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Abstract. Upper and lower bounds for the maximum shear stress in a configu-
ration corresponding to a purely distortional deformation originating from a given
undistorted (ground) state are obtained in the framework of plane, isotropic, nonlin-
ear elasticity. The bounds are shown to be expressible in terms of the deformation
and the boundary traction that is required for maintaining the purely dilatational
deformation in the ground state.

1. Introduction. Consider a homogeneous, isotropic, elastic body which, in a ref-
erence configuration C(1), occupies the open subset Q of the Euclidean space RZ.
In a typical deformation the particle X € Q 1is displaced to x(X) € R’. Given any
deformation gradient F = Vx with J = determinant F > 0, we can define (cf. {1,
2]) a unimodular tensor A by A =J ~12F 5o that F = VJA is composed of an
isochoric deformation A and a pure dilatation v/J1, where 1 denotes the identity
tensor.

In a recent paper [3] it was shown that in plane, isotropic elasticity, a certain
version of the Baker-Ericksen inequalities [4] implies that the stored energy corre-
sponding to any purely distortional deformation originating from a given undistorted
(ground) state C(v/J1) must be greater than the stored energy of the ground state.
If F¥ denotes the transpose of F, this minimum property can be formally written
as

%—7(1,1#0, %V;—/QJ,J)>O=> W(I,J)>W@2J,J) forI+2J, (1.1)

where W = W (I, J) is the stored-energy function and I = trace(FFT). Trivial
modifications of the proof given in [3] for Eq. (1.1) show that we also have

o'w o'w ow ow
W(l,])#o, W(z],])>0=>3f(1,‘])>-5—1—(2.’,]) forI;é2J,
(1.2)
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and
2 2
‘96;1/(1, I)#£0, aa OW <o 631 I, J) < 6W(2J J) for I#2J.
(1.3)
In the next section we show that Eq. (1.2) leads to a lower bound for the maximum
shear stress in certain distorted configurations C(F) and that this bound is expressible
in terms of the deformation F and the boundary traction required for maintaining
the deformation v/J1, J = determinant F. In Sec. 3 we make use of both Egs. (1.2)
and (1.3) in order to obtain similar upper and lower bounds for the maximum shear
stress in the case when, under dead-load boundary tractions, branching of solutions
may occur from a bifurcation point on a deformation path corresponding to pure
dilatation (see [5]). In the last section we discuss the application of the theory to the
class of harmonic materials introduced in [6].

2. A lower bound for the maximum shear stress. For isotropic bodies there exists
a reference configuration such that the response function relating the Cauchy stress
tensor T to the deformation gradient F is given by
ow 20W
T= WI .7—8TF F (2.1)
From Eq. (2.1) we deduce that the principal stresses t;, i=1,2,, which are defined

to be the eigenvalues of T, are delivered by

oW 20I0W A, 0W .
4= 57t T er = Foz =1 2(mosem), 22

where 4, are the eigenvalues of (FFT)'/ 2 (called principal stretches) and
Wiy, A,) = WA+ 42, 4,4,). (2.3)
From Eq. (2.2), we find that when 4, # 4,

t - 2)/( —)—2—(1 J). (2.4)

If 4, =4, =4, Eq. (2.2) gives

t=t=t=1t(A) = 3 (ZJ J)+ 2 (2J J)= ig?/(l A). (2.5)
We note that, because W is a symmetric function of its arguments, we have
0°W oW
6—).7('1"1)—6_1;(/1,/1), a = 1,2. (2.6)
Using Egs. (1.2) and (2.4) we now infer that the assumptions
atw a*w
1,J)#0, 2J,J)>0 2.7
PYe -, J)# Y2 — ( ) > (2.7)
imply
1 - 8W
3t =l > I = Rl T SE QA A ), A # . (2.8)
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The expression occurring in the left-hand side of Eq. (2.8) represents the maximum
shear stress according to orientation (see, e.g., [7, Chapter 4]). Since

ow ow Jow

6li 2/1’ a1 +A—iw, i=1,2, (29)
o’w a’w (1 A; ) a’w It 8w

=7 a = 44 +2J +
04,04, i ar? A; A ) 0Iod A4 ) (2.10)

ow ..

+2611 o1 +(1 61.].)W, l,]=1,2,
where 6, ; denotes the Kronecker symbol, we have
3 W 1 oW

(2J J) = ¥ VT, VIT) - azaz W7, ‘/_)+\/—aa VT, VI). (2.11)

We now appeal to the exclusion conditions (cf. [5; 8, Sec. 6.2]) which, under dead-
load boundary tractions, are necessary and sufficient for the infinitesimal stability of
homogeneous deformations:

;’LLV a;ﬁ/z is positive definite, (2.12)
04,04, a1l
oW oW
-51—1* + 6—12 >0, (2.13)
oW oW
(;971-_8_12) /(/1] —/12)>0, (2.14)

where Eq. (2.14) incorporates the case 4, = 4, by an appropriate limiting pro-
cedure. According to [9] nonhomogeneous conformal deformations vVJQ (J #
constant, QQT = 1) are possible in the absence of body forces if and only if the
corresponding (hydrostatic) stress field is independent of the stretch parameter v/J
in which case the classical pressure-compression condition (that requires that the vol-
ume of an isotropic elastic solid should be decreased by pressure but increased by
tension; see [10, Sec. 51]) is violated. For this reason we consider in the following
only deformations whose associated principal stretches 4,, 4, satisfy the condition

4,4, = constant. (2.15)

Besides homogeneous deformations (which possess constant principal stretches), this
class of deformations contains nonhomogeneous deformations with constant princi-
pal stretches (see [11], for instance) as well as other nonhomogeneous deformations
(for an example see [12]). We note, however, that in the absence of body forces
the only deformations possible in all unconstrained isotropic elastic solids are the
homogeneous deformations [13]. Nevertheless, nonhomogeneous deformations can
also be achieved subject to boundary tractions alone but only for special types of
these unconstrained materials (see [3], for instance, where a necessary and sufficient
condition for equilibrium in terms of the stored-energy function only is found for the
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deformation considered in [12]). Assuming that the homogeneous purely dilatational
deformation /11,121 is infinitesimally stable under dead-load boundary tractions

AN B2 v X N

we find from Egs. (2.6) and (2.12)—(2.14) that the following two conditions must be

satisfied:
3,12 \/ﬁ Vi) - aa o1, (\/ﬁ’ Vaik) >0 (2.17)
o i Vi) >0 0.18)

The inequalities (2.17) and (2.18) imply (see Eq. (2.11))

ow
oI

According to the stability criterion established in [14], the latter together with (see

Eq. (2.5))

and

27 27, J)>0. (2.19)

L >0

dvr) =
which is slightly stronger than the classical pressure-compression inequality, are nec-
essary and sufficient for the (infinitesimal) stability of the configuration C(v/J1) in
the case when the Cauchy stress is prescribed on the boundary. Thus, when Eq. (2.20)
holds, if C(v/J1) is stable for prescribed dead-load boundary tractions, it is stable

also in the framework of the Cauchy traction boundary-value problem.
Combining Egs. (2.8), (2.11), (2.17), and (2.18) we arrive at the lower bound

(2.20)

1 1.2 .2 —328W
31t =6l > 2148 = 4514, 2,)

( Ady,\[A14,) >0, A # A (2.21)
Finally we remark here that in the case when the body is incompressible the depen-
dence of W upon J may be suppressed (as only volume-preserving deformations,
with J = 1, are possible) and W /9J in Eq. (2.1) has to be replaced by an arbi-
trary function (to be determined from the equilibrium equations). Then, under the
assumptions (2.7), Eq. (2.8) still holds (with 4,4, = 1) and W /91(2, 1) is simply

one-half of the shear modulus of the linearized theory.

3. The case of branching. Following [5] we prescribe
oW oW _

and assume that bifurcation into configurations with 4, # 4, occurs on the path
of deformation characterized by 4, = 4, = 4. Two (homogeneous) branches with

principal stretches A(l"), A(z"), a=1, 2, satisfying A(]") # A(z and ,1 ,1 ,12 then
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originate from the bifurcation point A = A, (which depends on the material), and
these are shown in [5] to be at best neutrally stable. Neutral stability occurs when [5]

oW
T> TC = -aTl(lc, C) (3.2)

Since [5]

3w *w

— (A, 4) — 5—54.,4)=0, (3.3)

2

all (4 C al )’ C (4

Eq. (2.11) gives
6W 10w

457 (2. 40 = 2, 94, Per Ao

so that, on making use of Eq. (2.4), we deduce from Eq. (1.2) that the assumptions
(2.7) imply

(3.4)

1 a - a Qa 2
5|t§’ | > /1 AN -GN e, a=1,2. (3.5)

On the other hand, making use of Eq. (1.3), we find from Egs. (2.4) and (3.4) that
the assumptions

ik V;/(I J)#0, o W(2J J) < (3.6)
oI
yield
(@) (Ot)
() () 1 2 1 aW
(& —t, )/( )<2/1 a7, (4.5 4.)- (3.7

The Baker-Ericksen inequality [4] is the requlrement that in a deformation process the
greater principal stress should occur in the direction of the greater principal stretch:

(t, = 1))/ (A, —4y) >0 for i, #4,. (3.8)
Assuming this we obtain from Eq. (3.7) that

@) @ _ 1,-3 ()2 a)\2
2|t"—z2 |< 22 1A =@, a=1,2 (3.9)

4. Application to harmonic materials. Harmonic materials are elastic solids with a
stored-energy density function in plane strain given by

W(I,J)=2uHQ)-J], Q=+2))"=1+4,, (4.1)

where u is a constant and H is a twice continuously differentiable function of its
argument. From Eq. (2.1) we find

_ H'(Q) H'(Q)
T_2u{[——Q———l]l+ o FF} (4.2)

and the requirement that both the stored energy and the stress vanish in the reference
configuration (i.e., for 4, = 4, = 1) yields

H2)=H'(2) =1, (4.3)

where ' denotes differentiation with respect to the argument.
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We shall suppose that strong ellipticity holds for infinitesimal deformations of
harmonic materials. As shown in [15], this is the case if and only if

u>0, H'(2)>0. (4.4)

It then follows [16] that the stored-energy function (4.1) is positive, except in the
undeformed state, if and only if

H(Q)>Q'/4, Qe (0,00)-{2}. (4.5)
The pressure-compression inequality (2.20) requires that
QH'(Q)-H(Q)>0, Q€ (0,0), (4.6)
and we see from (4.1) that the latter is equivalent to
o*w
I1,J)>0. 4.7
o I, J) (4.7)

When (4.6) is satisfied, the condition (2.18) holds (see Egs. (2.5) and (2.20)) provided
Ay > 1, (4.8)

whereas Eq. (4.4), ensures that Eq. (2.17) is fulfilled at all states of deformation. We
then deduce that for harmonic materials the estimate (2.21) holds at all deformations
that satisfy Eqgs. (2.15) and (4.8). Thus, if in a laboratory experiment, it is found
that the inequality (2.21) is violated at a relevant deformation, it can be concluded
that the material involved in the experiment is not of harmonic type.

Additional material on harmonic elastic media is provided in [8] and [17-19]. An
example of a harmonic stored-energy function which fulfills the above requirements
is given by [18]

H(Q)=%Q2+%<é) +:—J_’—Z, m#1, m>0, (4.9)

where m is a material constant.
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