i=2
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3 3 3
F=Y c¢uT,+> (pgMx+L)v,+ Y (Mit+N)e, + / w(x, t)dt+v(t),
i,j=2 i=2 i=2
where ¢, w, u, v are arbitrary functions, M,, N,, L, are arbitrary constants, and

the constants c; ; satisfy the conditions: c, i =Cji and

(iii) (€3 = €33)€35 + Cp3(€y5 — €35) = 0.

This theorem is not a corollary of the previous one, but the proof is similar.

We shall discuss the conditions (i) and (iii) of Theorems 2.1, 3.1 in the following
example. We consider a transversally-isotropic elastic material with energy function
[15]

_ lrp2ilrpd @ 1 4
e=ey+ 30,0, + 28305 +ON + 35D,
22 4 2 2 2
+ 3ly3PyP3 + gHyPs + BN+ 38,05M + 5E3p3N.
At the restriction of the material constants

(3.1)

C2=C3=C, Hyy = U333 = U, éz=é3=éa

the formula (3.4) describes the state of isotropic material. In this case the determinant
A in Theorem 3.1 is

A= 20En+E0 +4u(C +30)(0s +p3) + 37 (03 +p3)’.

For fixed value of the entropy 7, A may be zero on as many as two circles p;Z + pg =
const. in the plane (p,, p;). Thus the condition (i) may be invalidated on those
points of Q that lie on two cylindrical surfaces of the space (p,, p;, 7). Therefore,
the region Q can be divided into a few subregions in each of which the condition (i)
is fulfilled and formulas for D, F are valid with proper coefficients c; i M, L, N,
and function ¢(x, n). The conservation laws thus obtained can be continued on
the boundaries, i.e., everywhere in Q. But now the coefficients c; i M;, L, N; and
function ¢ according to Definition 1.1 must be the same everywhere in Q. For an
isotropic material the condition (iii) of Theorem 3.1 takes the form

2 2
(Cyp = €33)D,P3 + C3(P3 — P3) =0,

which is fulfilled if and only if ¢,, = 0, ¢,, = ¢;3 = ¢ (c an arbitrary constant).

When the material is only transversally isotropic, (iii) has the form

2
23(cyy — €33)PaP3 + C23(85 — §3) + (Biyy — Hy3)P;
+ (g3 — 333005 + (L, — L)y = 0.

Now let uy; # 0, §, = {5, #y3 = 3y, = 3433, & = {5 Then ¢, = ¢35 = ¢, ¢p3 =
¢,, ¢, c, are arbitrary constants.

The assumption (i) in Theorem 2 (and the similar assumption in Theorem 3.1)
arises by studying the system (2.5). If one considers shear deformation, ie., d, =
d, =0, d, =d(x,1t), the governing equations of the process take the form of the
gas dynamics equations in Lagrange variables, the conservation laws for which are
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studied by Rozdestevenski [13], p. 39. The analogue of the system (2.5) now is the
equation

8°F 8*F(p,v) _8d _ad

apz_ vt p—a, v_E'

The condition (ii) takes the form

€o0€opn ~ Conopp 0,
which excludes the nonphysical relation e,= g(p+ f(n)) where g, f are arbitrary
smooth functions. The internal energy functions which do not satisfy (ii) in Theorems
2.1, 3.1 are also solutions of a third-order partial differential equation, namely Y (e) =
0, but are much more complicated.

It is easy to verify that the examples above satisfy the assumption in Theorems
2.1, 3.1.

Let us discuss the role of entropy for the variety of conservation laws in elasticity
in the equations of an incompressible elastic solid (1.8). Let us consider the system
(1.8) at n = const. Multiplying the first equation of (1.8) by p,, the second by p,,
the third by v, , the fourth by v, and summing the results, we get

2
K + v3 de de _
poat(’vzpz +U3p;) — (pOT +p26_p2 +P3%; - e) =0. (3.2)

Such a conservation law does not exist in adiabatic incompressible elasticity according
to Theorem 3.1. Now for determination of the density D and flow F we have to
solve the system

oF __, 9D _, oD  OF __ 9D _ 9D
ap, 29v, Bov,’ op, 329p, Bop,’ (3.3)
oF 0D oF 9D ’
From the system (3.3) one gets the following equation:
, (Zv’f gUD) e~ ey =0 (3.4

It can be solved explicitly for D and by substituting it in (3.3) we find F . But for
our purpose it is sufficient to obtain those partial solutions of (3.4) for which

2
Q_BD_O’ ﬂ_=o, (3.5)

61}2 6v3 611261)3
After tedious, but routine analysis one can prove the following proposition.

PROPOSITION. Let the energy function e = 2(p,, p;) have continuous partial deriva-

tives up to third order in a region Q € R’ , and almost everywhere in Q the condition
(1) is fulfilled. Then all conservation laws in incompressible isothermic elasticity,
which do not depend explicitly on time and space, satisfying the condition (3.5)
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and corresponding to those solutions of the system (1.8) at n = const., for which
Py, p3) € Q, are

2 2
v, +v
D=c (e + po%) + polap, + Bpy + ),

+ (Bp, + dpy + &)y + up, + vps,

2 2 de 6e
F = — Jpy(avy + 6v3) — foyv, —c <8p o7, 3)
— M, —vpy+de —(ap, + Bp; + y) (Bp2 +6p, + s)— (3.6)

P,y

+8 [ 5 o5

where the constants «, d, f§ satisfy the condition

(a—0)ey; + Bley;—ey,) =0

and ¢, a, 8,7y, ¢, u, v are arbitrary constants.

The difference between the conservation laws in Theorem 3.1 and those in the
Proposition is obvious. The conservation law (3.2) is obtained from (3.6) by putting
c=0,a=0=1, f=e=0, u=v=0.
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