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Abstract. The steady-state problem is considered for periodic normal loading by
a smooth, rigid indentor on a half-space exhibiting general viscoelastic behaviour.
A technique is developed for summing the infinite series that arise. The method is
applicable to the case in which the viscoelastic behaviour is described by a discrete
spectrum model, in other words, by a finite sum of decaying exponentials. Numerical
results are presented for two decay times. The extension to any number of decay times
is straightforward.

1. Introduction. Recently, Golden and Graham [1] gave the steady-state solution
to the problem of a rigid indentor, subject to normal periodic loading, on a vis-
coelastic half-space. Detailed results were given for the case where the half-space
was assumed to respond as a standard linear solid. In that paper, only the plane
strain problem was considered. The corresponding three-dimensional problem was
discussed subsequently in [2, 3]. In these papers, it was shown that the contact pres-
sure and indentation obey integral equations where the kernels are infinite sums of
terms involving integrals of the viscoelastic functions. For a standard linear solid,
the summations can be carried out without difficulty to give closed formulas. In
this case, considerable analytical progress can be made before resorting to numerical
calculation.

For more general materials, the infinite summations cannot be carried out in an
elementary manner. However, in [4], this question was addressed in the context of
a different problem, namely that of a fixed length crack in an infinite body under
sinusoidal loading. In that paper, the authors showed that the kernels obey certain
integral equations, whose solutions can be determined in closed form, at least for
discrete spectrum models. The solution of these equations amounts to summing the
infinite series. In the present paper, this method is extended to the contact problem.
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2. General formulation. We consider the following Hertz problem: a rigid indentor
with axisymmetric form S(r), is pressed into a lubricated viscoelastic half-space,
occupying the region z > 0, by a time-dependent load W (¢). Here r and z are the
usual cylindrical coordinates. Because of the axisymmetry of the problem, we can
assume that the contact area C(t) is a circle. Let a(¢) be the radius of this circle
and u(r, t) the normal surface displacement at position 7 and time ¢, and p(r, 1)
the normal pressure on the surface at 7 and ¢. Then we have (see [5], for example)

1 'p(r,at)

v(r,t) = — S , r<a(t, 2.1
(r,0) =5 o™ 77 ) (2.1)
where ,
v(r,t) = / dr'i(t—yu(r, t). (2.2)
The inverse of (2.2) is
t
u(r, t) = / di'k(t -1y, ). (2.3)

Here ds’ is the surface element at 7 and /(¢) and k(¢) are singular functions closely
related to the relaxation function and creep function of the medium, respectively.
They are inverse functions in the sense that

L t
/ i di'l(t,— k(' — 1)) = i di'k(t,— ) 1)) =8(t, - 1,). (2.4)
tl 'I

In this paper, we will only consider discrete spectrum models [5]

N
1) = 1,6 + 3 _Le ™", (2.5)

i=1
N

k(t) = kod(t) + ke . (2.6)
i=1

In order to satisfy (2.4), the coefficients /,, k,, i=1,2,..., N must be related by

ko =1; (2.7)
1+i d =0 j=1,2,...,N; (2.8)
=Ry T B
ko—i , =0, j=1,2,...,N; (2.9)
o= b

. i=1,2,...,N. (2.11)

-1
N
1,.=—{ZL} , i=1,2,...,N; (2.10)
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Let D(¢) be the indentation at the tip of the indentor into the half-space. Then the
surface displacement u(r, t) takes the form

ulr,t)=D(t) - S(r), r<a(). (2.12)

We are interested in the case in which the applied load is oscillating in magnitude,
so that the contact area radius a(¢) will pass through a series of maxima and minima
before the current time ¢. Let S;(z) be the set of all these times {' <t such
that C(f') 2 C(t), while S, (#) is its complement in (—oo, f] and let 6,(¢), i =
1,2,3,..., denote the times such that ¢ > 6,(¢) > 6,(¢) > 0,(¢) > --- and

a(0,(1)) = a(1). (2.13)

First we consider the case in which the contact area is shrinking at current time ¢.
The hereditary integral v(r, t) can be decomposed, as described in [1, 5], to give

o(r, t) = diTi (e, O)u(r, {) + / dini, (¢, {y(r, 1), (2.14)
Sg(0) S,(0)
where
N (t, £) = Ty(t, )R ; 0,(t), 1) + To(t, O)R(L; 05(2), 0,(8)) +---,  (2.15)
IO, (t, () =T,(t, )R’ ; 0,(2), 6,(1)) + T5(t, )R(L'5 6,(¢), 05(0)) +--- .

(2.16)
The functions T(¢, t') are defined as follows:
Ty, () =1t-1), (2.17)
) [FOaT_ (1, k(" ~1),  iodd,
Ti(t’ t ) = 0.(t) ;,m " 7 ’ (2.18)
S deT (e, ) - 1), ieven,
while function R(¢; t,, t,) is given by
1, telt,, t],
R(t;tz,tl)z{ €l, 4] (2.19)
0, tél,, 4],

for all ¢,,1,,t. According to the definition of S;(#), we know that r is in the
contact area for any time ¢ € S(¢) if it is there at time ¢. Therefore u(r, t') is
known to be D(¢') — S(r) for any time ¢ € S;(¢) and the first term in equation
(2.14) is given by

dfTig(t, Ou(r, () = /S . diTl (e, £)(D() - S(r))

Sg(1) (2.20)
=D () = S(rI(2)
for r belonging to the contact area at time ¢, where
D(t)= / diTi (t, {)D({), (2.21)
Sg(0)
,(t) = dftg(t, t). (2.22)

Sg(?)
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Furthermore, for time ¢ € S, (), the contact region C(t') is always contained in
C(t). Hence we can interchange the time and space integration to put the second
integral of equation (2.14) in the form

dini (¢, y(r, ) = L / ,  r<a(1), (2.23)
5,0 Ir —7
where
q(r,t) = dini, (¢, )p(r, £). (2.24)
S,.(0)
Therefore equation (2.14) implies that
1 1q (rl ] t)
, 1) = )+ — ds ——, <a(y), 2.25
w0 =vlr 0+ g [ adleD r<aw (225)
where
v (r,t) =D, (t) = S(r);(2). (2.26)
Substituting (2.1) into (2.25) gives us
—q,(r', 1)
<
(r, 1) = 5 / 7 , r<a(t). (2.27)
If we define a quantity D,(¢) such that
D (1) = / diT (¢, £)D({) = I (1)D, (), (2.28)
Ss(1)
then we have
v (r, 1) =I5()(D,(1) — S(r)), (2.29)
and equation (2.27) takes the form
1 /P"I,t—q rlat
(0D, (1) = S() = 5= 02400 o, (230
) |7 =7
This is a standard elastic form. Recalling the elastic solution [5], we get
p(r, 1) =q.r, 1)+ k Is(0p,(r, 1) (2.31)
where p,(r, t) is the pressure distribution on an elastic medium characterized by

Lamé constants 4, u where k, = 57"1—%&) For the viscoelastic problem, k, can be

freely chosen but the quantities k,p,(r, t) and k,W,(t) are determined. Here k, is
chosen to be the long time modulus

© L, Nk Yo
=/O k(t)dt=k0+2j={lo+zj} . (2.32)
i=1 "1 i=1 i

This choice of k, allows us to make connections with the results of [6] in Secs. 3
and 4.
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For the second case in which C(¢) is expanding, we begin with the decomposition
of (2.3). After similar manipulations, we obtain

/S " diT,(t, )p(r, t) = k,(1 =Tx(t))p,(r, 1), (2.33)

D(t) = /S " di'Ty(t, ()D(') + D,(t)(1 = T4(1)), (2.34)

where
Tt 1) =Ny(t, )R 5 0,(2), ) + Ny(t, £)R(L'; 05(0), 0,() + -+ , (2.35)
T(t, £)=Ny(t, O)R( 5 0,(2), 0,(1)) + Ny(t, )R(£'5 0,(1), O5(1)) ++-- ,

(2.36)
and
T(1) = / diTy(1, 1), (2.37)
S5(1)

Here the functions N,(z, {') are given by

Ny(t, )y =k(t-1), (2.38)
, JEOdUN,_ (¢, O - 1), iodd,
Jvi(t’ t) = 0.() ;.1 " "o (2.39)
S de N (8, k(- 1), ieven.

Integrating (2.31) and (2.33) gives us integral equations for the total load

W(t) = / dsqc(r', 1)+ kI ()W,(t), for C(t) contracting, (2.40)
C(1)

di'T (¢, (YW(') =k,(1 -T4(t)W,(t), for C(t) expanding. (2.41)
S, (1)

Now let us consider the periodic solution of this problem. We choose one period
[A, A,] such that A, —A, = A, which is the period, and where at times A, , A, the
contact region C(f) is maximum. Also, we assume that there is only one time, say
t,, in this period, when C(f) is minimum.

For the contracting phase ¢ € [A|, ], let #,(¢f) be the solution to equation
a(t,(t)) = a(t) in [¢,, A,]. Then we can express 6, in terms of ¢ and ¢,(¢) as
follows:

0,(0)=1,()—-4A; 6,()=t—-A; 65(t)=¢t,()-2A (2.42)
and so on. It follows that p(r, t), W(¢), and D(¢) in the decreasing phase [A,, ¢,],
satisfy the following integral equations:

4,(0)
pir.ty= [ afn®, Op(r, ) + k00 (00, (r, 1), (2.43)
t
tl

W(t) = Y dinP @, yw') + k00 0w, (1), (2.44)

t
/ d'nl«, {ypi'y =% )b, (1), (2.45)
1,(1)-A
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where
N2, ()= T, _,(t, 1 —kA), (2.46)
k=1
N2, ()= Ty (1, ! —ka), (2.47)
k=0
t
n® () = / arn® ., ). (2.48)
1,()-A
For the expanding phase, i.e. f € [{,, A,], we get from (2.33), (2.34), and (2.41) that
t
|t O o) = k(1 -T2 W), ), (2.49)
t
diT? ¢, W) = k,(1 -TQ ()W, (1), (2.50)
1,(r)
t(2)
D) = / a0, )p(y + (1 -TO)D, (1), (2.51)
t—A
where
', Z Ny (t, ' —kA), (2.52)
9@, ¢ ZN2k+1(t ! — kA), (2.53)
k=0
t (1)
®) 1) = [ _'A arr?, 1. (2.54)

In this case the 6,() are given by
0,(t)=1t,(t), 60,(t)=t—-A, 0,(t)=1¢,()—-A, (2.55)

and so on where ¢,(¢) is the solution of a(¢,(¢)) = a(?) in [A,, ¢)]. The steady-state
contact problem is thus expressed in terms of the six integral equations (2.43)—(2.45)
and (2.49)-(2.51), four of them independent. These equations involve solutions to
the corresponding elastic problem indicated by the subscript “e ”. For a spherical

indentor of large radius R,
2

r
S(r) = 3R (2.56)
and the elastic solutions satisfy
4
P(r, )= (@ ()~ (2.57)
e
8a(1)
w,(t) = , (2.58)
3k,R
a’(1)

D1 =2, (2.59)
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3. Theoretical results. In the last section, the contact problem was reduced to
the solution of six integral equations. In the case of a standard linear material,
evaluation of the kernels of these integral equations can be reduced to summation
of geometric series. Then these six integral equations can be changed into three
ordinary differential equations and three algebraic equations. Details of this work
may be found in [1, 2]. For more general material behaviour that method breaks
down. However, a technique, previously used for a crack problem [4], is applicable.

Let us first consider the kernel H(If’)(t , ') given by (2.46). According to the defi-
nition of 7T,(¢, '), we have

N 0,(1) "m O (1) " " ! " " k m ' 3.1
Tn(t,t)—/t, dt /t a'T,_(t, O - (k" — 1) (3.1)
for odd numbers n > 3. The integral over ¢’ can be extended at the lower limit to
t' since /(" —¢") vanishes over this interval. This allows the order of integrations
to be interchanged without difficulty and one has (omitting explicit mention of the ¢
dependence of 6,)

0,_
T(t, ()= / AT, G (" ), (3.2)
t

where
n

0" m n " /
G, {)= / de"1(d" — "k - 1. (3.3)
tl

Using the inverse relationship (2.4) between k(¢) and /(¢), one deduces that

" i " ! n
G (' (Y=81"-1), 1'<8, (3.4)
Therefore
0,_
T(,{)=T, ,(t,{)+ / T, 1, G, ("), <6, (3.5
Making the subscript explicitly odd, we can write
! . ’ t—(l—l)A n " n / .
T, (t, {—iA) = Ty_y(t, {—iB)+ / di'T,_y(t, )G, (¢", {—iD), (3.6)
t,—iA

by using 6,, , =t —nA and 6, ,=1t—(n-1)A, where

t—

iA
Gy (", ¢ —iA) = ] di’I({" — ")kt -1 +iB)
!'—iA
1,-A " , v
=/ dul(t’ —u+(i—-1)A)k(u—t +A) (3.7)
f'-A

=G({"+(i- DA, 1 —A).

Here the transformation of variables u =t + (i — 1)A is employed. The function

0|
G, ¢)= / dul(f" —wku-1) (3.8)
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has the same functional form as T(¢, t') with " replacing ¢ but 60,(¢) left un-
touched. Using (3.6) and (3.7), we have

t
T, (t, { —iA) =T, ,(t, t’-iA)+/ duT,,_4(t, u—(i—1)A)G(u, t —A). (3.9)
t,—A
Therefore H(,f’)(t , '), given by (2.46), obeys the equation
@, ' @, ! ® '
O, 6)=T(t, 0 —A)+TI(2, ¢ -A)+/ dull}'(t, u)G(u, t —A). (3.10)
1—A

Thus
®),, ' ®,, ! ) '
0%, ¢/ -A) = T,(t, £ —28)+1P (¢, £ —24)+ dull? (¢, u)G(u, £ =24) (3.11)
1,-A

and so on. Repeated substitution of (3.11) and its successors into (3.10) together
with the assumption, which will be justified later, that

lim n®, ¢ -na)=o0, (3.12)

finally gives an integral equation for H(L”)(t, t') of the form

) / ’ ! ) ’
nv (t,t)=K(t,z)+/ dull? (¢, wK(u, t'), (3.13)
01
where
K(u,)=3 G(u,t - nA). (3.14)
n=1

We recall that G(t, £ —nA) = T, (¢, ¢t —nA) . Now we can solve this integral equation
for kernel l'lg’)(t , t') . For discrete spectrum models (2.5) and (2.6), we obtain from
(3.8) that

Lk, o u—61—8(60 -1
Glu, ()= Y —_emat=0=AG=0 1y 5 9 (1). (3.15)
Q=1 Bj
Then, equation (3.14) takes the form
N !
Ku, ()= K e =60, (3.16)
i, j=1
where sa
Lk. e i
K. =—1 . (3.17)
Y a,'_ﬂj l—eﬂBfA

To solve (3.13), we make the ansatz for H(If’)(t, t') of the form

nPu, /)=y P (0", (3.18)

N
=1

1



THREE-DIMENSIONAL STEADY-STATE INDENTATION PROBLEM 457

which clearly obeys (3.12). Substitution into (3.13) gives

N N

_ a,(t—6,) 1m nj ﬁl a,(1—6,)-B,6, (ﬁm—ﬂ-)e
ZPij_ZKi o+ Z B - { 2%y,
i=1 i=1

i,m,n=1
(3.19)
This algebraic equation will certainly be satisfied if a stronger condition is imposed
that cancellation takes place term by term in the variable i. This gives us the matrix
equation
P =K, +PAK,, (3.20)

where P is a square matrix formed by P, ; while

—a,(t—6,)—B.6
(K))y; = Kye 0700, (3.21)
—B.6
(Ky),; = K, e %", (3.22)
—a,(t—6,)+B,t B0,
e —e
A = . (3.23)
m ﬂm -,
The formal solution of (3.20) is
= K,(I - 4K,)"". (3.24)
Similarly, we get
N !
N2, /) =1d(t-)+ 3 Qe (3.25)
i,j=1
where Q; j(t) are the components of a square matrix Q given by
Q=L,(I-BL)", (3.26)
with
5, 1e” '
(Ll)ij = ]—U——]Z:’-J'—A- > (3.27)
kle % ,-ab
L) =1 , 3.28
( 2)1_] ﬂi_aj 1 _e—ajA ( )
(a,—B,)0,+8,6 a6
e ! 771 Jj’2 —e ! 2
= 5= F, . (3.29)

By comparing the definition of I%)(z,¢) and TY(t, ), we find that T\ (¢, /)
may be obtained from H(C’;’)(t, t') by interchanging the roles of /(t) and k(). Fur-

thermore we see that T (¢, ¢ —A) is the same as [1”(¢, 1) if the roles of /(f) and
k(t) are interchanged. Therefore, for time ¢ € [¢, A,], we have

N !
TP, )=kt —1)+ Y 0, (e, (3.30)

i,j=1
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and

N ’
r2e, {)= 3 By0e™ ™Y, (331)
i,j=1

where P, Q are obtained from (3.24) and (3.26), respectively, by interchanging the
roles of /(t) and k(?).
Putting expression (3.25) into (2.48) and (3.31) into (2.54), we get

N at a6
el —e !
ng@ =+ Y. Q;;()——, (3.32)
i,j=1 J
and
N a,(0,+8)  _a,(6,+4)
~ e —e
r2m =Y P, — : (3.33)
i,j=1 J

Substituting all the kernels into the periodic solution equations (2.43)—(2.45) and
(2.49)-(2.51), we have

N 4(1) ' Bt ,
pir0= 3 B0 [ dle* pir,d)

i,j=1

a (1, —4)
+k, {1 + Z Q”(t)———e—}pe(r, 1) for t € [A,, 1,],(3.34)

i,j=1 J

N

kop(r, t) + Z i) ' dteﬂtp(r t)

i,j=1 4L

’

N R eaj(A+t|) _ eajt
=k, {1- Y P ()——————pp,(r,0) fort€[ty,A)], (3.35)
i,j=1

Q;

N
W= P (z/ ' W)

i,j=1

at (II—A)
+k, {1 + Z Q,j(t)——e——} W, (1) for t € [A,, ,], (3.36)
J

i,j=1

N (B+t) _ a;
—k, {1 -y ﬁ,.j(z)L—‘"} W,(1) fort € [ty, A,],  (3.37)
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1,D(1) + Z 0,0 / df'e™’ D(f)

i,j=1
a; (t,—A)

N
e! —e’
= {lo"‘ > 0,0 ———
i,j=1

} D,(t)forte[A,, 1],  (3.38)
J

N
+4{1- Zﬁj(t)——;"—}pe(t) for t € [ty, A)].  (3.39)

We will now show that p(r,t), W(t), D(¢) satisfying the above equations are
continuous at time t,,and equal at A, and 4,.
Putting ¢ = ¢, in (3.36), we have

a;(t,—A)
W(t,) = {1 + Z 0, zo)-e—} W, (t,)- (3.40)

i,j=1 J

From (3.29) we know that Bij(tO) =0, since 6, =0, = t,— A for ¢ =¢,. Therefore
it follows from (3.26) that

8,1 e~ %"
Q,;(ty) = {Ll(tO)}ij = Tj_je—_“iA ) (3.41)
so that
W(t,) = (1 + Zl Ja ) W, (1)) = W,(t,) (3.42)
i=1

after using equation (2.32). This agrees with the results given in [6]. Equation (3.37)
at t =, gives us the same result by noting the fact that

kilj e—a,-(A""o)

— —a.A
i ajl—e J

P (ty) = 3 (3.43)

and using relation (2.9). Therefore W (¢) is continuous at time #,. Equation (3.36)
at 1 =A, and equation (3.37) at ¢t = A, take the form

W(A,) = Z (A)/ d P W)+ kWA, (3.44)
l]- R I
W(A2)=——k—0 3 0,8, / di' " W(t') + kI, W,(A,). (3.45)
i j=1

From equation (2.42), we know
t,(t) =4,, 0,(t) = A, (3.46)
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for time ¢ = A, . Therefore, from (3.23), one deduces

A,.j(Al) =0. (3.47)
Thus we can write (3.24) as
P A = (K, (&)= K e 3.48
580 = (K),(8) = = i (3.48)
Similarly, we obtain
~ (SUkje_’ng2

using the fact that 6,(t) = 6,(t) =¢,(t) = A, and Ei. =0 for t =A,. Therefore

N N
ZP, A, E (3.50)

by virtue of equation (2.8). Noting W,(A,) = W,(A,), we have, from equations
(3.44) and (3.45), that W(A,) = W(A,). This completes the verification of the
periodicity of W (¢).

Now we consider D(t). It is clear that D(A,) = D(A,) because (3.38) at ¢ = A,
gives

|

D??‘

D(A))=D,A)), (3.51)
equation (3.39) at ¢ = A, yields
D(A,) = D,(4,), (3.52)

and we know that D,(A|) = D (A,). Equations (3.51), (3.52) are in agreement with
results given in [6] in a more general context. When ¢ = ¢, we have, from equations
(3.38) and (3.39)

N fo ’ at ’
D(ty) = — ko> Qy(to) di'e™" D(1')

N at, a(t,—A) (353)
e —e 0
+k0{IO+ZQ,.j(tO) } (o) s
i=1 J
ANEN A
D(ty) = Y P,(ty)e” di'e®" D(1')
i,j=1 -4
N -8 (3.54)
~ a,Aea’ etivo™
+3 1= P(tg)e” —w—}De(to).
i,j=1 J
To prove D(t) is continuous at ¢ = ¢, it is sufficient to show that

ko 350t =3P, S(tg)e™". (3.55)
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This is an immediate consequence of (3.41) and (3.43) with the aid of equation (2.9).
The verification of the continuity and periodicity of p(r, ) is the same as that of
W(t).

Also, one can show that kernels for the case N = 1 are the same as the ones
obtained in [1, 2] by a direct summation.

4. Numerical results. In this section, numerical solutions to integral equations
(3.34)-(3.39) by the quadrature method are given for the following three cases:

(i) stress-controlled mode (where the total normal load is specified);
(ii) strain-controlled mode (where the indentation is specified);
(ii1) area-controlled mode (where the area of contact is specified).

Here we consider the spherical indentor of large radius R, for which the elastic
solutions are given by (2.57)-(2.59). All the numerical calculations are carried out
for the case N = 2. The dimensionless quantities ca(t), ¢D(t), cszW(t) , kop(r, 1)
and the dimensionless parameters ¢ = wt, B, = B,/w, k. = k,/(wk,), o, = o;/0,
1; =lky/w, i=1,2,and k = k,/k, are used, where ¢ = 1/(2R). This method
can be applied to the cases when N > 2 without any difficulty.

(1) Stress-controlled mode. The applied load is assumed to have the simple sinu-

soidal form

W(t)=K(d —cos(wt)), d>1,A= %” (4.1)

To solve for a(¢), p(r,t), D(t), we need to know ¢, and A, A,. According to
[6], t, =0 and A,, given by (4.30) in [6], now becomes

N

k, Nookp.
tan(wA,) = {Z e fﬁ?}/{k‘)_‘-Z " ‘f‘ﬂz} (4.2)

i=1 i=1

in terms of our parameters here.

Once ¢, and A,, A, are known, Newton’s iteration method is employed to solve
the functional equation, obtained by eliminating W,(t) = W,(¢,(t)) from (3.36)
and (3.37), for f,(t). Then W,(¢) can be obtained from one of these equations.
If W,(t) is known, the contact radius a(?), elastic indentation D,(¢) and elastic
pressure p,(r, t) can be found by using the relations (2.57) to (2.59). Therefore we
can get D(¢) and p(r, t). For example, the indentation D(¢) is obtained by solving
equation (3.38) starting at = A; and equation (3.39) beginning with ¢ = A, , using
the marching method. Considering that all the kernels are smooth functions, we use
the trapezoidal rule for the numerical computations. Results for the stress-controlled
mode are presented in Figures 1-3 (see pp. 462-464). From Figures 1 and 2, we can
see that ca(t) and cD(t) increase with the value of k and there is very little variation
with B, and k; if k is close to 1. Note that, from Figure 1, the minimum contact
area occurs at ¢ = 0 and is only dependent on the value of k and independent of
the individual values of o, and /] or B; and k,. The latter observation follows
from (3.42). Figure 2 also shows that the indentation achieves a minimum a little
later than the load does for the stress-controlled mode. Contact area and indentation
reach their maximum simultaneously and after the load [6].
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Fic. 1. Contact area radius for the stress-controlled mode. This
gives the dimensionless contact area radius ca(t) over a complete
cycle under stress-controlled condition for cases (a): k{ = 0.0096,
k, = 0.003, B, = 0.2, B, = 1.5, k = 1.05; (b): k; = 0.09,
ky=003, gy =2, B,=6, k=105;(c): k; =126, k; =0.12,
By =09, B, =12, k =25;and (d): k, =052, k, = 0.12,
B =04, By =06, k=2.5. Also ¢’Kky=0.0008, d =3.
(ii) Strain-controlled mode. For this case, the indentation is given by
2n
D(t) = N(b — cos(wt)), A= P (4.3)

We know that the load cannot be negative for the contact problem. To satisfy this
condition, the constant b has to be greater or equal to another constant, say g,
which is given by (4.23) in [6]. For the discrete spectrum model (2.5)

g=k, {i;—w} {I+VZ“‘ oy }2 (4.4)

,1w+a ,1w+a

According to [6], the maximum values of D,(¢) and of a(f) occur at the same time

as that of D(¢). Therefore
A =-A, = 273 (4.5)

By virtue of (4.25) of [6], the quantity £, satisfies
tan(wt,) = ZN: Lo / I +Z (4.6)
0 = o’ + o’ —~ o’ +a? '

in terms of our present notation. To get #,(f), we ellmmate D,(t) = D,(t,(2)) from
equations (3.38) and (3.39) to give a functional equation for ¢ (¢). Then one can
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Fic. 2. Indentation for the stress-controlled mode. This gives the
dimensionless indentation ¢D(¢) over a complete cycle under stress-
controlled condition for the same cases as those in Fig. 1 (a): kl' =
0.0096, k, = 0.003, B, = 0.2, B, = 1.5, k = 1.05; (b): k =
0.09, k, =003, B =2, B, =6, k = 1.05; (c): k, = 1.26,
ky =012, By =09, g, = 1.2, k = 2.5; and (d): k, = 0.52,
ky=0.12, B; = 0.4, p; =06, k = 2.5. Also c’Kk, = 0.0008,
d=3.

find ¢,(¢) by solving this functional equation using an iteration method. If ¢#,(¢) is
known, D,(¢) can be determined by either (3.38) or (3.39). Then a(t), W(t), and
p(r, t) can be obtained by the same procedure as before. Numerical results for this
case are presented in Figures 4-6 (see pp. 465, 466).

Figures 4 and 5 indicate that there is very little variation with k; and B; when k is
close to 1 and ca(t) and c2k0 W (t) decrease with increasing values of k. From Fig.
4 we can see that the maximum value of the contact area is achieved at ¢ = AL A,
and is independent of parameters. This latter point is an immediate consequence
of equation (3.51) and confirms results given in [6]. Also we note, from these two
graphs, that ca(¢) and c2k0 W (t) achieve their minimum values a little earlier than
¢D(t) does. This follows from equation (4.6), noting that o;, B;, k;, and —/,,
i=1,2,3,..., are positive and the denominator of that equation is greater than
Ie , which is positive. Finally the load achieves its maximum a little earlier than
contact area and indentation.

(iii) Area-controlled mode. In this case we have

2n
P 4.7

a(t) = M(a, — cos(wt)), a,>1,A=

and
, () =—t. (4.8)
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F1G. 3. Pressure distribution for the stress-controlled mode. This pic-
ture gives the dimensionless pressure distribution p(r, t) at various
times during the cycles for the stress-controlled mode with kl' =0.52,
ky =0.12, B} = 0.4, B, = 0.6, k = 2.5, and ¢’Kk, = 0.0008 .
The lines on the top and bottom are for the times when the contact
area is maximum and minimum, respectively. The pairs of lines that
meet on the horizontal axis are for times when the contact area radii
are the same.

Therefore D(t), W(t), and p(r,t) are easier to determine than in the other two
cases. From equations (2.57)-(2.59), we can find D,(¢), k,p,(r,t), and kW, (7).
Then equations (3.34)-(3.39) are solved numerically using the trapezoidal rule to
give D(t), p(r,t), and W(t). Results are presented in Figures 7-9 (see pp. 466,
467). It is clear, from Figure 7, that the maximum indentation is achieved at A,, A,
and is independent of k; , ,B; , and k for the area-controlled case. The latter point
follows from (3.51). Also we notice, from Figure 8, that total load decreases with
increasing k and the minimum value of the total load is achieved at ¢t = 0 and is
dependent only on k, the latter observation following from (3.42).

The results on times of maxima and minima of the various quantities in all these
modes reflect the general result [6] that load and contact area are simultaneously min-
imum while indentation and contact area are simultaneously maximum. Also there
is the general phenomenon whereby indentation (strain) lags behind load (stress).

From Figures 3, 6, and 9, the pressure distributions for the three modes, we can
see the effects of viscoelasticity: the pressures are different even for the same contact
area. Note that the tendency of the pressure to develop a hump followed by a sharp
decline, that was remarked in [1, 3] for positive time ¢, is also demonstrated.

All these results are quite similar to those given by Golden and Graham [3] for the
standard linear material, but now we have five parameters k, , k,, 8,, B,,and k, (or
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F1G. 4. Contact area radius for strain-controlled mode. This shows
the dimensionless contact area radius ca(t) over a complete cycle in
the strain-controlled mode for cases (a): k]' = 0.0096 , k; = 0.003,
B =02, B3 =15, k=105;(b): k; =0.09, k, =003, g =2,
B, =6, k=105;(c): k; =126, k;=0.12, §; =09, g, =12,
k =2.5;and (d): k| =0.52, k, = 0.12, g = 04, B, = 0.6,
k=2.5.Also ¢cN=0.005 and b=3.
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Fic. 5. Total load for strain-controlled mode. It proves the di-
mensionless total load czk0 W (t) over a complete cycle in the strain-
controlled mode for the same four cases as Fig. 4. (a): k{ = 0.0096,
k, = 0.003, B, =02, B, = 1.5, k = 1.05; (b): k, = 0.09,
k, =003, B, =2, B;=6, k=1.05; (c): k; =126, k, =0.12,
By =09, By =12, k=25;and (d): k =052, k, = 0.12,
By =04, B;=06, k=2.5. Also cN =0.005 and b =3.

465
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FiG. 6. Pressure distribution for the strain-controlled mode. This
gives the dimensionless pressure distribution at different times in a
cycle of strain-controlled mode with parameters k, = 0.52, k, =
0.12, B; =04, B, =06, k=2.5, cN=0.005,and b=3. The
lines on the top and bottom are for the times when the contact area is
maximum and minimum, respectively. The pairs of lines which meet
on the horizontal axis are for times when the contact area radii are
equal.
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FiG. 7. Indentation for the area-controlled mode. It shows the dimen-
sionless indentation over a complete cycle under the area-controlled
condition with parameters (a): k, = 0.0096, k, = 0.003, B, = 0.2,
By =15, k=105;(b): k; =009, k, =003, 8, =2, B, =6,
k = 1.05; (c): k, = 1.26, k, = 0.12, B, = 09, B, = 1.2,
k = 2.5; and (d): k, = 0.52, k, = 0.12, g, = 04, B, = 06,
k=25.Also cM =0.025 and a;=3.
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Fic. 8. Total load for the area-controlled mode. This provides the
total load over a complete cycle under the area-controlled condition
with the same parameters as those for Fig. 7. (a): kl' = 0.0096,
k, = 0.003, B =02, B, = 1.5, k = 1.05; (b): k, = 0.09,
ky =003, g, =2, B, =6, k=105;(c): k; =126, k, =0.12,
B, =09, B =12, k =25;and (d): k =052, k, = 0.12,
B =04, B, =06, k=2.5. Also cM =0.025 and a,=3.
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F1G. 9. Pressure distribution of the area-controlled mode. This gives
the dimensionless pressure at several times during a period under the
area-controlled condition for the case in that k{ =0.52, k; =0.12,
ﬂ,’ =04, ﬂ._ﬁ =06, k=25, ay=3,and cM = 0.025. The
lines on the top and bottom are for the times when the contact area
is maximum and minimum, respectively. The pairs of lines that meet
on the horizontal axis are for times when the contact area radii are
the same.
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I, 1, ,a,, and le) , four of them are independent, instead of three parameters
a, f,and f (two of them are independent) in [3].

Actually, the method used in this paper is applicable to any periodic loading. As
we have seen from the above results for the three different loadings, we need to
find the initial conditions (e.g., W(t;)) = W,(¢,) for loading; D(A,) = D,(4,) for
indentation) to begin the numerical calculation. In the general case, formulas for
o> A;,and A, can be obtained by using the so-called generalized correspondence
principle given in [6].
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