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Abstract. We study the large-time behavior of positive solutions of Burgers’s equa-
tion u,=u,  +eéeuu,, 0<x<1,t>0 (¢>0), subject to the nonlocal bound-
ary condition: —u (0, ¢) — seu’(0, ) = a’ (0, t)(J, u(x, t)dx)?, u(l,t) = 0
(0 < p,q < o0). The steady-state problem is analyzed in detail, and the result
about finite-time blow-up is proved.

1. Introduction. In this paper, we are concerned with the following initial nonlocal
boundary-value problem:

u,=u  +(f(w),, O<x<l1, t>0,
-u (0,1)=g(u0,1),a), t>0, (B)
u(l,t)=0, t>0,
u(x, 0) =uy(x); 0<x<1,

here f and g are continuously differentiable functions satisfying f(0) = 0 and
g0,v) =0, a= fo (x,t)dx, and uy(x) is a nonnegauve prescribed function.
We are primarily interested in the power law cases f(u) = 2z»:u (e>0), g(u,v) =
au’v? or g(u, v) = a’v?+f(u) (p, g > 0). We shall give the bifurcation diagrams
for the stationary solutions and present stability-instability results.

In an earlier paper [1], we consider a problem closely related to (B) as follows:

u=u.+(f(w),, 0O0<x<l, t>0,
u(0,1) =0, t>0,
_ (A)
u(l,0)=g(u(l,t),a), t>0,
u(x, 0) = uy(x), 0<x<l,

where the model problems are f(u) = lew’ and g(u,v) = au’v? or g(u,v) =

aufv? — f(u).
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When ¢ = 0, (A) and (B) are essentially the same. However, for positve ¢, notable
differences can be observed. From a physical point of view, the convective term,
%wz , acts toward the left boundary and —(u, + %8142) represents the flux. Therefore,
for problem (A) the nonlocal forcing at the boundary is in the same direction as
the effects of convection, while for problem (B) the flow through the boundary is
in opposition to the effects of convection. Such physical contrast results in quite
different diagrams, and consequently, there exists a clear distinction in dynamical
analysis.

The plan of this paper will follow that of [1]. In the second section we establish
the characterization of positive solutions of Burgers’s equation. In Sec. 3 we show
that some solutions blow up in finite time. Then we obtain the solution diagrams and
present the stability results for Burgers’s equation in the last section. Because many
of the proofs bear much similarity to their counterparts in [1, 3], we shall mainly state
the theorems for problem (B) unless there is technical necessity. It should be pointed
out that some problems remain unsolved. For instance, in Burgers’s equation with
glu,v)=au’v? + %su2 , our results partly rely on numerical experiments. However,
all results for purely local boundary conditions with g(u) = au’ in [3] are covered.
Furthermore, it is worth noting that the solution diagrams for Burgers’s equation
with g(u, v) = aw’v? + Leu® are opposite those with g(u, v) = au’v? .

2, Stationary solutions and their basic properties. In this section, we focus on the
stationary solutions of (B), which solve the problem:

w'(xX)+ (f(w)) =0, O<x<l1,

' — (Bl)
-w(0)=g(w(0),w), w(l)=0.

Here, w = fol w(x)dx .
We first state

LEMMA 2.1. Nontrivial solutions of (B,) are of one sign. Moreover, every positive
solution w(x) of (B,) satisfies w'(x) <0 on [0, 1].
Placing an additional restriction on f, we then have

LemMAa 2.2. If f is twice continuously differentiable, f’(u) is strictly increasing for
u>0,and w (x), w,(x) are two positive solutions of (B,) that satisfy w,(0) >
w,(0) ; then w,(x) > w,(x) on [0, 1).

Proof. Let w(x) =w,(x) — w,(x); then w(x) satisfies

w’ + f ' + (W) - f'w))w; =0,  0<x<I,
w(0) >0 and w(l)=0.

Because f'(u) is strictly increasing and w; < 0, w cannot have a negative interior
minimum. If w had a zero at x; in (0, 1), the maximum principle would yield
w =0 on [x,, 1]. Hence, w" + f(w))w’'+ f*(&)wyw = 0 with w(x,) = w'(x,) =0
implies that w =0 on (0, 1], which is impossible.
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By analogous reasoning as in [1], we obtain the following result:

THEOREM 2.3. Let f' be strictly increasing for # > 0, and suppose that
g(uy, v))/u, < guy,v,)/u, or glu,,v,)/v, < g(u,,v,)/v, for u; > u, >0
and v, > v, > 0. Then, at most, one positive solution of (B,) exists.

Finally we establish a relationship between solutions of (B,) and those from in-
tegral equations.

THEOREM 2.4. Let f' > 0 for u > 0. Suppose that w(x) is a positive solution of
(B,) € C*0,1)nC'[0, 1]. Then w(x) satisfies

. _ w(x) do -
G(w,a,ﬂ)—/0 g(a,ﬂ)—f(a)+f(0)—l

for 0<x <1 and g(a, B) — f(a) >0. Here, a = w(0) and B =f0'w(x)dx

Conversely, if a > 0 satisfies G(a; a, 8) = 1, and if positive w(x) satisfies
Gw;a, f)=1-x with fol w(x)dx = B, and if g(a, B) — f(a) > 0, then w(x)
is a positive solution of (B,).

Proof. This result is proved much like the parallel proof in [1]. However, we will
include a sketch of the proof indicating where the condition g(a, 8) — f(a) > 0 is
involved.

Let w(x) be a solution of (B,). Then a quadrature yields

gla, B) - fla) = —w'(x) - f (w(x))

on [0, 1]. In particular, g(a, 8)— f(a) = —w'(1) which is positive by Lemma 2.1.

Conversely, if g(a, ) — f(a) > 0, then g(a, B) — f(a) + f(g) is positive for
o € [0, a]. Thus the proof can proceed in the same manner as that in Theorem 2.4A
of [3].

Making use of Theorem 2.4, we characterize the set of positive solutions of Burg-
ers’s equation. For problem (B,) with g(u, v) = au’v?, as in [1], the change of
variables y = [y w(s)ds and h(y) = u*(x(»)) leads to

hy)=C* (1-e"07),
w(x)=C (l _e—€ﬂ+8£;‘w(s)d“) ,

- X

and

w/(x) _ _%CZGe—eﬁnL w(s)ds

Consequently, we find the following equation:

of 2= ;'a(“” 1)_';9", (2.1)

which is the same as (2.3) in [1]. We now need, however, an additional condition:

2" Ny LB (2.2)
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Taking this condition into account, we obtain

1
G §) = geatia; . B) = [ e :

T 2 (2.3)
For p = 2, let f* = (£)"? and set Q(B) = 28%, R(B) = (¥ - 1)7'. We
wish to solve Q(8) = R(B). We have Q(8*) =1, Q(+0) = +00,and Q'(8) >0
for B in (8%, 00); R(B) — 0 as f — +oo, and if & < (2a4)™ (In2)™ , then
R(B") > 1. Clearly, R'(8) <0 on (8", o). Thus, when & < (2a)"i7(ln 2)"33 , there
is a unique solution of (B,) for p = 2.
For p # 2, substitution of (2.1) in (2.3) yields

! do _E(ENTT  ep -l oL
/o(e"’ﬂ—l)_l—l+az_§(z) (€7~ 1) =g =

— 1. We then have

Let > = (e - 1)!

i 2
/ 2d02=6(y2+1)p_17[1n(y2+2>
0 Y +o0 Yy +1
where 6 = s%zﬁall—ﬂ .
Set o
1 2
= Yy +2
¥iy) = (y*+1)"" |In
( ) ¥ +1
We then find that
1l 1y 2 = [ 2402\
¥(y) = tan l;y ‘(y +1) ? |in (yz ) . (2.4)
pr>2,setl=b—l—f, n=54,

w( )_tn—ll —1(2+1)—A -1 y2+2 1%
y)=1a ;y 4 n 2 )

%
on (0, c0),

and

! -11 2 —A-1 '}’2+2 g
¥ (y) = tan ;(y +1) lln(yz_l_l)] J(7),

where

-2, 2 -1 -1l 2u P +2
J(y)=-21- +1)- tan — — In| =5——].
(7) Yy T+ -y 7/ " y2+2/ <y2+1
Since J(y) <0 on (0, o), it follows that ¥'(y) < 0. We see that ¥(y) — +oc as
7 — 0" and that ¥(+o00) = 0. Hence, (B,) has one and only one positive solution
foreach ¢ >0, a> 0.
In the case of p < 2,let A= ﬁ and p = y% . We thus obtain

11 172 4 ¥ +2
¥(y) =tan ' = +1 In
() m (y ) [ (y2+1

(2.5)
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and L
1172 A-1 y2+2
¥ (y)=tan"' = +1 In J
) y()’ ) i1 OF
where
_ S 12 2
J(y)=21—y2(y2+1)—yl/tan'—+ 2# In y2+2
Yooyt 42 Y +1
and

R | -2 _11_ 1 -1_1_2
J(7)=2y +[y / tan . ——y(y2+1)/(tan y) ]
4uy y2+2 2 4uy y2+2
1 ] ot A
+{(y2+2>2(y2+1)/[n(y2+1)] <y2+2)2/1"(y2+1

=297+ J,(7) + L),

Using tan™' x > ;,’i—l with x =y~', we find that Jy(y) > 0. We have J,(y) >0
since In(1 4+ x) < x with x = ?h Thus, J'(y) >0 on (0, o).

Since 1 < p < 2 corresponds to 1 < A < oo, we observe that J(y) —» —oo as
» — 0" and that J(y) ~2(A+u+1) >0 as y — +oo. Hence J(y) changes sign only
once, and it follows that none, one, or two positive solutions of (B,) exist, according
to whether

2-p 1=p 1 2-p 1-p

£< (l}lm) I-p—q ZI—P—an+4—I s &= (\}Im) T-p—q 2|—p—q an+ql—l s

or
€> (‘I’m)ﬁf_" 2T g ,
where ¥, = min0<y<oo Y(y).

For 0<p<1, §<i<1l.If A+pu<l,ie,if p+q<1, J(y)~2(A+u—-1)<0
as y — +00; s0 ¥ (y) <0 forany y in (0, co). In constrast, lim,_ . ¥(y) = +o0
and limy_‘ +00 Y(?) = 0. Therefore, (B,) has only one solution.

If Ai+u=1 (p+qg=1), J(y) -0 as y — +o0, it follows that ¥'(y) < 0 for
y>0. ¥(y) > +00 as y —» 0" and ¥(y) — 1 as y — 400, however. Thus, there is
no solutionif 6 <1 (a < 2P ), and there is a unique solution if 6 > 1 (a > 2P ).

If A+u>1 (p+g>1), J(y) ~2(A+u—1)>0 as y - +oo, but J(y) = —oo as
y = 0. ¥(y) thus has only one sign change, and ¥(y) decreases before increasing
with limy_,m Y(y) = 400 and limy_, +00 Y(?) = +oo. For this reason, (B,) has
none, one, or two positive solutions according to whether ¢ <e¢,, e =¢_,,0r ¢ >¢,,

2=p l-p 1
where ¢, = (¥,,)r-a2TrmagrveT
The solution diagrams then have the form indicated in Figs. 1.1 and 1.2.
Next, for (B,) with g(u, v) = au’v? + lew® , we have the equation

gl (2.6)

p——2__8_ _ efy e 1\
o= 2= - 1)
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Setting (2 — eeﬂ)(eeﬂ -n'= y* leads to B = %ln(gﬁ) . Define

2 7=
¥(y) =77 'tan”’ z [m (y2 * 2)] =6  on (0, oc0). (2.7)
Y P +1

For p > 2, calculations show that ¥'(y) < 0, ¥(0") = +00, and W(+o00) = 0.
There is thus a unique solution. The same result holds for p = 2 because the
equation Q(B) = 287 = (2 - ) — 1)™! = R(B) has exactly one solution
(@' >0, Q(0") =0, Q(c0) =+00; R <0, R(0*) = 400, R(c0) = —1).

If 1 <p <2, we have, with /1=ﬁ, u=-L

2-p°
2 —H
24— -11 +2
¥(y) =y tan '; [m (}’2 )] (2.8)
P +1
and
2, 2 1 11 y2+2 -
¥(y)=y"(»"+1)" tan” 7 [ln( 5 )l J(7),
e +1
where
2 2 -1
Iy — (21—1)§y +1) 1 o [(y2+2)ln (y;z)} .
14 (ytan_ %) Y +1

Note that 24 — 1 > 1. From the inequality (y2 + l)tan"I , we see that

1 > Y

y 2
J(y) > 0. It follows that ¥'(y) > 0 on (0, 0o). Since ¥(0) = 0 and ¥(+o0) = +o0,
there is exactly one positive solution.

Y(y) 1.65

1.32

0.99

0.66

0.33

0.00 1 I 1 ! Y
0.00 0.40 0.80 1.20 1.60 2.00

FiG. 0.1. ¥(y) for g(u, v)=au”’u"+%su2 ,a>0,p=0.6,¢g=08.
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1.40

1.20

1.00 +

0.80 -

0.60 -

0.40 -

0.20

0.00 . .
0.00 0.80 1.60 2.40

Fic. 0.2. ¥(y) for g(u, v)=aupvq+%eu2 ,a>0,p=0.7,4=0.3.

1.40

1.05 -

0.70 k

0.35

0.00 L L
0.00 0.40 0.80 1.20

Fic. 0.3. ¥(y) for g(u, v)=aw’v'+ien’, a>0,p =04, ¢=04.

Although we cannot provide a rigorous analysis in case 0 < p < 1, numerical
results (see Fig. 0.1 — Fig. 0.3) support the following conjectures:

1) When p+¢g>1, ¥(0) =0, ¥(+o0) = 400, one solution may be obtained.
iil) When p+qg =1, ¥(0) =0, limy_‘wo Y(y) = 1, no solution may be
obtained if d > 1, and one solution may be obtained if § < 1.
iii) When p+¢q < 1, ¥(0) = ¥(+o0) = 0 indicates that none, one, or two
solutions may be obtained.

Solution diagrams based, in part, on the numerical experiments are given in Figs.
2.1 and 2.2.
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Finally, for g(u, v) = au’v? or g(u,v) = a’v? + %suz, if a < 0, from the
condition g(a, B)— f(a) > 0 in Theorem 2.4, we see that no positive solution can
exist. Hence w(x) must be trivial.

3. Comparison theorem and blow up of solutions. For simplicity, let D, = (0, 1) x
(0,T) and D,UT',. =[0, 1]x[0, T). We first define subsolution and supersolution
of (B).

DEFINITION. A function u(x, t) is called a subsolution of (B) on D, if u €
Cc*'(D;) N C(D,UT,), satisfying

u, +(f(w),, O<x<l1l, 0<t<T,
-u (0,1)<g(u,(0,1),a), 0<t<T, ,
u(l, <0, 0<t<T, )
u(x, 0) <uy(x), 0<x<l.

A supersolution is defined by (B') with each “<” replaced by “>”.
By a similar argument as in [2], we then establish the comparison principle for
problem (B).

THEOREM 3.1. Suppose that f is continuously differentiable, gc(é , 1) 1s continuous

for € >0, n>0, and gn(é, n) >0 for £ >0, n>0. Let u be a nonnegative

supersolution and v a nonnegative subsolution of (B). Then u>v in D UT ..
We also obtain the following monotonicity result:

CoroLLARY 3.2. If uy(x) >0 and u(x, t) > uy(x) (< uy(x)) in DUTI, for (B),
then u,(x,?) >0 (<0) in D,.

Sometimes the condition above is not easy to check. By requiring another restric-
tion on the initial datum, we have the same conclusion.

CoroLLARY 3.3. Suppose that the hypotheses for f and g in Theorem 3.1 are
satisfied. If uy + (f(4,)) > 0 (< 0) on [0, 1], —uy(0) = g(u,(0), @,), and
uy(1) =0, then u,(x,1)>0 (<0) in D;.

Following the same procedure as in [1], we can prove the local existence of so-
lutions of (B). However, for certain nonlinearities and initial data, solutions of (B)
blow up in finite time.

LEMMA 3.4. Let u(x,?) be a nonnegative solution of (B) with u (x,0) < O,
g(&,n) >0 for £, n>0. Then u (x,?)<0 in D,.

THEOREM 3.5. Suppose that all hypotheses in Theorem 3.1 are satisfied and that
g(&,n) >0 for &, n>0. Define G, n) = fo (s,mds, F( )=f§f(s)ds;and
assume that Q(¢, ) >0 forsome a >0 and € >0, n>k >0, where

Q. m =&&(c, n) —2(a+1GE, n)+ F(E) - Ef(9) (3.1)
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Let u be a solution of (B) with u,(x) > vy(x) on [0, 1]. Here, v,(x) satisfies
vp(x) 20, vy(x) <0, wy(1)=0, vo(x)+(f(vy) >0,  (3.2)
and /olvo(x)dxzk;
~(0) = £ (v(0), 9) , (3.3)
% /0 "o dx < G (0y(0), 8,) - (3.4)

Then, u will become unbounded in finite time.

Proof. Let v(x, t) be the solution of (B) with v(x, 0) = v,(x); it is clear that
v, >0 and v, <0 in D, . We still define the same function J(f) as in Theorem
3.7 of [1], but this time it leads to

J"(t) = =2v(0, t) f(v) + 2F (v) + 2v(0, t)g(v, T) — 2/l vldx +28
0

t 1
=2Q(v(0,t),17)—4(a+1)/0/0vxvﬂf(v)dxdn

4(a+l)[/0t/olv:dxdn+ﬂ]

t 1
2[—2/0 v,,(o,n)g(v,v)dn+G(v(o,z),v)-/o vy dx
t 1
_2a/0/0 v”vxxdxdn—(2a+l)ﬂ]

>20 (0, 1), 0) + 4(a + 1) [/tllvsdxdn+ﬂ]

_ Q2a+1)
+2(a+l)[G( %) 2/ - S ),B]
Then, combining (3.1), (3.2), and (3.4) yields the desired result.
As an application, take f(&) = %séz, g, n) =at’n?! (p>2, ¢q >0),and
vo(x) = A(1 -x) (A>1, r>3).
In view of the comparison theorem, we need to consider only the case p = 2.

a7 1/(g+1)
Conditions (3.3) and (3.4) require that r > 3% = 2 and 4 = [f.ﬂf:lz ] wh

Additionally, we have to check vo( ) +&uy(x)v, ( x) > 0, which implies that (r—1) >
q71/(g+1) .
eA=¢ [@L] ” , that is, (r — 1)?*' > sq“m Since r > 3, it follows that

1 1
q+ 1 q+

2(r—1) > r+1; thus, it suffices to require (r—1)7*' > ¢ "H—J’LL— . Consequently,
we find
> (2¢)". (3.5)

] 1/(g+1)

Then let k = fol vo(x)dx = Hil = . In order to check (3.1), we see

r
[a(r+l)
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that the following should be valid:
a (1 - %(a+ 1)) ekt - %363 >0 for ¢>0,

q/(g+1) .
which can be done if ak? > ¢, that is, a [ﬁ] >¢, a>et! (1+ })q; this
is automatically satisfied if (3.5) holds.

For problem (B) with g(¢&, n) = ac’n? + %sfz and u, > v,, the solution blows

up because the solution of (B) with g(&, n) = a¢’n? is a subsolution.

4. Stability and instability analysis. In this section, we shall study the large time
behavior of global solutions. We use two different approaches to build up the criteria
for stability and instability.

First, we state a lemma, whose proof is similar to that for Theorem 3.2A in [3]
and hence is omitted.

LEMMA 4.1. Let u(x, t) be a bounded monotone solution of (B); then u(x, t) exists
for all time and tends to a stationary solution of (B).
Now with somewhat weak assumptions, we can show one stability result:

THEOREM 4.2. Let all conditions in Theorem 2.3 be satisfied, and let w(x) be the
corresponding stationary solution of (B). Then w(x) is stable.

Proof. By Theorem 2.3, we know that w(x) is the unique positive solution of
(B,) . Setting v(x) = (1 +Jdy)w(x) (d, > 0), we have

(1+46,) [wxx + £ (1 +8,)w) wx]

<(1+6,) [wxx +f (w)’wx]
0.

v, +f(v)vx

IA

Moreover, at x =0,
-v, — g, ) =(1+6,)g(w, W) — g ((1+dy)w, (1+8,)W)
=(1+d,)w [g(w, W)/w — g (1 + )w, (14 8)W) /(1 + 6,)w]
> 0.

Hence, v(x) is a supersolution, and it follows that any solution u,(x, t) of (B) with
us(x, 0) = (1+d)w(x) (0<d <4,) isbounded away from v(x) and monotonically
increasing as J — J, . Therefore, the solution u(x, f) with u(x, 0) = (14 4,)w(x)
satisfies w(x) <u(x, ) <v(x), and u, <0 in D, as Corollary 3.2 is applied. The
preceding lemma shows that u(x, t) goes to w(x) as ¢t — oo, which implies that
w(x) is stable from above. Using u(x, t) with u(x,0) = (1 - J,)w(x), we can
show that w(x) is stable from below.

Applying a few more conditions to f and g, we can present a more complete
result for stability. For this purpose, we replace f by &f and then denote the
stationary solution w(x) by w(x, ¢).

THEOREM 4.3. Assume that f is twice continuously differentiable, f'(¢) > 0 and
f&) 20 for £ >0, g(&,n) is continuous for £ >0, 7> 0, and g,&,m >0
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for &, n7>0. Let w(x, ¢€) bea c! (in &) positive stationary solutionfor a < e < b,
and let wy(e) = w(0, &). Then if w(')(s) < 0, the solutions are stable; whereas they
are unstable if wy(e) >0 on [a, b].

The proof is actually the same as that for Theorem 3.6B in [3] and is therefore
omitted.

By means of the above theorem, we give criteria on stability and draw the solution
diagrams. For (B,) with g(£, n) = a&’n?, we first observe that

€= 2wo_'(t~:)y—l tan”" % (4.1)
Substituting (4.1) into (2.1), we find that
it (2\TE 1 54 iy B
1+ i — — 1+q
[wy(e)] ™ = ( - ) tan 57 (" +1)™ [In (y2 o . (4.2)

If p+qg+#1, (4.2) can be rewritten as

[g(e)] 5 = (2—q) "9

a
Here, ‘¥(y) is defined as in (2.5), with = -, p = % . Similarly,

_ 2 a9\
<1%%q_l) [wo(€)] ™ we(e) = (%) ¥ (9)7 (e). (4.3)

Because ‘P'(y) <0 for y>0,thenif p+g>1, w(')(e) has the opposite sign to
y'(e); but if p + ¢ < 1, it has the same sign.

If p =2, by (2.1), we obtain &' = y() = 22" + 1) [In (Jyﬂiﬁ)]q and find
¥'(€) < 0; hence, wy(e) > 0.

For p > 2, the fact that ¥'(y) < 0 leads to y'(¢) < 0. Butfor 1 < p <2 or
0<p<l1l (p+qg>1), wecan see that W¥'(y) changes sign once from negative to
positive. Therefore, there exist two branches: y'(¢) > 0 for one, and y'(e) < 0 for
the other.

Then, for the case p + ¢ < 1, the result y'(¢) < 0 follows from ¥'(y) < 0.

At last, we discuss p + ¢ = 1. Obviously, y'(¢) = 0. Noticing (4.1), we see that
w(')(s) <0.

In summary, for p > 2, w(x, &) is unstable; whereas it is stable for p+g < 1.
For 1<p<2o0orO<p<1 (p+g>1), there are two branches—one stable but
the other unstable.

Then, using (2.4) and (4.2), we can carry out a discussion on w(¢) graphically.

For p>2and p+q<1, e >0 if y — 0o and & — 400 as y — 0" . Therefore,

1
wy(0) = %.,) ™" for both cases. However, lim _,_w,(¢) = +oo for p > 2;
whereas lim,_,, wy(e) = 0 if p+ ¢ < 1. The case p = 2 needs to be treated

separately because now ¢ is bounded by &, = (2a)"’1f?(ln 2)"2?, and &' = v(y)

implies that ¢ — &, as y — 0" . Thus, w(0) = (%.,> 7! and lim, _,,- w,(e) = +o0.
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unstable unstable

stable

O0<p+g<1

1
€2 = £

Fic. 1.1. wgy(e) for g(&, n) =affn?, 0<a< 2'"? and wy(0) =
(zq/a)l/(l'+q_l)

For 1<p<2and O0<p<1 (p+qg>1), ¢ runs from 0 to g, < oo, since
¥ >Y¥, on (0, co). For this reason, the unstable branch of w(x, ¢) increases from

N
(za—q) """ to wy(&,) ; whereas the stable one decreases from infinity to w,(g,) .

Finally, for p+g = 1, note that y'(¢) = 0 and (4.1); so we find that lim, _, ,+ w ()
= +oo and lim,_,, w(e) =0 if 2'” <a.

The solution diagrams are given in Figs. 1.1 and 1.2.

Next, for (B,) with g(&, n) = aé’n? + %6{2 , we observe that the equation for ¢
is the same as (4.1). Substituting (4.1) into (2.6), we find that

met (2\T 1 [ (2]
[wo(e)] ™ = (——) tan” —y™ |In | 5 )
a 4 yo+1

If p+q#1, (4.1) can be rewritten as

1
T+q

wo@) ¥ = (£) o

a
Here, () is defined as in (2.8), with 2= -, u = % . Similarly,
1 29 T
p+4q-—- ez o (2 /
( {+gq ‘) [wo(€)] ™™ wo(e) = (a ) ¥ ()7 (¢). (4.4)

Suppose ®'(y) > 0 for y > 0, an assumption supported by numerical computa-
tion; thenif p+g <1, w(’)(a) has the opposite sign to 7'(¢); butif p+¢ > 1, it
has the same sign.
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A
]
1<p<2or :
O<p<l(p+g>1) :
stable !
|
I p>2
unstable
|
i
|
]
|
1
|
]
=2
P ‘ P+g=1
unstable stable stable
unstable
: O<p+g<1

Fic. 1.2. wy(e) for g(&, n) = a&n?, a > 2'77 and wy(0) =
(21/0)1/(1’4"1‘1)

If p=2, by (26), we obtain ¢"* = y(y) = 2y [In (422)]" and find y'(e) <
0.

For p > 2, the fact that ¥ (y) < 0 leads to y'(¢) < 0. The same holds for
1<p<2andfor p<1 (p+g>1) since ¥'(y)>0.

Then for the case p+q < 1, we can see that ¥'(y) changes sign once from positive
to negative. Therefore, there exist two branches: y'(¢) > 0O for one, and y'(¢) < 0
for the other.

At last, we discuss p + ¢ = 1. Obviously, y'(¢) = 0. Noticing (4.1), we see that
wy(€) < 0.

In summary, for p>1and O<p<1 (p+g>1), w(x,é) is stable; whereas
for 0 < p +¢q < 1, there are two branches — one stable but the other unstable.

The solution diagrams are given in Figs. 2.1 and 2.2 (see p. 566).

Finally, we turn our attention to the steady-state problem for Burgers’s equation
with a < 0. First, consider problem (B) with g(&, n) = %862 , whose solution and
stationary solution may be denoted without confusion by ug(x, ¢, &) and wg(x, &),
respectively. Then, the comparison theorem shows that the solution of (B) with
g(&, n) = atn" or g(&, n) =al’n’ +Le¢® is bounded by uy(x, t, ) if u(x, 0) <
ug(x,0,¢).

Set ug(x, 0, &) =wg(x, o) (o <e) tofind

n /!
ug,(x,0,¢) =wg +ewgwg
n / !
=Wp+ O0WaWy + (€ — F)WpWp
<0,
since w; < 0. From this, we conclude as before, that ug (x,?) <0 in D,. Note
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stable

0<p+gx<l
(€0, wo(€0))

unstable p+q=1

P2lor0<p<l(p+g>1)

FiG. 2.1. wy(e) for g(¢,n) = a&’n + Le¢®, 0 <a <2'7” and
wy(0) = (2/a) /¥4

stable

P2loc0<p<l(p+g>1)

v

Fio. 22. wo(e) for g&, n) = a&’n® + Je&’, a 2 277 and
wo(0) = (2*/a)!/*47Y

that wy(x, o) < wg(x, €) in a neighborhood of x = 0. Thus, uy(x, t), as well as
u(x, t), approaches zero as ¢ tends to infinity. This indicates that the null solution
of (B,) is stable from above.
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